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Graphs defined on groups

Let G be a finite group. Elements x # y of G are joined in the
® power graph if one is a power of the other;
® enhanced power graph if (x,y) is cyclic;
® commuting graph if xy = yx;

® non-generating graph if (x,y) # G.



Graphs defined on groups

Let G be a finite group. Elements x # y of G are joined in the
® power graph if one is a power of the other;
® enhanced power graph if (x,y) is cyclic;
® commuting graph if xy = yx;
® non-generating graph if (x,y) # G.

If G is non-abelian, each edge set is contained in the next one.
[Cameron, 2022]



The Gruenberg-Kegel graph

Definition
The Gruenberg-Kegel graph (or prime graph) I'qk(G) has
® vertices: the primes dividing |G|,

® an edge p—q, p # q, if G has an element of order pq.
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Definition
The Gruenberg-Kegel graph (or prime graph) I'qk(G) has
® vertices: the primes dividing |G|,

® an edge p—q, p # q, if G has an element of order pq.
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® The augmentation ideal of ZG is indecomposable as a
Z.G-module iff gk (G) is connected. [Gruenberg-Roggenkamp,
1975; Williams, 1981]
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Why the Gruenberg-Kegel graph?

® The augmentation ideal of ZG is indecomposable as a
Z.G-module iff gk (G) is connected. [Gruenberg-Roggenkamp,
1975; Williams, 1981]

® ck(G) has at most 6 connected components. [Williams, 1981;
Kondrat'ev, 1990]

® [gk(G) and T'gk(V(ZG)) have the same vertices, where
V(ZG) is the group of units of augmentation 1. [Higman, 1940
(thesis)]



Solvable groups

Theorem (Gruenberg-Kegel; see Williams, 1981)

If G is solvable, then gk (G) has at most two connected
components, and it is disconnected iff G is a Frobenius or a
2-Frobenius group.



Solvable groups

Theorem (Gruenberg-Kegel; see Williams, 1981)

If G is solvable, then gk (G) has at most two connected
components, and it is disconnected iff G is a Frobenius or a
2-Frobenius group.

Lemma (Higman, 1957; Lucido, 1999)

If G is solvable, then among any three vertices of gk (G) two are
adjacent. Each connected component has diameter at most 3.



Realizable graphs

Theorem (Gruber-Keller-Lewis-Naughton-Strasser, 2015)

An unlabelled graph is gk (G) for some solvable G iff its
complement is triangle-free and 3-colourable.
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Realizable graphs

Theorem (Gruber-Keller-Lewis-Naughton-Strasser, 2015)

An unlabelled graph is gk (G) for some solvable G iff its
complement is triangle-free and 3-colourable.

Question

Given a class C of finite groups, which labelled graphs are gk (G)
with G € C7?

Studied for:

® T-solvable groups, T a small simple group [Keller et al.,
2023-2025]

® complete bipartite graphs [Maslova-Pagon, 2016]
d ‘W(G)’ < 5 [Gavrilyuk-Khramtsov-Kondrat'ev-Maslova, 2014]
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Units of integral group rings

Theorem (Higman, 1940)

All units of ZG are trivial, i.e. U(ZG) = G, iff G is abelian of
exponent dividing 4 or 6, or G = Qg x (J.
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Units of integral group rings

Theorem (Higman, 1940)

All units of ZG are trivial, i.e. U(ZG) = G, iff G is abelian of
exponent dividing 4 or 6, or G = Qg x (J.

The central units:

Z(U(ZG)) =+2(G) x F, F free abelian of rank p(G).

Question
When is p(G) = 0?7 When is p(G) < 17?7
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Theorem (Ferraz, 2004)

p(G) = #{R-classes of G} — #{Q-classes of G}
= #{simple comp. of RG} — #{simple comp. of QG}.
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The rank of the central units

Theorem (Ferraz, 2004)

p(G) = #{R-classes of G} — #{Q-classes of G}
= #{simple comp. of RG} — #{simple comp. of QG}.

® R-class of g: g U(g™1)°.
® (Q-class of g: Ugcd(j7|g|):1(gj)G.

Groups with p(G) < 1: extended cut groups.
[Bovdi-Breuer-Mardti, 2020; Garcia-Blazquez-Kaur-Maheshwary, 2025]
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Theorem (Ritter-Sehgal, 1990)
The following are equivalent:
1. G is cut.
2. Q(x) is Q or imaginary quadratic for every x € Irr(G).

3. If gcd(j, |g|) = 1, then g/ is conjugate to g or to g *.



Cut groups

Definition
G is cut if Z(U(ZG)) = £2(G), i.e. p(G) = 0.

