The group class SJ is not countably recognizable
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COUNTABLE RECOGNIZABILITY I - The question

Definition 2.1. A group class X is countably recognizable if a group belongs to X whenever all its countable
subgroups are X-groups.

Detected on countable subgroups Not detected

Cernikov 1950 Higman 1951

Cernikov proved that hypercentrality can be detected on Higman’s work on almost free groups yields the classical
countable subgroups failure of countable recognizability for free groups

Hickin-Phillips 1970

Hickin and Phillips constructed an uncountable locally
finite p-group showing that an ascending-series condition
may hold on all countable subgroups and fail globally
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A general abelian series of a group G is a linearly
ordered family & of subgroups which contains {1}
and G, is closed under unions and intersections of
subchains, and has the following properties.

A The union of a subchain is a
F term
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{1} I

B/ A abelian
z€ B\ A

I - The question

A general abelian series of a group G is a linearly
ordered family § of subgroups which contains {1}
and G, is closed under unions and intersections of
subchains, and has the following properties.

(i) If A < B are consecutive terms of §, then A < B
and B/ A is abelian.

(ii) Every non-identity element of G lies in some
B\ A, for consecutive terms A and B of the series.

We call the couple (A, B) a jump and say that an
element = of G is covered by (A, B) if x € B\ A.



THE CLASS SJ I - The question

Let H < G. We write H <<, G if there is a chain

G =
The least possible d, when it exists, is the
(subnormal) defect of H in G and is denoted
(B, = ) T by ds(H).
@ R
Blr_ " - B/A abelian
B,=B e ® rc B\A
A
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Every term has finite defect; no uniform bound on the defects is required.

I - The question

Let H < G. We write H I, G if there is a chain
H:HEIQ'HHF 1 ﬂ{_:]H“:G

The least possible d, when it exists, is the
(subnormal) defect of H in G and is denoted
b}“’ {J(;(Jr])

The group G belongs to SJ if it has a general abelian
series every term of which is subnormal of finite
defect in G.
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r R The group GG belongs to SJ if it has a general abelian
G ) series every term of which is subnormal of finite

[[ j} defect in G.

It is easy to see that every subgroup of an SJ-group
“ s = is SJ, and that the class of SJ-groups is closed with

B, = - “  respect to forming extensions.
rB ~ Defect < 4
1

B/A abelian However, the class SJ is not closed with respect to
® rcB\A forming quotients, as one can see taking into account
A a free group of rank 2.
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THE CLASS SJ I - The question

G R The group G belongs to SJ if it has a general abelian
~ ~ series every term of which is subnormal of finite

[ J defect in G.

It is easy to see that every subgroup of an SJ-group
~ . = is SJ, and that the class of SJ-groups is closed with

B, = - e respect to forming extensions.
FB ~ Defect < 4
1

B/A abelian However, the class SJ is not closed with respect to

e rcB\A forming quotients, as one can see taking into account
A a free group of rank 2.

- b Lemma 2.6. A free product of SJ-groups is an
. _ SJ-group.

L L1
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Every term has finite defect; no uniform bound on the defects is required.
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The problem also appears in the AGTA Open Problems collection, where a prize of EUR 1000 is offered for a
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THE PROBLEM AND THE THEOREM I - The question

Consider now the class of SJ-groups.

The question whether SJ is countably recognizable was posed explicitly as Problem ADV-2B in 2016

It was still singled out in the 2021 survey on countable recognizability as the remaining open problem among the
principal generalized soluble classes

The problem also appears in the AGTA Open Problems collection, where a prize of EUR 1000 is offered for a
solution

We give a negative answer.

Main Theorem. There exists a group GG such that every countable subgroup of GG belongs to SJ,
whereas G ¢ SJ. Consequently the class SJ is not countably recognizable.




