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(F,,F,)-linear closed clonoids

Let p and ¢ be powers of prime numbers. A (F,,F,)-linear closed clonoid is a
non-empty subset C of | J,, .y IFEC‘ such that:

(1) if f,g € C" then:
fH+pg € ci;
(2) if f € CI™ and A € F™*" then:
g (X1, ) > f(A g (21,0, 20)t) is in O,
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(F,,F,)-linear closed clonoids

Proposition
The intersection of (IF,, I, )-linear closed clonoids is again a (F,, F,)-linear closed
clonoid.

Let K be subset of n-ary function from [, to F, and A the set of all the (F,,F,)-
linear closed clonoids. We define the (I, F,)-linear closed clonoid generated
by K as:

CcPa(K) = m @
ceB
where B = {C|C € A,K C C}.
111



Let f be an n-ary function from a group G; to a group Go. We say that f is
0-preserving if:

f(0g,, ., 0c,) = 0¢,-
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Let f be an n-ary function from a group G; to a group Go. We say that f is
0-preserving if:

f(0g,, ., 0c,) = 0¢,-

Remark

Let p and ¢ be prime numbers. The 0-preserving functions from F, to F, form a
(F,,Fy)-linear closed clonoid.
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Other examples

(1) The constant functions.
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Other examples

(1) The constant functions.
(2) All the functions.
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Other examples

(1) The constant functions.
(2) All the functions.

Let f be a function from [y to IF,. The function f is a star function if and only if
for every vector w € Ty there exists k € I, such that for every A € F, — {0}:

fw) = k.
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Other examples

(1) The constant functions.
(2) All the functions.

Let f be a function from [y to IF,. The function f is a star function if and only if
for every vector w € [y there exists k € IF,, such that for every A € F, — {0}:

FOOw) = .

(3) The star functions (functions constant on rays from the origin, but not in the
origin).
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A characterization
Theorem (SF)

Let p and ¢ be powers of different primes. Then every (F,,F,)-linear closed
clonoid C'is generated by its unary functions. Thus C' = C®9)(C),
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A characterization

Theorem (SF)

Let p and ¢ be powers of different primes. Then every (F,,F,)-linear closed
clonoid C'is generated by its unary functions. Thus C' = C®9)(C),

Corollary

Let p and q be two distinct prime numbers. Then every (F,,F,)-linear closed
clonoid has a set of finitely many unary functions as generators. Hence there are
only finitely many distinct (F,,, F,)-linear closed clonoids.
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Example
Matrix representation of a function f : Z2 — Zy;

f(i,7) = aij where (a;;) € Z3}°
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Example
Matrix representation of a function f : Z2 — Zy;

f(i,7) = aij where (a;;) € Z3}°
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Example

Matrix representation of a function f : Z2 — Zy;

f(i,7) = aij where (a;;) € Z3}°

0 0 0 0 ag
0 0 0 a3 O
0 0 a2 0 O
0 agz 0O 0O O
0 0 0 0 O

The function f; : Zs — Z;; defined as f1(0) =0, fi(i) = a; fori =1,
C{rh-

..., 4isin
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Example
Matrix representation of a function f : Z2 — Zy;

f(i,7) = aij where (a;;) € Z3}°

0 0 0 0 ag
0 0 0 a3 O
0 0 a2 0 O
0 agz 0O 0O O
0 0 0 0 O

The function f; : Zs — Z;; defined as f1(0) =0, fi(i) =a;fori=1,...,4isin
C{rh-

How to generate f from f; in a (IF,, F,)-linear closed clonoid? i



Example
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(z,y) = fi(y)
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Example

Let us define the function s : Z2 — Z11:

2a4
2@3
2&2
2@1

s(z,y) = fily) + fily — z)

as + a4

as + as

ai + az
aj
a4

az + a4 ay+aq

ai +as
a2

a1+ aq4
a3

as
ag + aq
aj + as

a2

a4
as + a4
a + as
a1+ az

a1
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Example

Let us define the function s : Z2 — Z11:

3a4
3as
3ag
3a1

s(z,y) = fily) + frly — 2) + fi(y — 22)

az + az + aq

a1+ as + as
ai + az
ai + aq
asz + aq

az + ag
a1+ as +ay

az + as
a1 +az +ay

aj + as

a1+ a3+ ay
az + as

a1+ ag +ay
a) + as
as + ay

a1+ aq4

as + a4
as + az + aq
a1 +as +as

ai + as
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Example

Let us define the function s : Z2 — Z11:

s(z,y) = fily) + fily —2) + fily — 22) + fi(y — 3x) + f1(y — 4=)

Saq
das
5ag
5a1
0

where A = a1 +as +as + aq

> > > > >

> > > > >

> > > > >

> > > > >
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Example

Let us define the function s : Z2 + Z11:

s(x,y) = fily) + fily — ) + fily — 22) + fi(y — 32) + fi(y — 4z) —

day
5as
5as
Saq

o O O o O

o O o o o

o O O o o

o O O o O
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Example

Letn € Nbe s.tn x5 =1; 1. Hence n * s is the function:

as. 0 0 0 O
a3 0 0 0 O
aag 0 0 0 O
ag 00 0O

0 0 00O
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Example

forall z,y € Zs:

flz,y) =nxs(x—y,y)

0 0 0 0 aa
0 0 0 a3 O
0 0 a2 0 O
00 ag 0 0 O
0 0 0 0 O
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Definition

Let F, and F,, be finite fields and let f : F, — [F, be a unary function. Let o
be a generator of the multiplicative subgroup F; of F,. We define the a-vector
encoding of f as the vector v € F} such that:

Vitl = f(OéZ) for 0<i< q— 2,

vo = f(0).
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How to describe the unary functions

Proposition

Let C be a (F,,F,)-linear closed clonoid, and let o be a generator of the multi-
plicative subgroup F; of ;. Then the set S of all the a-vector encodings of unary
functions in C'is a subspace of F; and it satisfies:

(%0, Thy Tht1s -+ » Tge1,T15. -+, Th—1) € S (1)

and
(zo,...,x0) €S (2)

forall (zg,...,zq-1) € Sand ke {1,...,q—1}.
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A characterization

We denote by A(p,q) and C(p, q) respectively the linear transformations of F},
defined as:

A(p,q)((vo, - -, v9-1)) = (V0, Vs Vkt15 - -, Lg—1,V1, - - -, Ug—1)
C(p7 CI>((U()7 o ,’Uq_1>) = (’UO, cee 7?)0)
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A characterization

An invariant subspace of a linear operator 7' on some vector space V is a
subspace W of V that is preserved by T'; that is, T'(W) C W.
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A characterization

An invariant subspace of a linear operator 7' on some vector space V is a
subspace W of V that is preserved by T'; that is, T'(W) C W.

Theorem (SF)

Let p and ¢ be powers of distinct prime numbers. Then the lattice of all (F,,F,)-
linear closed clonoids L(p, ¢) is isomorphic to the lattice L(A(p, q), C(p,q)) of all
the (A(p, q), C(p, q))-invariant subspaces of F}, .
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Lattice of the (I, I,)-linear closed clonoids

op

{o}
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Lattice of the (I, I,)-linear closed clonoids

Let us denote by 2 the two-elements chain and, in general, by Cy, the chain with &
elements.
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Lattice of the (I, I,)-linear closed clonoids

Let us denote by 2 the two-elements chain and, in general, by Cy, the chain with &
elements.
Theorem (SF)

Let p and ¢ be powers of different primes. Let []"; pfi be the prime factorization
of the polynomial g = 27~ — 1 in F, [z]. Then the number of distinct (F,,, F,)-linear
closed clonoids is 2], (k; + 1) and the lattice of all the (F,,F,)-linear closed
clonoids, L(p, q), is isomorphic to

2% H?:l Cki+1'
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Lattice of the (F,, F,)-linear closed clonoids

Let p and ¢ be powers of distinct primes. Then the lattice L(p, ¢) of the (F,,, F,)-
linear closed clonoids is a distributive lattice.
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linear closed clonoids is a distributive lattice.

Every 0-preserving (IF,,F,)-linear closed clonoid is principal (generated by a
unary functions).
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Lattice of the (F,, F,)-linear closed clonoids

Let p and ¢ be powers of distinct primes. Then the lattice L(p, ¢) of the (F,,, F,)-
linear closed clonoids is a distributive lattice.

Every 0-preserving (IF,,F,)-linear closed clonoid is principal (generated by a
unary functions).

THANK You!!!!
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