Theorem (Ritter-Sehgal, 1990)
The following are equivalent:
1. G is cut.
2. Q(x) is Q or imaginary quadratic for every x € Irr(G).

3. If gcd(j, |g|) = 1, then g/ is conjugate to g or to g *.

Examples: (3, 4 are cut; Cyp is not.
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Definition
G is rational if x(g) € Q for every x € Irr(G) and g € G.
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Rational groups

Definition
G is rational if x(g) € Q for every x € Irr(G) and g € G.
With Bs(g) = Nc((g))/Cc(g) < Aut((g)):

e rational < Bg(g) = Aut((g)) for all g,
® cut <= Bg(g) (g g 1) =Aut((g)) for all g.

Examples of rational groups: S,, M = C52 X Qg. Closed under
quotients and direct products.

Rational = cut, but among groups of order < 512: 86.62% are
cut, 0.57% are rational. [Bichle-Caicedo-Jespers-Maheshwary, 2021]



Small character fields

Rows and columns of the character table:

Q) =Q(x(g):g€6G), Qg)=

Q(x(g) : x € Irr(G)).
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Small character fields

Rows and columns of the character table:

Qx) =Q(x(g):g€6G),  Qg) =Qx(g) : x € Irr(G)).

® semi-rational: [Q(g) : Q] < 2 forall g [Chillag-Dolfi, 2010]
® character-quadratic: [Q(x) : Q] < 2 for all x [Tent, 2012]
® uniformly semi-rational [del Rio-Vergani, 2026]
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Small character fields

Rows and columns of the character table:

Qx) =Q(x(g):g€6G),  Qg) =Qx(g) : x € Irr(G)).

® semi-rational: [Q(g) : Q] < 2 forall g [Chillag-Dolfi, 2010]
® character-quadratic: [Q(x) : Q] < 2 for all x [Tent, 2012]
® uniformly semi-rational [del Rio-Vergani, 2026]

rational C cut C uniformly semi-rational

C semi-rational N character-quadratic
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Primes

Theorem

Let G be solvable. Then 7(G) is contained in
e {2,3,5} if G is rational
e {2,3,5,7}if G is cut
e {3,7} if G is cut of odd order
e {2,3,5,7,13} if G is character-quadratic
e {2,3,5,7,13,17} if G is semi-rational

[Gow, 1976]
[Bachle, 2018]
[Maheshwary, 2018]
[Tent, 2012]
[Chillag-Dolfi, 2010]
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Primes

Theorem

Let G be solvable. Then 7(G) is contained in
e {2,3,5} if G is rational [Gow, 1976]
e {2,3,5,7}if G is cut [Bichle, 2018]
e {3,7} if G is cut of odd order [Maheshwary, 2018]
e {2,3,5,7,13} if G is character-quadratic [Tent, 2012]
e {2,3,5,7,13,17} if G is semi-rational [Chillag-Dolfi, 2010]
® All these primes occur, except that 17 is open.

Nilpotent cut groups are {2, 3}-groups.

11



The structure of rational groups

Theorem (Hegediis, 2005)

If G is solvable and rational, then the Sylow 5-subgroup of G is
normal and elementary abelian.
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The structure of rational groups

Theorem (Hegediis, 2005)

If G is solvable and rational, then the Sylow 5-subgroup of G is
normal and elementary abelian.

Non-abelian composition factors:

® rational groups: alternating groups and a finite list [Feit-Seitz,
1989; Thompson, 2008]

® cut groups: an explicit list [Trefethen, 2019]
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The Prime Graph Question

Let V(ZG) be the group of units of augmentation 1.

Question (Kimmerle, 2006)
Is Tax(V(ZG)) = Tax(G)?
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The Prime Graph Question

Let V(ZG) be the group of units of augmentation 1.
Question (Kimmerle, 2006)
Is Tax(V(ZG)) = Tak(G)?

® Yes for solvable groups [Kimmerle, 2006];

® reduction to almost simple groups [Kimmerle-Konovalov, 2017].
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The Prime Graph Question

Let V(ZG) be the group of units of augmentation 1.
Question (Kimmerle, 2006)
Is Tax(V(ZG)) = Tak(G)?

® Yes for solvable groups [Kimmerle, 2006];

® reduction to almost simple groups [Kimmerle-Konovalov, 2017].

Theorem (Bachle-Kiefer-Maheshwary-del Rio, 2023)

ek (V(ZG)) = T'gk(G) for cut groups with no epimorphism onto
the Monster. In particular, yes for rational groups.