ROADMAP II - The obstruction

The factors Ay, N > 1

F1 - pair—perfect: (x,y)“~7 is perfect for 1 < j < N
(Proposition 3.3)

F2 - single elements+perfect: z ¢ X’ for X = (z)“~, and
likewise for y (Lemma 3.4)

F3 - Ay, (z,9)*v/X and Ay/{z,y)"~ have finite normal
height (Lemma 3.5)
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a R a R
G ¢ SJ (Proposition 5.1) Countable subgroups are SJ (Proposition 5.6)
Uncountably many indices: a pigeonhole on Countably many indices: enumerate, then
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- ), - ),
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[ SJ is not countably recognizable J
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G ¢ SJ (Proposition 5.1) Countable subgroups are SJ (Proposition 5.6)
Uncountably many indices: a pigeonhole on Countably many indices: enumerate, then
the defects factor out one generator at a time
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F1 - pair—perfect: (x,y)~7 is perfect for 1 < j < N
(Proposition 3.3)

F2 - single elements+perfect: z ¢ X’ for X = (z)“~, and
likewise for y (Lemma 3.4)
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ITERATED NORMAL CLOSURES II - The obstruction

J_[{(_J‘.[]' - (; }{(}.l . {{(I I{(;’.nl 1 [{ KGm
r N
G K" is the least subnormal subgroup of G of defect
at most n containing K.
e =
(7G2 )
L 2 y
|
4 _J
0
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perfect.
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abelian series of G which cover x and vy, respectively.

Then B, and B, cannot both have defect at most n
in G.
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THE PAIR OBSTRUCTION IT - The obstruction

Lemma 2.7

G =
dg(B;) <n, dg(B,)<n Let K = (z,y) < G and suppose that K" is
perfect.
i (4,B) = (A, B,) Let .(AI, B:b:.), (Ay By).be the jumps of one gEEI'lE}C‘al
B3 abelian series of G which cover x and y, respectively.
& Yy
A, £ Then B, and B, cannot both have defect at most n
in G.
Proof. Assume the contrary and let (A, B) be the
higher of the two jumps.
BR=
® i
4 L
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THE PAIR OBSTRUCTION IT - The obstruction

Lemma 2.7

G =
dg(B,) <n, dg(B,)<n Let K = (z,y) < G and suppose that K" is
perfect.
i (A, B) = (A,,B,) Let (A, B,), (A,, B,) be the jumps of one general
B, —— — ’ . abelian series of G which cover z and y, respectively.
3 Y
A, 5 Then B, and B, cannot both have defect at most n
in G.
Proof. Assume the contrary and let (A, B) be the
higher of the two jumps.
< El NS
L = 8 =b ThenKﬁB,soalsoKG=”§B.
B, -
® 5
A, -
K’G,n
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THE PAIR OBSTRUCTION IT - The obstruction

Lemma 2.7

G —
dg(B,) <n, dg(B,)<n Let K = (z,y) < G and suppose that K" is
perfect.
Q * - - i . .
(4,B) = (A, B,) Let .(AI, B:b:.), (Ay By).be the jumps of one gexle}*al
B, —- abelian series of G which cover z and y, respectively.
'3 Y
A, =L o Then B, and B, cannot both have defect at most n
in (.
Proof. Assume the contrary and let (A, B) be the
higher of the two jumps.
G.n < B < ;
i S Then K < B, so also K" < B.
= s o Since K" is perfect, so K" < B’ < A.
A, -
KG,H

p L G



THE PAIR OBSTRUCTION IT - The obstruction

Lemma 2.7

A B<cn—dp B << | Let K = (z,y) < G and suppose that K" is

perfect.

(A,B) = (A,,B,) Let .(AI, Bgf), (Ay By).be the jumps of one gex'le}*al
abelian series of G which cover x and y, respectively.

A, L — Then B, and B, cannot both have defect at most n
in G.

Proof. Assume the contrary and let (A, B) be the
higher of the two jumps.

G,n :
e i< K tis Al (5 B Then K < B, so also K" < B.

e Since K& is perfect, so K" < B’ < A.

