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COMMUTING PROBABILITY OF SUBGROUPS

Let H, K be subgroups of a finite group G. Set

_ {(h,k) e Hx K| [h,k]:1}|.

Pr(H, K) HIK|

Thus Pr(H, K) = 1 if and only if [H, K] = 1.

P. M. NEUMANN, 1989
If Pr(G, G) > € > 0, then G has a normal subgroup R with

|G: Rl and |R| e-bounded.

In other words, G is bounded-by-abelian-by-bounded.
Throughout, e-bounded means bounded by a function of € only.



@ Gustafson, 1973

Pr(G, G) > g = @Gis abelian

The bound is attained in Dg and Q.
e P. Lescot, 1995

1

Pr(G, G) > = Gis nilpotent

N

@ Dixon, 1973, P. Lescot, 1988-89
1
12

The bound is attained in Alt(5).
@ Guralnick and Robinson, 2006

3

Pr(G, G) > = Gis soluble

Pr(G,G) > —= = Gissolvable or G = Alt(5)xA, with A abelian.
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TWO COMPARISONS

CONJUGATE SYLOW SUBGROUPS

Can probabilities involving Sylow subgroups give comparable
information?

Fix P € Syl,(G) and assume
Pr(P,P*)>e  forevery x € G.

How large can P be outside O,(G)?

SYLOW SUBGROUPS OF DIFFERENT PRIMES
For each p # g, find P € Syl,(G) and Q € Syl,(G) with

Pr(P,Q) > e.
How much of G is accounted for by its Fitting series?

We will return to both comparisons for coprime automorphisms and
for profinite groups.



CONJUGATE SYLOW SUBGROUPS

Let G be finite and P € Syl,(G). The subgroup Op(G) is the largest
normal p-subgroup of G.

D.—-GURALNICK—MORIGI-SHUMYATSKY [C]

If
Pr(P,P*)>e>0  forevery x € G,

then |P : Oy(G)| is e-bounded. Moreover, Oy(G) is
bounded-by-abelian-by-bounded.

Why expect the normal p-subgroup to matter?

If B < Gis an abelian p-subgroup, then B < PN PX, so

Pr(P,PX) > |P: B| 2.



WHY THE SYLOW HYPOTHESIS MATTERS

Let G = SL(n, p) acting on the natural module V and let P be the
elementary abelian group of order p"~" acting trivially on a
hyperplane U and on V/U.

For every x € G, the groups P and P* contain subgroups of index p
which centralize each other. Hence

Pr(P, P¥) > % forevery x € G.

However,
Op(G) =1, |Pl=p"" — .

Thus the conclusion is false for arbitrary p-subgroups.



THE ROLE OF CHARACTERISTIC p

THEOREM [C]
Let P be any p-subgroup of a finite group G, with

Pr(P,P*)>e>0 (x € G).

Assume that the composition factors of Lie type in characteristic p
have Lie rank at most r. Then

|P: PN Oy(G)| is (r,e)-bounded.
IN PARTICULAR [C]
If G is p-soluble, then |P: PN Op(G)| is e-bounded.

A finite group is p-soluble if its composition factors are p-groups or
p’-groups.



TOOLS IN THE FINITE PROOF

Assume Pr(P,P*) > e > 0 forall x € G.

CENTRALIZERS CONTROL POWERS [C]

Pr(H, K) = |H|Z\K cK( I

heH

Large subgroups have bounded centralizer indices. Applying this to
all conjugates of P yields

P¢ < Oy(G) (e e-bounded).

DECAY ACROSS INDEPENDENT FACTORS
For pairs in r direct factors, if [H;, Kj] # 1, then

Pr<ﬁ Hi, f[ K,-) = f[ Pr(H;, Ki) < (3/4)".
i=1 i=1

i=1



DIFFERENT PRIMES: THE FITTING SERIES

D.-LUCCHINI-MORIGI-SHUMYATSKY, 2025

If for every p # q in 7(G) there are P € Syl,(G) and Q € Syl,(G) with
Pr(P,Q) > e >0, then

|G : F2(G)| is e-bounded.
Here F2(G)/F(G) = F(G/F(G)).
THE INDEX OF F(G) NEED NOT BE BOUNDED

Let G = [[;_4 Dop,, Where the p; are distinct odd primes and
|D2Pi| = 2p;.

Pr(Sg,Sp,) = % > %, |G F(G)I =] 23.

Sylow subgroups of distinct odd orders commute.



COPRIME ACTION

Let a finite group A act on the finite group G, with (|A|,|G|) = 1.

[G,Al=(g7'9°| g€ G, acA).

THE ACTION AND ITS FIXED POINTS
G =[G, A|Cgs(A), [G A A =[G A
There are A-invariant Sylow subgroups for every prime.

For an A-invariant Sylow subgroup P, we compare the subgroup
[P, A] with its conjugates, or with [Q, A] for another prime.

