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Definition (Rump, 2005)

Let X be a non-empty set and - a binary operation on X.
The pair (X, -) is said a left cycle set if for all x, y,z € X it holds
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Definition (Rump, 2005)

Let X be a non-empty set and - a binary operation on X.
The pair (X, -) is said a left cycle set if for all x, y,z € X it holds

(x-y)-(x-2) = (y-x)-(v-2) (1)

and left multiplication o, : X — X, y —— x - y is bijective, for
every x € X.
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Definition (Rump, 2005)

Let X be a non-empty set and - a binary operation on X.
The pair (X, -) is said a left cycle set if for all x, y,z € X it holds

(x-y)-(x-2) = (y-x)-(v-2) (1)

and left multiplication o, : X — X, y —— x - y is bijective, for

every x € X.
We call (X, -) non-degenerate if the squaring map

qg: X — X, x— x-x

is bijective and it is said square-free if q = idx.
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If X is a non-empty set, then (X, ), where m- n:= n for all
m, n € X, is a non-degenerate left cycle set.




A new family of
irretractable left
cycle sets

Marco
Castelli

If X is a non-empty set, then (X, ), where m- n:= n for all
m, n € X, is a non-degenerate left cycle set.

Example

The left cycle set (Z, -), where m - n:= n— min{m,0}, is an example
of degenerate left cycle set.
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If X is a non-empty set, then (X, ), where m- n:= n for all
m, n € X, is a non-degenerate left cycle set.

Example

The left cycle set (Z,-), where m - n:= n— min{m, 0}, is an example

of degenerate left cycle set.

Theorem (Rump, 2005)

Every finite left cycle set is non-degenerate.
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Definition
A set-theoretic solution of the Yang-Baxter equation on a set X is
the pair (X, r), where the map r : X x X — X x X is such that

nrnn = nmnr,

where r; ;= r X idx and r, ;= idx X r.
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Definition

A set-theoretic solution of the Yang-Baxter equation on a set X is
the pair (X, r), where the map r : X x X — X x X is such that

nrnn = nmnr,

where r; ;= r X idx and r, ;= idx X r.

Problem (Drinfield, 1992)

Find all set-theoretic solution of the Yang-Baxter equation.
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A set-theoretic solution of the Yang-Baxter equation
reXxX—=XxX, (x,¥) = (A(y), py(x)) is called:
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A set-theoretic solution of the Yang-Baxter equation
reXxX—=XxX, (x,¥) = (A(y), py(x)) is called:

1) involutive if r? = idxxx;
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A set-theoretic solution of the Yang-Baxter equation
reXxX—=XxX, (x,¥) = (A(y), py(x)) is called:

1) involutive if r? = idxxx;

2) non-degenerate if Ay, px € Sym(X) for every x € X;
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A set-theoretic solution of the Yang-Baxter equation
reXxX—=XxX, (x,¥) = (A(y), py(x)) is called:
1) involutive if r? = idxxx;

2) non-degenerate if Ay, px € Sym(X) for every x € X;

3) square-free if r(x,x) = (x,x) for every x € X.
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Definition

A set-theoretic solution of the Yang-Baxter equation
reXxX—=XxX, (x,¥) = (A(y), py(x)) is called:

1) involutive if r? = idxxx;
2) non-degenerate if Ay, px € Sym(X) for every x € X;

3) square-free if r(x,x) = (x,x) for every x € X.

Convention: From now on, by a solution | mean a non-degenerate
involutive set-theoretic solution.
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Theorem (Rump,2004)

Let (X,-) be a non-degenerate left cycle set and
r: X x X — X x X given by r(x,y) := (A(y), py(x)), where

M(y) = o (y) and py(x) == o7 (y)- x.
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Theorem (Rump,2004)

Let (X,-) be a non-degenerate left cycle set and
r: X x X — X x X given by r(x,y) := (A(y), py(x)), where

M(y) = o (y) and py(x) == o7 (y)- x.

Then (X, r) is a solution of the Yang-Baxter equation and it is called
associated solution.
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Theorem (Rump,2004)

Let (X,-) be a non-degenerate left cycle set and
r: X x X — X x X given by r(x,y) := (A(y), py(x)), where

M(y) = o (y) and py(x) == o7 (y)- x.