4 But the element covered by (A, B) belongs to
K < K%" contradicting the fact that it lies outside
A. O

p L L



THE PAIR OBSTRUCTION IT - The obstruction

Lemma 2.7

G —
A B<cn—dp B << | Let K = (z,y) < G and suppose that K" is
perfect.
i (A, B) = (A, B Let (A, B,), (A,, B,) be the jumps of one general
B) =4, 5) abeli ies of G whicl -« and ively
B, abelian series of G which cover x and y, respectively.
o Y
A, =L o Then B, and B, cannot both have defect at most n
in G.
Proof. Assume the contrary and let (A, B) be the
higher of the two jumps.
Then K < B, so also K" < B.
= 7 " Since K“" is perfect, so K" < B’ < A.
A L
4 But the element covered by (A, B) belongs to
K < K%" contradicting the fact that it lies outside
A O
K’G,n
ml G

Perfect subgroups do occur in SJ-groups: there are non-trivial perfect groups of finite
normal height (Theorem 2.8(iii)), and these are SJ (Lemma 2.9). The contradiction needs
the trap and the covered element together.
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Lemma 2.4

Let K < A < B be groups, and let n > 1. If K4" is
R perfect, then K2" is perfect.

Proof. Put P, = K4 and Q; = K57 for 0 < j < n.

K<A<B

-




TRANSPORT TO AN OVERGROUP II - The obstruction

Lemma 2.4

Let K < A < B be groups, and let n > 1. If K4" is
B =K4d =i perfect, then K2™ is perfect.

Proof. Put P, = K47 and Q; = KB for 0 < j < n.

K<A<B

-
-
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TRANSPORT TO AN OVERGROUP

— KAJ
B = K

ale

K<A<LB
Qj=KB*j
)
< 0
P
)
< 1
-/
< n—1
-

Il - The obstruction

Lemma 2.4

Let K < A < B be groups, and let n > 1. If K4" is
perfect, then K" is perfect.

Proof. Put P, = K4 and Q; = KB for 0 < j < n.

P. )
I oy =t < K9 = Q11

and hence 1:3 2k Qj for all 0 < 5 < n.



TRANSPORT TO AN OVERGROUP II - The obstruction

Lemma 2.4

K<A<LB
Let K < A < B be groups, and let n > 1. If K4" is
B= K G-=t perfect, then K2" is perfect.
SR — Proof. Put P, = K4 and Q; = K57 for 0 < j < n.
0 — < 0 - Q
— S Fonn = Kos S K™ =0,
1 _ 1 and hence P, < @, for all 0 < j < n.
S S—r’ We proved that @),, = PHQ“‘I.
However, since P, is perfect, }:?_.,f‘ﬁ""""1 < @,,. Hence
Q, = Q., so KP" is perfect. [
n—1 < Tl

.
IA
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ITT - The factors

[ SJ is not countably recognizable ]

/

G ¢ SJ (Proposition 5.1)

>~

Countable subgroups are SJ (Proposition 5.6)

\
g

The factors Ay, N > 1

F1 - pair—perfect: (x,y)~7 is perfect for 1 < j < N

(Proposition 3.3)

F2 - single elements+~perfect: z ¢ X’ for X =

likewise for y (Lemma 3.4)

F3 - Ay, (z,y)~ /X and Ay /(z,y)?~ have finite normal

height (Lemma 3.5)

/FQ
)

()4~ and




FINITE NORMAL HEIGHT III - The factors

Put H, equal to the class of abelian groups. Inductively, let 7(}, ,; consist of the groups G which possess a complete linearly

ordered system of normal subgroups whose factors belong to ;. We say that G has finite normal height if G € J(; for some
h < w.

A complete normal system,
abelian factors
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FINITE NORMAL HEIGHT III - The factors

Put H, equal to the class of abelian groups. Inductively, let 7(}, ,; consist of the groups G which possess a complete linearly
ordered system of normal subgroups whose factors belong to ;. We say that G has finite normal height if G € J(; for some
h < w.

T, Ity

Lemma 2.9. Every group of finite normal height

belongs to SJ.
A term of defect d in a factor lifts to a subgroup of
defect at most d + 1 in G.

