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Let S be a semigroup. Then:
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Let S be a semigroup. Then:

@ An element e € S is said to be idempotent if e = e.
E(S) := {e € S idempotent}.
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Let S be a semigroup. Then:
@ An element e € S is said to be idempotent if e = e.
E(S) := {e € S idempotent}.
@ Let e € S idempotent. S, denotes the maximal subgroup in S
which has e as an identity element.
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Let S be a semigroup. Then:

@ An element e € S is said to be idempotent if e = e.
E(S) := {e € S idempotent}.

@ Let e € S idempotent. S, denotes the maximal subgroup in S
which has e as an identity element.

o For every subset X C S, X° = X U {0} and X! = X U {1}.
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Let S be a semigroup. Then:

@ An element e € S is said to be idempotent if e = e.
E(S) := {e € S idempotent}.

@ Let e € S idempotent. S, denotes the maximal subgroup in S
which has e as an identity element.

o For every subset X C S, X° = X U {0} and X! = X U {1}.

@ x € S is regular (in the sense of von Neumann), if x € xSx. A
semigroup S is said to be regular if every element s € S is
regular.
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Green Relations

The following equivalence relations introduced by Green are
fundamental:

sR t if and only if sS* = tS!
s Lt if and only if S's = S't
sJ t if and only if S'sSt = S1¢S1

Given an element u € S, we denote by R, (L, J,) the
corresponding R-class of u (£, J-class). Moreover, a K-class
(K=J,L,R), K, is said to be regular if it contains an
idempotent, i.e. K = K, for e € E(S).
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Proposition

Let S be a semigroup (not necessarily finite). Then:
@ If S is regular, then (E(S)) is a regular subsemigroup of S.

@ If T is a regular subsemigroup of S. Then,
K1t =KsN (T x T), where K =L or R.

[} W. Eberhart, C. Williams and L. Kinch, Idempotent-generated
regular semigroups, J. Austral. Math. Soc. Ser. A, 15 (1973),
27-34.
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[§ D. Rees, On semigroups, Math. Proc. Cambridge Philos. Soc.,
36 (1940), 387-400.

Definition
A semigroup S with zero is called 0-simple if SxS = S for all

0#x€S.
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[@ D. Rees, On semigroups, Math. Proc. Cambridge Philos. Soc.,
36 (1940), 387-400.

A semigroup S with zero is called 0-simple if SxS = S for all
0#xeS. )

Note that every O-simple semigroup S has a unique non-zero
J-class, S\ {0}, i.e. sJt for all non-zero s #t € S.
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[@ D. Rees, On semigroups, Math. Proc. Cambridge Philos. Soc.,
36 (1940), 387-400.

A semigroup S with zero is called 0-simple if SxS = S for all
0#x€S.

N

Note that every O-simple semigroup S has a unique non-zero
J-class, S\ {0}, i.e. sJt for all non-zero s #t € S.

| \

Proposition

Let S be a O-simple semigroup. Then
Q S is regular.
@ S. is isomorphic to S¢ for all e, f € E(S) \ {0}.
O S. = (eSe) \ {0}, for all 0 # e € E(S).
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Let A, B be non-empty sets and let G be a group. A Rees matrix
Cisamap C: B x A— G% We say that the Rees matrix is
regular if every row and every column has a non-zero entry.

Rees matrix semigroup

The Rees matrix semigroup with sandwich matrix C is the
semigroup M?(G, A, B, C) with underlying set (A x G x B) U {0}
and the operation: 0-(a, g, b) = (a,g,b)-0=0, and

(a,gC(b,a")g’,b') if C(b,d) € G,

) ab : ,7 /)bl =
(28,202,850 {0, it C(b,4') =0,

forall a,a’ € A, b,b' € B, g € G.
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Let A, B be non-empty sets and let G be a group. A Rees matrix
Cisamap C: B x A— G% We say that the Rees matrix is
regular if every row and every column has a non-zero entry.