13



Prime graphs of solvable rational and cut
groups



A classification problem

Question

Which graphs are I'gk(G) for G a finite solvable rational (or cut)
group?
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A classification problem

Question

Which graphs are I'gk(G) for G a finite solvable rational (or cut)
group?

At most 4 vertices, so finitely many candidates.

Lemma (Bachle-Kiefer-Maheshwary-del Rio, 2023)

If G is solvable and cut, then 7(G) is one of

{2}, {3}, {2,3}, {2,5}, {3,7}, {2,3,5}, {2,3,7}, {2,3,5,7}.
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A classification problem

Question

Which graphs are I'gk(G) for G a finite solvable rational (or cut)
group?

At most 4 vertices, so finitely many candidates.

Lemma (Bachle-Kiefer-Maheshwary-del Rio, 2023)

If G is solvable and cut, then 7(G) is one of

{2}, {3}, {2,3}, {2,5}, {3,7}, {2,3,5}, {2,3,7}, {2,3,5,7}.

Indeed, if |g| = 5, then Bg(g) = G; if |g| = 7, then 3 divides
|Bc(g)l-

14



At most three vertices

Theorem (Bachle-Kiefer-Maheshwary-del Rio, 2023)

A graph with at most 3 vertices is gk (G) for a non-trivial
solvable cut group G iff it is one of:

@6 @@—@@ @@—@@ @
@ B @ @ oo

i@@%@@?%@m%@@g@%@

@ (k) V) (m) (n) (o)

* also realized by a rational group
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At most three vertices

Theorem (Bachle-Kiefer-Maheshwary-del Rio, 2023)

A graph with at most 3 vertices is gk (G) for a non-trivial
solvable cut group G iff it is one of:

@6 @@—@@ @@—@@ @
@ B @ @ oo

i@@%@@?%@m%@@g@%@

@ (k) V) (m) (n) (o)

* also realized by a rational group

Corollary
A graph with 3 vertices occurs iff 2-3 is an edge and 5 or 7 is a
vertex.

15



Realizing groups

(@ G () MxG

(b) G (k) MxSs

() S () GxG

(d) S3x G (m) (GxG)x G

() M=CxQ (n) (G xG)xG

f) MxG (0) (G xG)xS3

(8) GxG () Mx(GxG)

(h) C2x(GxG) (@ Mx(CxG)xG
(i) (Cx(GxG))xC () Mx (G xG)xGC



Realizing groups

(@ G () MxG
(b) G (k) MxSs
© S () G xG
(d) S3x G (m) (GxG)x G
() M=CxQ n) (G xG)xGC

(n)

f) MxG (0) (G xG)xS3

(8) GxG () Mx(GxG)
Cx (G xG) () Mx(GxG)x G
(G x(CGxG)xG () Mx (G xG)xGC

Rational: (a), (c), (d), (e), (f), (k).

A direct product of a rational group and a cut group is cut.



Solvable rational groups

Theorem (Béchle-Kiefer-Maheshwary-del Rio, 2023)

If G is a non-trivial solvable rational group, then gk (G) is one of

All of them occur, except possibly (i).
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Solvable rational groups

Theorem (Béchle-Kiefer-Maheshwary-del Rio, 2023)

If G is a non-trivial solvable rational group, then gk (G) is one of

All of them occur, except possibly (i).

Why not 2-3-57 If |g| = 15, then Bg(g) = C4 x Cy; but in a
minimal example Gy is C4 or Qs.
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Solvable rational groups

Theorem (Béchle-Kiefer-Maheshwary-del Rio, 2023)

If G is a non-trivial solvable rational group, then gk (G) is one of

All of them occur, except possibly (i).

Why not 2-3-57 If |g| = 15, then Bg(g) = C4 x Cy; but in a
minimal example Gy is C4 or Qs.

Question (Bachle-Kiefer-Maheshwary-del Rio, 2023)
Is 3-2-5 the prime graph of a finite solvable rational group?

17



The GK graph of solvable rational groups

Theorem (Debdn-GL-del Rio, 2024)

3-2-5 is not the prime graph of a finite solvable rational group.
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The GK graph of solvable rational groups

Theorem (Debdn-GL-del Rio, 2024)

3-2-5 is not the prime graph of a finite solvable rational group.

So the prime graphs of non-trivial finite solvable rational groups
are exactly

@@@@—@@@@—@

S3 S3x G M M x G
M x S3
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The GK graph of solvable rational groups

Theorem (Debén-GL-del Rio, 2024)
3-2-5 is not the prime graph of a finite solvable rational group.