@)

@) (I)

[ |

A complete normal system, A complete normal system,
abelian factors factors in J(;
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Let F' be a field of characteristic zero, and let
M = M(Q, F) M = M(Q, F') be the corresponding McLain group

z,..(u)=14+ue,, (r<sinQ, ueF)

L
)
L=
b3 | =
Wb
oy
b | L

=

o] [

] | o

o] [

A window of the @ x Q array: M is not a matrix group of finite size

Definition: Robinson, p. 14



ONE MORE LAYER: T'(H) III - The factors

Let F' be a field of characteristic zero, and let

M = M(Q, F) M = M(Q, F') be the corresponding McLain group
I e e z, . (u)=1+ue,, (r<sin@Q, uekF)
I B S I N N B @, (u), 24 (V)] = 2y (wv)  (r<s <t
b ‘ [370,%(1): 17%,1(1)] = 370,1(1)
o @
3 1
1 ]
2
2 1
1 1
2 1

F' = @ here only as an illustration: any field of characteristic zero

Definition: Robinson, p. 14
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: III - The factors
ONE MORE LAYER: T'(H)

Let F' be a field of characteristic zero, and let

M = M(Q, F) M = M(Q, F') be the corresponding McLain group
e 2 z,..(u)=1+ue,, (r<sin@Q, ueF)
=TI B (R B (R (R [ B [ 1z, (u), & 4 (V)| = &,..(uD) (r<s<t)
B ‘ [370,%(1):- 37%,1(1)] = Z,1(1)
r 0 . [T |_ The group M is non-trivial, perfect, torsion-free and
L ] locally nilpotent.
3 1
£ 1
1 1
2 1

Any s with r < s < t will do: QQ is dense, so every generator is a commutator

Definition: Robinson, p. 14



ONE MORE LAYER: T'(H) III - The factors

Moreover, every torsion-free locally nilpotent group
is right-orderable, so we may fix a right-invariant
total order on M. Let A denote the set M endowed
with this order.

A=(M,<)

The points of A are elements of M, not the rational indices
of its matrices; positions are only an order
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Moreover, every torsion-free locally nilpotent group
is right-orderable, so we may fix a right-invariant
total order on M. Let A denote the set M endowed

with this order.

Then the action of M on A by right multiplication is

0 i A Am transitive and order-preserving.

AL p = Adm < um

A=(M,<)
(m




ONE MORE LAYER: T'(H) III - The factors

Moreover, every torsion-free locally nilpotent group
is right-orderable, so we may fix a right-invariant
total order on M. Let A denote the set M endowed

with this order.

Then the action of M on A by right multiplication is
transitive and order-preserving.

Py P A AM

A=(M,<)

- - $— = $ = — @ - — —— —— = &
m2 m3 m4 m5 m6
w<ml<l<m<m? <. (m > 1)

One orbit, of one element m > 1: the whole group M acts
transitively on A



ONE MORE LAYER: T'(H) III - The factors

Now, let H be a perfect group of normal height
h>1 (just as M(Q,Q)), and form the wreath power

A state is a function ¢ : A — H with ¢(A) = 1 for almost all A.

W permutes the states: for each A € A, a copy Hy = {h, : h € H}

D of H acts on the A-coordinate, and W = (H, : A € A).

As

Al

Construction: P. Hall (1962)
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Now, let H be a perfect group of normal height
h > 1 (just as M(Q,Q)), and form the wreath power
W — WI‘A H

A state is a function ¢ : A — H with ¢(A) = 1 for almost all A.

hh then k,u, W permutes the states: for each A € A, a copy H, = {h, : he€ H}
of H acts on the A-coordinate, and W = (H, : A € A).
‘ 1 \
h, multiplies the A-coordinate by h when every coordinate above
As A is 1, and does nothing otherwise.

Construction: P. Hall (1962)
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hy then k,
hy then k
h
A

Al

Construction: P. Hall (1962)

III - The factors

Now, let H be a perfect group of normal height
h > 1 (just as M(Q,Q)), and form the wreath power
W — th H

A state is a function ¢ : A — H with ¢(A) = 1 for almost all A.