Rees matrix semigroup

The Rees matrix semigroup with sandwich matrix C is the
semigroup M?(G, A, B, C) with underlying set (A x G x B) U {0}
and the operation: 0-(a, g, b) = (a,g,b)-0=0, and

(a,gC(b,a")g’,b') if C(b,d) € G,

) ab : ,7 /)bl =
(28,202,850 {0, it C(b,4') =0,

forall a,a’ € A, b,b' € B, g € G.

The Rees matrix semigroup M%(G, A, B, C) is regular if, and only
if, the matric C is regular.
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Rees’ Theorem [Rees40]

Every regular Rees matrix semigroup is a O-simple semigroup.
Conversely, every 0-simple semigroup S is isomorphic to a regular
Rees matrix semigroup M%(G, A, B, C), where G is isomorphic to
the maximal subgroups Se, for all e £ 0.
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Rees’ Theorem [Rees40]

Every regular Rees matrix semigroup is a O-simple semigroup.
Conversely, every 0-simple semigroup S is isomorphic to a regular
Rees matrix semigroup M%(G, A, B, C), where G is isomorphic to

the maximal subgroups Se, for all e £ 0.

Given a regular J-class J of a semigroup S, set J° = JU {0} and

the operation:

ab, if ab € J,

foralla,beJ a-b= ,
0, ifab¢J

Then, J° forms a O-simple semigroup and:
2= MG, A, B, C)

where G = S, = (J°)e, for all e € J.
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Graham's Theorem
Let S be a O-simple semigroup. Then there exists an isomorphism
Y :S — MO(G,A, B, C) such that:

Al Ay - A,
B /GG 0 --- 0
Bfo & --- 0
B, \0 0 --- G,

where each matrix G; : B x A; — G is regular and:
<E(5)> = U MO(GI7AI7 Bi7 Cl)
i=1

where G; is the subgroup of G generated by all non-zero entries of
Ci,fori=1,...,n.
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In the sequel, S will denote a 0-simple semigroup and
T := (E(S)). We use:
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In the sequel, S will denote a 0-simple semigroup and
T := (E(S)). We use:

Key Lemma 1, [Rees40, Lemmas 2.61, 2.62, 2.63]

For each pair of non-zero idempotents e and f of S, e5f is
non-zero. Moreover, if 0 # x € eSf and 0 # y € fSg, then
0 # xy € (eSf)(fSg) = eSg.
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In the sequel, S will denote a 0-simple semigroup and
T := (E(S)). We use:

Key Lemma 1, [Rees40, Lemmas 2.61, 2.62, 2.63]

For each pair of non-zero idempotents e and f of S, e5f is
non-zero. Moreover, if 0 # x € eSf and 0 # y € fSg, then
0 # xy € (eSf)(fSg) = eSg.

Key Lemma 2, [Rees40, Lemma 2.7]

Let e,f € E(S) \ {0}. The sets eS and fS have either no non-zero
elements in common or are identical. Similarly for the sets Se and
Sf and, consequently, for the sets eSf and €'Sf’.

| \

\
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From wich we prove:

Let 0 # ef € T with e, f € E(S). Then eRref L1 f. In
particular, e 7 f J r(ef).
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From wich we prove:

Corollary 1

Let 0 # ef € T with e, f € E(S). Then eRyef L1 f. In
particular, e 7 f J r(ef).

| \

Corollary 2

Assume that 0 # e;---e, € T for some ¢; € E(S), 1 <i<r.
Then eljr...JTe,JT(el-"e,).
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Rees’ Theorem [Rees40]

Every regular Rees matrix semigroup is a O-simple semigroup.
Conversely, every 0-simple semigroup S is isomorphic to a regular
Rees matrix semigroup M%(G, A, B, C), where G is isomorphic to
the maximal subgroups Se, for all e £ 0.
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Graham's Theorem
Let S be a O-simple semigroup. Then there exists an isomorphism
Y :S — MO(G,A, B, C) such that:

Al Ay - A,
B /GG 0 --- 0
Bfo & --- 0
B, \0 0 --- G,

where each matrix G; : B x A; — G is regular and:
<E(5)> = U MO(GI7AI7 Bi7 Cl)
i=1

where G; is the subgroup of G generated by all non-zero entries of
Ci,fori=1,...,n.
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We split the proof into the following steps.
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We split the proof into the following steps.