Then (X, r) is a solution of the Yang-Baxter equation and it is called

associated solution.
Conversely, if (X, r) is a solution of the Yang-Baxter equation then
the pair (X, -) is a non-degenerate left cycle set, where the operation

is given by x-y := A\ 1(y) for all x,y € X.




A new family of
irretractable left
cycle sets

Marco
Castelli

Theorem (Rump,2004)

Let (X,-) be a non-degenerate left cycle set and
r: X x X — X x X given by r(x,y) := (A(y), py(x)), where

M(y) = o (y) and py(x) == o7 (y)- x.

Then (X, r) is a solution of the Yang-Baxter equation and it is called
associated solution.

Conversely, if (X, r) is a solution of the Yang-Baxter equation then
the pair (X, -) is a non-degenerate left cycle set, where the operation
is given by x-y := A\ 1(y) for all x,y € X.

The left cycle set (X,-) is called associated left cycle set.
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Let X be a non-degenerate left cycle set and ~ the relation on X
given by

X~y & o =0y
Then ~ is a congruence of X and X/ ~ is a left cycle set whenever
X is non-degenerate.
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Let X be a non-degenerate left cycle set and ~ the relation on X
given by

X~y & o =0y
Then ~ is a congruence of X and X/ ~ is a left cycle set whenever
X is non-degenerate.

Definition

A left cycle set (X, ) is said irretractable if X = X/ ~, otherwise X
is called retractable.
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Let (X, r) be a solution of the Yang-Baxter equation and ~' the
relation on X given by

x~y e A=A
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Let (X, r) be a solution of the Yang-Baxter equation and ~' the
relation on X given by

x~y e A=A

Proposition

Let (X, r) be a non-degenerate involutive solution of the Yang-Baxter

equation and (X, -) the associated left cycle set. Then ~=~".
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Let (X, r) be a solution of the Yang-Baxter equation and ~' the
relation on X given by

x~y e A=A

Proposition

Let (X, r) be a non-degenerate involutive solution of the Yang-Baxter

equation and (X, -) the associated left cycle set. Then ~=~".

So a solution is called irretractable (resp. retractable) if and only if
the associated left cycle set is irretractable (resp. retractable).
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Cantlh Let X be a non-empty set and o € Sym(X). Let - be the binary
operation on X given by
x-y = o(y)

for all x,y € X.
Then (X, -) is a retractable left cycle set: indeed, o, = « for every

x € X.
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Example

Let X be a non-empty set and a € Sym(X). Let - be the binary
operation on X given by

xy = a(y)

for all x,y € X.
Then (X, -) is a retractable left cycle set: indeed, o, = « for every
x € X.

Example
Let X :={1,2,3,4} and - be the operation on X given by

i-j=oi())

for all i,j € X, where o; € Sym(X) for all i € X and they are given
by:
o1 = (34) 0p:=(1423) o3 :=(1324) o4 :=(12)

Then (X,-) is an irretractable left cycle set.
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In 2004 Gateva-lvanova posed the following conjecture:

Conjecture (Gateva-lvanova, 2004)

Every square-free left cycle set X such that 2 < |X| < oo is
retractable.
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In 2004 Gateva-lvanova posed the following conjecture:

Conjecture (Gateva-lvanova, 2004)

Every square-free left cycle set X such that 2 < |X| < oo is
retractable.

where

Definition
A left cycle set (X, ) is said square-free if q(x) = x for all x € X.
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In 2015 Vendramin found a counterexample to the Gateva-lvanova
Strong Conjecture.
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In 2015 Vendramin found a counterexample to the Gateva-lvanova
Strong Conjecture.

Example (Vendramin, 2015)
Let X :={1,...,8} and put
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In 2015 Vendramin found a counterexample to the Gateva-lvanova
Strong Conjecture.

Example (Vendramin, 2015)
Let X :={1,...,8} and put

o1:=(57); o02:=(68); o03:=(26)(48)(57); o4 :=(15)(37)(68);

os :=(13); 06 :=(24); o7:=(13)(26)(48); o3 :=(15)(24)(37);
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In 2015 Vendramin found a counterexample to the Gateva-lvanova
Strong Conjecture.

