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Engel groups

Let G be a group. We say that g ∈ G is a right Engel element if for
any x ∈ G , ∃n = n(g , x) ≥ 1 such that [g , nx ] = 1, where

[g , x ] = g−1g x and [g , nx ] = [[g , x , n−1. . . , x ], x ] if n > 1.

Similarly g is left Engel if for any x ∈ G , ∃n = n(g , x) ≥ 1 such that
[x , ng ] = 1.

The group G is said to be an Engel group if all its elements are right
Engel or left Engel.

We will denote by L(G ) and R(G ) the sets of left and right Engel
elements of G .

Are L(G ) and R(G ) subgroups?
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Automorphisms of a d-adic tree

A tree is a connected graph with no cycles.

∅

0 (d − 1)· · ·

...
...00 0(d − 1) (d − 1)0 (d − 1)(d − 1)

We denote this tree with T (d).
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Automorphisms of a d-adic tree

A vertex is a word in X ∗, i.e. the set of all words in the alphabet
X = {0, . . . , d − 1}. Moreover X n is the set of all words of length n.

An automorphism is a bijective map from X ∗ to X ∗ which preserves
incidence.

The set of all of these automorphisms is a group

Aut T .
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Automorphisms of a d-adic tree

If g ∈ Aut T , then:

(i) g(∅) = ∅;
(ii) g(X n) = X n.

The label of g at the vertex u is a permutation of Sd which describes
how g acts on the descentants of u.

The portrait of g is the set of all labels of g .
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An example

Let d = 3. Consider the following automorphism:

∅

0 1 2

00 01 02 10 11 12 20 21 22
...

...
...
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An example

Let d = 3. Consider the following automorphism:

∅

2 0 1

00 01 02 10 11 1220 21 22
...

...
...
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An example

Let α = (012). The portrait of this automorphism is

α

1 1 1

1 1 1 1 1 11 1 1
...

...
...
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A subgroup of Aut T

If u is a vertex of T , the stabilizer of u is:

st(u) = {f ∈ Aut T | f (u) = u}.

We can generalize and define stabilizers of levels:

st(n) = {f ∈ Aut T | f (u) = u ∀u ∈ X n}.

1

1 1 (n − 1)st level

nth level· · ·

...

...
...

...

More generally, if H ≤ Aut T , we define stH(n) = H ∩ st(n).
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Facts

If n ∈ N, we can define a map

ψn : st(n) −→ Aut T × dn

· · · × Aut T .

Moreover, we have

st(n) ' Aut T × dn

· · · × Aut T .
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The Grigorchuk group

Γ = 〈a, b, c , d〉

a = (01), ψ(b) = (a, c), ψ(c) = (a, d) ψ(d) = (1, b)

b

(01) c

(01) d

1 b

(01) c...

c

(01) d

1 b

(01) c

(01) d...

d

1 b

(01) c

(01) d

1 b...
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The Grigorchuk group

Γ = 〈a〉n stΓ(1)

Γ has the following properties:

It is finitely generated

It is a 2-group

It is infinite

ψ : stΓ(1) −→ Γ× Γ
It is regular branch over K = 〈[a, b]〉Γ (i.e. ψ(K ) ⊇ K × K )
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The set L(G ): Bludov’s example

Let K = 〈g〉, where o(g) = 4. We denote by G = Γ wr K . There
exists

h = (1, ab, ca, d) ∈ (Γ× Γ× Γ× Γ)

such that [h,n g ] 6= 1 for any n ≥ 1.

As a consequence, H = Γ wr D8 is not an Engel group.

Every involution in a 2-group is a left Engel element, then the set of
left Engel element is not a subgroup.
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The set L(Γ)

Theorem (Bartholdi, 2015)

The Grigorchuk group is not Engel.
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Right Engel elements in Γ

Theorem (Fernández-Alcober, N.)

The only right Engel element in the Grigorchuk group is the identity, i.e.,
R(Γ) = {1}.
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Right Engel elements in Γ

Key facts used during the proof

Γ is regular branch over K ;

K contains an element that is not left Engel.
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Generalization

Let G ≤ Aut T be a group of automorphisms of a rooted p-adic tree.
Then R(G ) = 1 if:

G is regular branch over a subgroup K .

K contains at least an element that is not left Engel.

For example, one can prove that R(Aut T ) = 1. Take K = st(1).

Open problem

Is there any left Engel element in K?
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Is there any left Engel element in K?
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Grazie!
Eskerrik asko! :)

CS ;)
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