O Let (JT)es-- -, (JIT)e, be the non-zero J-classes in T, with
€1,...,en € E(S). Foreach k € {1,...,n}, we write:

k) = (JT)ek cT

Corollary 1 ensures us that T(¥) is a O-simple subsemigroup of
T.
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We split the proof into the following steps.

O Let (JT)es-- -, (JIT)e, be the non-zero J-classes in T, with
€1,...,en € E(S). Foreach k € {1,...,n}, we write:

TW = () T

ek
Corollary 1 ensures us that T(¥) is a O-simple subsemigroup of
T.
@ Since S is regular and using Key Lemma 2, we can write:
m1,my
S= |J nSl wherer, I € E(S)\ {0},

i=1,j=1
with r;, [j such that r;Sl; N rpSly = 0if i # i and j # j'. Let
n = /1 = €.
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We split the proof into the following steps.
O Let (JT)es-- -, (JIT)e, be the non-zero J-classes in T, with
€1,...,en € E(S). Foreach k € {1,...,n}, we write:
TW =08 cT

€k

Corollary 1 ensures us that T(¥) is a O-simple subsemigroup of
T.

@ Since S is regular and using Key Lemma 2, we can write:

my,m2
S= |J nSl wherer, I € E(S)\ {0},
i=1,j=1

with r;, [j such that r;Sl; N rpSly = 0if i # i and j # j'. Let
n = /1 = €.

© Set A:={1,....,mi} and B:={1,...,m}. For each
1<k <n, wedefine: Ay . ={i€A:rnTTex}
By = {_]6 B:IJ-jTek}.
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Q Let k € {1,...,n}. Applying Key Lemma 1 we have:
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Q Let k € {1,...,n}. Applying Key Lemma 1 we have:

o There exist non-zero elements x1x € e1Sex, xk1 € exSer, such
that for all i € Ak, j € Bk, we can take non-zero elements
Pik € I T(k)ek, E]kj € ek T(k)/J, with

0 # x1kqkj € e1Sl;, 0 # Pixi1 € r;Seq
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Q Let k € {1,...,n}. Applying Key Lemma 1 we have:

o There exist non-zero elements x1x € e1Sex, xk1 € exSer, such
that for all i € Ak, j € Bk, we can take non-zero elements
Pik € I T(k)ek, E]kj € ek T(k)/J, with

0 # x1kqkj € e1Sl;, 0 # Pixi1 € r;Seq

© Then, for all i € A and j € B, we define:

0 # pi1 := Pikxk1 € riSer if i € Ak,
0 # q1j := x1kQk; € @Sl if j € By,
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O We have seen that the maximal subgroups S, for all
0 # e € E(S), are all isomorphic. Let G° := e;Se; = (S, )°
and consider the Rees (B x A)-matrix given by:

jEB,ieA

(i) = § TiPn if qiipin # 0
T 0 otherwise
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O We have seen that the maximal subgroups S, for all
0 # e € E(S), are all isomorphic. Let G° := e;Se; = (S, )°
and consider the Rees (B x A)-matrix given by:

ipin i qijpin #0
0 otherwise
@ The proof of Rees' Theorem in [Rees40] gives us an
isomorphism

¥:S — MG, A B,C)
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O We have seen that the maximal subgroups S, for all
0 # e € E(S), are all isomorphic. Let G° := e;Se; = (S, )°
and consider the Rees (B x A)-matrix given by:

ipin if gijpin # 0 : :
i) = {%Pl if qijpin # icBicA

0 otherwise

@ The proof of Rees' Theorem in [Rees40] gives us an
isomorphism

¥:S — MG, A B,C)

@ By Corollary 1, if j € Bx and i € Ax and k # k', it follows
that /jr; = 0. Therefore C(j, i) = 0 and then:

AL Ay - A,
B /GG 0 -~ 0
B0 &G --- 0
B,\0O 0 --- G,
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