Example (Vendramin, 2015)
Let X :={1,...,8} and put

o1:=(57); o02:=(68); o03:=(26)(48)(57); o4 :=(15)(37)(68);

os :=(13); 06 :=(24); o7:=(13)(26)(48); o3 :=(15)(24)(37);

then (X, -) is a square-free irretractable left cycle set.
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In 2015 Vendramin found a counterexample to the Gateva-lvanova
Strong Conjecture.

Example (Vendramin, 2015)
Let X :={1,...,8} and put

o1:=(57); o02:=(68); o03:=(26)(48)(57); o4 :=(15)(37)(68);
o5 :=(13); o6 :=(24); o7:=(13)(26)(48); o35 :=(15)(24)(37);
then (X, -) is a square-free irretractable left cycle set.

This is the square-free irretractable left cycle set of minimal
cardinality.
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el The multiplication table of the previous example is the following:

-1 2 3 4 5 6 7 8
111 2 3 4 7 6 5 8
211 2 3 4 5 8 7 6
3/1 6 3 8 7 2 5 4
415 2 7 4 1 8 3 6
5/3 2 1 4 5 6 7 8
6|1 4 3 2 5 6 7 8
713 6 1 8 5 2 7 4
8|5 4 7 2 1 6 3 38
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el The multiplication table of the previous example is the following:

N
w
N
o1
(@)}
\‘

0O ~NO A WN -
G WHF WO =R
rOBRNNNONN
N H W N W W W
No©ON DD
H OO R~ O~
N O OON OO
N ~N~NwoN o
0 N 0O O O o o

3

In 2016 Bachiller, Cedd, Jespers and Okninski found a new family of
irretractable left cycle sets which are new counterexamples of
Gateva-lvanova Strong Conjecture.
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Theorem (Bachiller, Cedd, Jespers and Oknirski, 2016)

Let A and B be non-trivial abelian groups and let | be a set with
|[I| > 1. Let ¢1 : A—> B be a function such that v1(—a) = p1(a)
for every a € A and let ¢, : B — A be a homomorphism.
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Theorem (Bachiller, Cedd, Jespers and Oknirski, 2016)

Let A and B be non-trivial abelian groups and let | be a set with
|[l] > 1. Let 1 : A— B be a function such that ¢1(—a) = p1(a)
for every a € A and let ¢, : B — A be a homomorphism.

On X(A, B, 1) := A x B x | we define the following operation

A A 0 (C7d_§01(a_c)’.j)7 ’fl:./
GearEeel) {(c—m(b),d,j), s

for all a,c € A, b,d € B andi,j€l.
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Theorem (Bachiller, Cedd, Jespers and Oknirski, 2016)

Let A and B be non-trivial abelian groups and let | be a set with
|[l] > 1. Let 1 : A— B be a function such that ¢1(—a) = p1(a)
for every a € A and let ¢, : B — A be a homomorphism.

On X(A, B, 1) := A x B x | we define the following operation

Y A (C7d_§01(a_c)’.j)7 ’fl:./
Gt Gl = {(c —pa(b)d), i i)

for all a,c € A, b,d € B andi,j€l.
Then (X(A, B, 1),-) is a non-degenerate left cycle set and it is
irretractable and square-free if 7 *({0}) = {0} and ¢, is injective.
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A larger family of irretractable left cycle set is obtained by M. C,,
Francesco Catino and Giuseppina Pinto.
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A larger family of irretractable left cycle set is obtained by M. C,,
Francesco Catino and Giuseppina Pinto.

Let A, B be non trivial sets and / a left cycle set,
B:AxAxI|— Sym(B) and v: B — Sym(A). Put

B(a,b,i) := B(a, b, i), 72 := vy(a) and let - be the operation on

A x B x I given by
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A larger family of irretractable left cycle set is obtained by M. C,,
Francesco Catino and Giuseppina Pinto.