So the prime graphs of non-trivial finite solvable rational groups
are exactly

@@@@—@@@@—@

If G is solvable, rational and 15 | |G|, then G has elements of
orders 6, 10 and 15.
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The GK graph of solvable rational groups

Theorem (Debén-GL-del Rio, 2024)
3-2-5 is not the prime graph of a finite solvable rational group.

So the prime graphs of non-trivial finite solvable rational groups
are exactly

@@@@—@@@@—@

If G is solvable, rational and 15 | |G|, then G has elements of
orders 6, 10 and 15.

But 3-2-5 is the prime graph of the cut group
(C2x (G x G)) x G.

18



|dea of the proof

Let G be a minimal solvable rational group with I'gk(G) = 3-2-5.

® Hegediis: G =V xS, V the Sylow 5-subgroup, elementary
abelian and minimal normal; S acts faithfully.
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|dea of the proof

Let G be a minimal solvable rational group with I'gk(G) = 3-2-5.

® Hegediis: G =V xS, V the Sylow 5-subgroup, elementary
abelian and minimal normal; S acts faithfully.

® For every v € V thereis s € S with v* = v (eigenvector
property).

® No elements of order 15: a Sylow 3-subgroup of S is Cs.

e V = Ind}(W) with H minimal, K = Cy(W). By Hegediis,
H/K is Qg, C3 x C4, SL(2,3), one of two subgroups of
GL(4,5), or of order 144.

19



|dea of the proof

Let

G be a minimal solvable rational group with gk (G) = 3-2-5.

Hegediis: G =V x S, V the Sylow 5-subgroup, elementary
abelian and minimal normal; S acts faithfully.

For every v € V there is s € S with v® = v?

property).

No elements of order 15: a Sylow 3-subgroup of S is Cs.

V = Indy (W) with H minimal, K = Cyy(W). By Hegediis,
H/K is Qg, C3 x C4, SL(2,3), one of two subgroups of
GL(4,5), or of order 144.

Each case is excluded: orbit arguments against the
eigenvector property; for SL(2, 3), we construct an ad hoc
vector of V that cannot be “rationalized”.

(eigenvector

19



Four vertices

Theorem (Béchle-Kiefer-Maheshwary-del Rio, 2023)

1. These are prime graphs of solvable cut groups:

o
6"6 6"‘0

(p) (a) (r)
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Four vertices

Theorem (Béchle-Kiefer-Maheshwary-del Rio, 2023)

1. These are prime graphs of solvable cut groups:

6"0 6"‘0
(p) (a) (r)

2. Any other prime graph of a solvable cut group with 4 vertices
is one of

b B &
ER A

(s) (t)

20



Four edges

Theorem (Debén-GL-del Rio, 2026)
Neither (s) nor (t) is the prime graph of a finite solvable cut group.
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Four edges

Theorem (Debén-GL-del Rio, 2026)
Neither (s) nor (t) is the prime graph of a finite solvable cut group.

So (p), realized by (C2 x Qg) x (G x G3), is the only one with 4
edges.
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Four edges

Theorem (Debén-GL-del Rio, 2026)
Neither (s) nor (t) is the prime graph of a finite solvable cut group.

So (p), realized by (C2 x Qg) x (G x G3), is the only one with 4
edges.

Solvability is needed: Sg is rational and gk (Se) = (t).
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Four edges

Theorem (Debén-GL-del Rio, 2026)
Neither (s) nor (t) is the prime graph of a finite solvable cut group.

So (p), realized by (C2 x Qg) x (G x G3), is the only one with 4
edges.

Solvability is needed: Sg is rational and gk (Se) = (t).

State of the art with 4 vertices:
oD THEw QHED
(p) (a) (

r) (s) no t) no (u) ? (v)?

21



|deas for (s) and (t)

Minimal counterexample: G = V x S, V an elementary abelian
Sylow p-subgroup (p =7 for (s), p =5 for (t)), S faithful and
irreducible on V.
® Find as a subquotient of S a bad behaved group of the form
W x T, for W elementary abelian g-group and T a g’-group.



|deas for (s) and (t)

Minimal counterexample: G = V x S, V an elementary abelian
Sylow p-subgroup (p =7 for (s), p =5 for (t)), S faithful and
irreducible on V.
® Find as a subquotient of S a bad behaved group of the form
W x T, for W elementary abelian g-group and T a g’-group.

Theorem (Debdn, 2026)

If a rational 2-group @ has a faithful F,@-module, p > 5, with the
eigenvector property, then p =5 and Q = Qg K for a 2-group
K < S,.