W permutes the states: for each A € A, a copy H, = {h, : he€ H}
of H acts on the A-coordinate, and W = (H, : A € A).

h, multiplies the A-coordinate by h when every coordinate above
A is 1, and does nothing otherwise.



ONE MORE LAYER: T'(H) III - The factors

Now, let H be a perfect group of normal height

hy then k [ - | - .
= LI L U h > 1 (just as M(Q,Q)), and form the wreath power
W —_ th H
A state is a function ¢ : A — H with ¢(A) = 1 for almost all A.
k, then hy W permutes the states: for each A € A, a copy H, = {h, : h € H}
of H acts on the A-coordinate, and W = (H, : A € A).
1
h, multiplies the A-coordinate by h when every coordinate above
s A is 1, and does nothing otherwise.

Al

Construction: P. Hall (1962)



ONE MORE LAYER: T'(H)

h’)\ then kf“
k, then hy

k, then hy

Construction: P. Hall (1962)

Blocked: a coordinate
above A is not 1

III - The factors

Now, let H be a perfect group of normal height
h > 1 (just as M(Q,Q)), and form the wreath power
W — WI‘A H

A state is a function ¢ : A — H with ¢(A) = 1 for almost all A.

W permutes the states: for each A € A, a copy H, ={h, : h € H}
of H acts on the A-coordinate, and W = (H, : A € A).

h, multiplies the A-coordinate by h when every coordinate above
A is 1, and does nothing otherwise.

Different states: h, and k, do not commute. W is not a direct
product of the H,, nor the wreath product H ! M.



ONE MORE LAYER: T(H) III - The factors

Hall’s segmentation law: cut A into a lower part A, and an upper

WI‘A H o WI‘ﬁ H) Wl‘ﬁ H ( Al < AQ) part A,, and sort the states by their upper part, one row for each.
1 2
A,: lower part A,: upper part
Al A A3 M As

Construction: P. Hall (1962)



ONE MORE LAYER: T'(H) III - The factors

Hall’s segmentation law: cut A into a lower part A, and an upper
vart A,, and sort the states by their upper part, one row for each.
Wiy H=Wr, HiWr, H (A, <A,) part A, y pper part,

The upper generators look only at the upper part: Wr A, H
permutes the rows.

A,: lower part A,: upper part A lower generator h, acts only where the upper part is 1; its
conjugate by k, acts only on the row of k. So each row has its
Ay )\ A 1 AT own copy of Wry H.
hy [ | ] [ L ] [ ! ] [ 1 ] [ 1 ] Cutting at every point: W has a normal series whose
| ) L factors are direct products of copies of H, so every
r ) o such factor has normal height at most A, and hence
ki thyk, [ '| ] [ h [ '| ] [ k ] [ '| } WeH,,,.
i ) ka”
e Je) |t
One copy of Wr, H for each row Wry, H

Construction: P. Hall (1962)



ONE MORE LAYER: T'(H) III - The factors

W=<H}‘/\€A>, H/\z{h/\hEH}gH

(W =Wr, H N
o H, H, H,.  H,.,
& ® ® & [
H~H, <W
\_ J

A finite window of coordinates: A is infinite

Construction: P. Hall (1962)



ONE MORE LAYER: T'(H)

-
T(H)=WxM
( ) H)l — H,\m,
(W =Wr, H
Wy e S e e e
Hm—l H]_ Hmz Hmﬁ
° ° ° °
\_
_
Construction: P. Hall (1962)

III - The factors

W = (H,: €A, H,={h,:he H}>~H

Since the action of M on A is transitive and
order-preserving, it induces an action of M on W.

T(H)=W xM

All coordinate copies are conjugate in T'(H): m ‘h,m = h,,,, and
M is transitive on A. So it does not matter which copy is H < W.