Let A, B be non trivial sets and / a left cycle set,
B:AxAxI|— Sym(B) and v: B — Sym(A). Put

B(a,b,i) := B(a, b, i), 72 := vy(a) and let - be the operation on

A x B x I given by

(C» B(a,c,i)(d)v l./)a if i =]
(ve(c), d, i-)), if i)

Then we write X(A, B, 1, 3,7) to indicate (A x B x I,-)

(a, b,1)-(c,d,j) = {
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Theorem (M. C., F. Catino, G. Pinto, 2017)

Assume that for X(A, B, 1, 3,7)
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Theorem (M. C., F. Catino, G. Pinto, 2017)

Assume that for X(A, B, 1, 3,7)
1) YaYb = VbYar
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Theorem (M. C., F. Catino, G. Pinto, 2017)

Assume that for X(A, B, 1, 3,7)
1) YaYb = YbVas
2) Blae,iy = Blvs(a) () i)
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Theorem (M. C., F. Catino, G. Pinto, 2017)

Assume that for X(A, B, 1, 3,7)
1) Yab = V67a)
2) Blac.iy = Blw(a) mule)i):
3) VBae.y(d) Vb = VBe.n.r(b) Vels
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Theorem (M. C., F. Catino, G. Pinto, 2017)
Assume that for X(A, B, 1, 3,7)
1) %2V = VbYar

2) Blac,i) = Blas@) m(e)vi):
3) B (a,c,i) (d ,yb ,yﬁ(c,a,f)(b)’yd’
) (a,c,i-i) b ,Chi) — ﬂ(b,c,iﬁ')ﬂ(a,c,i)-

IS
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Theorem (M. C., F. Catino, G. Pinto, 2017)

Assume that for X(A, B, 1, 3,7)
1) Ya¥e = Ybar
2) Bac.iy = Blys(a) mwl(e)i-i)s
3) VBla,esn () Vb = VBieray() Vs
4) Ba,c,i-Bib,e,iy = Bb,c,i-iBasc,i-

hold for all a € A, b,c € B, i,j €1, i#j. Then X(A,I1,B,7) is a
non-degenerate left cycle set.
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Observation

Let / be the left cycle set given by x-y = y for all x,y €/,
1 : A— B a function such that ¢;(—a) = ¢1(a) for every a € A
and let ¢ : B — A be an homomorphism. Put

Blae,iy = togi(a—c) and Vb=t 0

forall a,c € A, b€ B and i € I, where t, is the translation by v.
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Observation

Let / be the left cycle set given by x-y = y for all x,y €/,
1 : A— B a function such that ¢;(—a) = ¢1(a) for every a € A
and let ¢ : B — A be an homomorphism. Put

Blae,iy = togi(a—c) and Vb=t 0

forall a,c € A, b€ B and i € I, where t, is the translation by v.
Then X (A, B, 1, 3,7) is the non-degenerate left cycle set X(A, B, /)
obtained by Bachiller, Cedd, Jespers and Okniriski.
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Proposition (M.C., F. Catino, G. Pinto, 2017)

Let A, B, I, B,~ defined as previous Theorem and assume
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Proposition (M.C., F. Catino, G. Pinto, 2017)

Let A, B, I, B,~ defined as previous Theorem and assume
1) AXAX {I} mﬂil(ﬂ(a,a,i)) C {(ka k, l)|k € A}'
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Proposition (M.C., F. Catino, G. Pinto, 2017)

Let A, B, I, B,~ defined as previous Theorem and assume
1) AXAX {I} mﬂil(ﬂ(a,a,i)) C {(ka k, l)|k € A}'
2) « is injective;

for all i € | and a € A.
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Proposition (M.C., F. Catino, G. Pinto, 2017)

Let A, B, I, B,~ defined as previous Theorem and assume
1) AXAX {I} mﬂil(ﬂ(a,a,i)) C {(ka k, l)|k € A}'
2) « is injective;

for all i € | and a € A.

Then the left non-degenerate cycle set X(A, B, 1, 3,7) is
irretractable.
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left cycle set different from those obtained last year by Bachiller,
Cedd, Jespers e Okninski.
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ot The following left cycle set is an example of irretrattabile square-free
left cycle set different from those obtained last year by Bachiller,
Cedd, Jespers e Okninski.

Let / :={1,2}, A=B:=Z/4Z and a:=(1 2 3 4). Put

ﬁ(a,a,i) = IdA ﬁ(aybal) = @

2

B(a,b,z) = @ Yai=t_a-1

forallie€landa€ A, be B, a# bwheret,: A— A,

t.(x) := x + a for all a € A.

Then X(A, B, 1, 3,7) is an irretractable square-free left cycle set of
cardinality 32.
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