The structural conclusions will concern [G, A].



THE FINITE RESULTS EXTEND TO [P, A

Let G be finite, A act coprimely, and € > 0. All Sylow subgroups in this
slide are A-invariant.

CONJUGATES — D.-GURALNICK-MORIGI-SHUMYATSKY[A ]
For P € Syl,(G), if

Pr([P,A],[P,A*) >e VxeG,
then [[P, A] : [P, Al N Oy(G)| is e-bounded.

If this condition holds for every prime p, then [G, A] is
bounded-by-abelian-by-bounded.

DIFFERENT PRIMES [A]
If for every p # q there exist P € Syl,(G) and Q € Syl,(G) with

PI’([P, A]v [Qv A]) > €,
then |[G, A] : F2([G, A])| is e-bounded.



POSITIVITY IN A PROFINITE GROUP

For closed subgroups H, K of a profinite group G, define
Pr(H, K) = (un x p){(h. k) € Hx K | [h, k] = 1},

using normalized Haar measures. Then

HN KN
Pr(H, K)_Nlnf Pr( N N>

THE PROFINITE QUESTION

Assume only
Pr(P,P*) >0 Vx € G.

No common positive lower bound is assumed.

What structural conclusions follow from this pointwise positivity?



CONJUGATE SYLOW SUBGROUPS: PROFINITE CASE

THEOREM [C]
Let P € Syl,(G), with G profinite. If

Pr(P,P*) >0 Vx € G,
then O,/ (G) is open, and O,(G) is virtually abelian.

Here
Op,p(G)/Op(G) = Oy (G/0p(G)).

Thus an open normal subgroup is pro-p-by-pro-p’. For the proof,

x =1 gives Pr(P, P) > 0, hence P is virtually abelian and therefore
soluble.

This controls the normal series; probability estimates control its
semisimple sections.



ONE ODD PRIME AND PRO-pP-SOLUBILITY

D.—GURALNICK—MORIGI-SHUMYATSKY[P]
Let G be profinite, L € Syl,(G) and P € Syl,(G), with p odd.

Pr(L,P) >0 = Gis virtually pro-p-soluble.
A pro-p-soluble group is an inverse limit of finite p-soluble groups.

THE PRIMES 3 AND 5 (D.-MORIGI-SHUMYATSKY)
For L € Syl,(G), P € Syl3(G) and Q € Syls(G),

Pr(L,P) >0, Pr(L,Q)>0 = Gis virtually prosoluble.

A finite group which is both 3-soluble and 5-soluble is soluble.



FIXED POINTS OF A COPRIME ACTION

Let a finite group A act coprimely on a profinite group G.

THE GENERAL FORM [P]

Let
T € Syl,(Cg(A)), P e Syl,(G),  podd.

If Pr(T, P) > 0, then G is virtually pro-p-soluble.

The subgroup T lies in the fixed-point group; P is a Sylow subgroup
of the whole group G.

No A-invariance of P is required.

Taking A = 1 recovers the previous theorem.



TWO TESTS INSIDE Cg(A)

Let a finite group A act coprimely on a profinite group G.
THEOREM [P]
Suppose Cg(A) has Sylow subgroups

T € Syl(Cg(A)), U € Syl3(Ca(A), V€ Syls(Ca(A))

such that
Pr(T,U) > 0, Pr(T,V) > 0.
Then G is virtually prosoluble.

Both probabilities are measured inside Cg(A), but the conclusion
concerns G.

For a single odd prime, a test using only fixed points is insufficient
(example).



THE KEY ESTIMATE ON SIMPLE FACTORS

THE SIMPLE-GROUP INPUT [P]

If S is finite nonabelian simple and « is coprime, no Sylow p-subgroup
of S, for odd p | | S|, centralizes a Sylow 2-subgroup of Cs(«).

For G= Si x --- x &, with p | |S;| for every i, and a coprime action of
a finite group A, take T € Syl,(Cg(A)) and any P € Syl,(G). Then

Pr(T,P) < (3/4)!/1Al,

Each A-orbit has at most |A| factors and contributes at most 3/4.

A lower bound n > 0 bounds t. In the proof this controls non-p-soluble
length in finite images and makes the semisimple sections finite.



CONJUGATES OF [P, A]: PROFINITE CASE

Let G be profinite, A a finite group of coprime automorphisms, and
P € Syl,(G) an A-invariant Sylow subgroup. Assume

Pr([P,A],[P,A*) >0 V¥xecG.

THE LOCAL CONCLUSION [P]
[P, AlOx(G)/Op(G) is finite.
THE GLOBAL CONCLUSION [P]
The group [G, A] has an open normal subgroup N with
Ao(N) < 1.

Here ), is the minimum number of layers consisting of Cartesian
products of nonabelian finite simple groups of order divisible by p, in
a normal series whose other factors are pro-p-soluble.