N
N



Open(?) problem

Question

Are (u) e’ or (v) 9..‘9 prime graphs of solvable cut groups?
O @ ® @
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Three questions on cut groups
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Bachle's questions

Question (Bachle, 2019)

1. Is there ¢ > 0 such that [Q(G) : Q] < ¢ for every cut group
G?
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3. If G is solvable and cut, is exp Op(G) a divisor of p for
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Bachle's questions

Question (Bachle, 2019)

1. Is there ¢ > 0 such that [Q(G) : Q] < ¢ for every cut group
G?
2. If Gis cut and P € Syl3(G), is P cut?

3. If G is solvable and cut, is exp Op(G) a divisor of p for
pe{57}?

Here Q(G) = Q(x(g) : x € Irr(G), g € G).

These three questions are now in the Kourovka Notebook (20.4).

24



Question 1: a bound for [Q(G) : Q]

® Semi-rational or character-quadratic groups: no bound (A,).
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® Semi-rational or character-quadratic groups: no bound (A,).
® Bounded for solvable cut groups. [Tent, 2012]

® Bounded for quasi-simple and almost simple cut groups.
[Bachle-Caicedo-Jespers-Maheshwary, 2021; Trefethen, 2019]

Theorem (Moretd, 2022)

Let G be cut and A; the largest alternating composition factor of
G. Then

[Q(G) : Q] < 2max{547 7r(t)+1}’

where 7(t) is the number of primes < t.
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Question 1: a bound for [Q(G) : Q]

® Semi-rational or character-quadratic groups: no bound (A,).
® Bounded for solvable cut groups. [Tent, 2012]

® Bounded for quasi-simple and almost simple cut groups.
[Bachle-Caicedo-Jespers-Maheshwary, 2021; Trefethen, 2019]

Theorem (Moretd, 2022)

Let G be cut and A; the largest alternating composition factor of
G. Then
[Q(G) : Q] < 2max{547 7r(t)+1}’

where 7(t) is the number of primes < t.

A counterexample must involve arbitrarily large alternating groups.

25



Question 2: Sylow 3-subgroups

For the prime 2 the answer is negative:

® Sylow 2-subgroups of rational groups need not be rational.
[Isaacs-Navarro, 2012]

® Sylow 2-subgroups of cut groups need not be cut.
[Bachle-Caicedo-Jespers-Maheshwary, 2021]
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Question 2: Sylow 3-subgroups

For the prime 2 the answer is negative:

® Sylow 2-subgroups of rational groups need not be rational.
[Isaacs-Navarro, 2012]

® Sylow 2-subgroups of cut groups need not be cut.
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For the prime 2 the answer is negative:

® Sylow 2-subgroups of rational groups need not be rational.
[Isaacs-Navarro, 2012]

® Sylow 2-subgroups of cut groups need not be cut.
[Bachle-Caicedo-Jespers-Maheshwary, 2021]

For the prime 3, positive answer if G is
® supersolvable, Frobenius, or of 3-length 1 [BCJM, 2021]
® of odd order [Grittini, 2019]
® quasi-simple or almost simple [BCJM, 2021; Trefethen, 2019]

In general, P/P’ is elementary abelian. [Navarro-Tiep, 2019]
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Question 3: a Hegedis theorem for cut groups?

Theorem (Hegediis, 2005)

In a solvable rational group the Sylow 5-subgroup is normal and
elementary abelian.
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Question 3: a Hegedis theorem for cut groups?

Theorem (Hegediis, 2005)
In a solvable rational group the Sylow 5-subgroup is normal and
elementary abelian.
For solvable cut groups and p € {5,7} [Bichle, 2019]:
® the p-length can be arbitrarily large,

® the Sylow p-subgroups can have arbitrarily large exponent
(iterated wreath products of C, x Cp_1).

In these examples Op(G) is still elementary abelian.

Question (Bachle, 2019)
If G is solvable and cut, is exp Op(G) a divisor of p for p € {5,7}?
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Answer to Question 3

Theorem

Let p € {5,7}, P € Syl,(S2) and N = Nspz(P). Then
1. N is a solvable cut group, and
2. 0p(N) = P = C,1 C, has exponent p°.
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Answer to Question 3

Theorem

Let p € {5,7}, P € Syl,(S2) and N = Nspz(P). Then
1. N is a solvable cut group, and
2. 0p(N) = P = C,1 C, has exponent p°.

So the answer to Question 3 is negative.

® |N| = pPti(p—1)2: 250000 for p =5, 207 532836 for p = 7.

® N is not rational: by Hegediis for p = 5, by Gow for p = 7.
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Thanks for your attention.
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