WHY ONE SIMPLE LAYER REALLY IS NECESSARY

EXAMPLE [P]
Take

oo

S=PsL(2,3), G=]][S
i=1
and let « act on every factor as a field automorphism of order 5. It is
coprime, and Cg(a) = PSL(2,3). An a-invariant Sylow 2-subgroup P
of G is fixed pointwise. Thus
[P,a] =1, Pr([P,a],[P,a]) =1 V¥x e G.

Yet [G, o] = G, and every open subgroup contains infinitely many
simple factors. Hence G is not virtually prosoluble.

Here \2(G) = 1.



FURTHER RESULTS: DIFFERENT PRIMES

D.—GURALNICK—MORIGI-SHUMYATSKY [P]

Let G be profinite and let a finite group A act coprimely on G.
Suppose that L € Syl,(G) and P € Syl,(G) are A-invariant, where p is
odd, and that

Pr([L, A], [P, A]) > 0.

Then [G, A] has an open normal subgroup N such that
Mp(N) < 1.

The example with []PSL(2, 3%) also shows that [G, A] need not be
virtually pro-p-soluble.

20



WHAT THE CONJUGATE PROBABILITIES CONTROL

Hypothesis Conclusion

Finite G, P € Syl,(G), I[P : Op(G)| is e-bounded.
Pr(P, P*) > € > 0 for all x

Profinite G, P € Syl,(G), O, (G) is open.

Pr(P, P¥) > 0 for all x

Profinite G, finite coprime A, [P, A] is finite modulo Op(G).
P € Syl,(G) is A-invariant, Some open N < [G, A] has

Pr([P, A, [P, A]*) > O for all x Ao(N) < 1.
Thank you!

(References)
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FURTHER RESULTS: ALL PRIMES

CONJUGATE SYLOW SUBGROUPS [C]
If G is finite and, for every p € 7(G), a Sylow P satisfies

Pr(P,P*)>e>0 VxeQG,

then G is bounded-by-abelian-by-bounded.

COPRIME ACTION [A]

Let A act coprimely. If for every p € 7(G) there is an A-invariant
Sylow P with

Pr([P,A],[P,A]*) >e>0 VxeG,
then [G, A] is bounded-by-abelian-by-bounded.
(back)
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FURTHER RESULTS: ARBITRARY p-SUBGROUPS

A component is a subnormal quasisimple subgroup. Let Ey(H) be the
product of the components of H whose orders are divisible by p.
Define

o(G) Openp(G)
Gta) = E(G/0NG). LTS = OG0 (G))

D.—GURALNICK—MORIGI-SHUMYATSKY [C]
If Pis any p-subgroup of a finite group G with

Pr(P,P*)>e>0 (x € G),

then
|P: PN Ope,p(G)| is e-bounded.

ADDITIONAL MATERIAL 23



FURTHER RESULTS: HALL SUBGROUPS

D.—GURALNICK—MORIGI-SHUMYATSKY [C]
Let K < G, with G finite, and suppose that

Pr(K,K*) >e>0 (x € G).

e If K is a Hall subgroup, then
|K : KN F(G)| is e-bounded.

o If every composition factor of Lie type has Lie rank at most n,
then
|K : KN F(G)| is (n, €)-bounded.

The results for p-subgroups apply to the Sylow subgroups of K, since
commuting probability increases on passing to subgroups.

ADDITIONAL MATERIAL 24



A SINGLE FIXED-POINT TEST IS INSUFFICIENT

AN EXAMPLE [P]
Let

G=]]PsL(2,32),
i=1
and let « act on every factor as a field automorphism of order 5. Then
« is coprime and

Cola) = H Ss.
i=1
The order of PSL(2, 32) is divisible by 11.
For T € Syl;,(Cg(«)) and U € Syly1(Cg(«)),
u=1, Pr(T,U)=1.

Yet G is not virtually pro-11-soluble.
Back
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THE INDEX NEED NOT BE BOUNDED

NO BOUND ON THE INDEX OF THE PROSOLUBLE RADICAL

Let
G- =PSL(2,r), r>5prime, r=3,5 (mod 8).

A Sylow 2-subgroup L has order 4. For every Sylow subgroup Q,
Pr(L,Q) > 1/4.
Yet the soluble radical of G; is trivial and |G, | is unbounded.

Thus positivity of Pr(S,, S3) and Pr(Sz, Ss) can imply virtual
prosolubility without bounding the index of the prosoluble radical.

ADDITIONAL MATERIAL 26



THE THREE PAPERS

Joint work with R. M. Guralnick, M. Morigi and P. Shumyatsky.

[C] CONJUGATE SUBGROUPS
Commuting probability for conjugate subgroups of a finite group.

[A] FINITE GROUPS AND AUTOMORPHISMS
Finite groups, commuting probability, and coprime automorphisms.

[P] PROFINITE GROUPS AND AUTOMORPHISMS

Coprime automorphisms of profinite groups and the commuting
probability of Sylow subgroups.

Back
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