ONE MORE LAYER: T'(H)

Hy, +— H,,,
One m >1in M = M(Q, F'), applied again and again

W = Wr, H

OO O O

A=(M,<)

III - The factors

P @ A AM

O:,'m : h’)\ — h}.m = m_lh;\m

Copper: h, acts only on states that are 1 at every coordinate
above A. Moving h, to h,,, moves this condition with it.

Gold tiles: the generators h,,2x, k € Z. A set of generators of
W, not one element of W,

Gold points: the orbit of 1; grey: two other orbits. Positions
are an order, not distances, and A has many more points.
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T(H)=WxM
( ) H)l — H,\m,
(W =Wr, H
Wy e S e e e
Hm—l H]_ Hmz Hmﬁ
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_
Construction: P. Hall (1962)

III - The factors

W = (H,: €A, H,={h,:he H}>~H

Since the action of M on A is transitive and
order-preserving, it induces an action of M on W.

T(H)=W xM

All coordinate copies are conjugate in T'(H): m ‘h,m = h,,,, and
M is transitive on A. So it does not matter which copy is H < W.



ONE MORE LAYER: T'(H)

- 2
Theorem D of [Hall 1962] implies that W is a
minimal normal subgroup of T'(H).
Cited, not proved here
\ _J
-
T(H) =W xM
(W =wr, H )
Hm—l H]_ Hm Hmz Hmﬁ
L Ile]
& L » & L
\8 .
(a}t =W
q

Construction: P. Hall (1962)

III - The factors

W = (H, : A € A), Hy={hy:heH}>~H

Since the action of M on A is transitive and
order-preserving, it induces an action of M on W.

T(H) =WxM

All coordinate copies are conjugate in T'(H): m If}}\m h and

% :
ATT

M is transitive on A. So it does not matter which copy is H < W.

Hall’s hypotheses: H # 1 is transitive (here regular), and for all

= A some m € M has A, ;m. True here: M is transitive
A1; Ag € A some m € M has Ay, < A;ym. True here: M is transitive
and A has no maximum. Conclusion: W’ is minimal normal, and
W =W.

Clearly, since H is perfect, so is W.

By the minimality of W, (a)? = W, and therefore
(a)T is perfect.



ONE MORE LAYER: T'(H) III - The factors
Theorem 2.8
()77 is perfect = (a)TH)I+! s perfect

Since H < W, Lemma 2.4 implies that (a)"V is

H T(H) perfect. O
) )
‘ : \ 0
N —
i ) -
1 1 |f (@)t =W
| o
)
2
S

(@)T9+1 = (a)¥

Certified: levels 0, 1 and 7 + 1; nothing is claimed about the
levels in between or beyond



THE TOWER Py

“} >N
No claim

Just an illustration for N = 4

III - The factors

E(H) = @(Eh)

hcH

Each e;, has order 2; H acts by the right regular

permutation e = e, .

I(H)y=(e,+e,:he H) < E(H)
P, =I(H)xH
Pyi1=T(Fy) (N =>0)

Lemma 3.2. Let N > 0. The group Py is perfect
and has finite normal height. Moreover, there exists

an involution a € F) such that (a)’~" is perfect for
every 0 < 3 < N.



THE TOWER Py

(a)P

j>N

No claim

ITT - The factors

E(H) = (D (en)

Rh<h<..<FPy heH
Each e; has order 2; H acts by the right regular
permutation e =e_,.
I(H)=(e;+e,:he H) < E(H)
B =I(H)xH
Py =T(Py) (N = 0)
Lemma 3.2. Let N > 0. The group Py is perfect
and has finite normal height. Moreover, there exists
(R, ) an involution a € P, such that (a)f~" is perfect for
every 0 < 7 < N.
— _

Just an illustration for N =4



THE TOWER Py

(a)P

1

HE

i>N

No claim

IIT - The factors

E(H) = (D (en)

Rh<h<..<FPy heH
Each e; has order 2; H acts by the right regular
permutation e =e_,.
I(H)=(e;+e,:he H) < E(H)
B =I(H)xH
Py = T(Py) (N >0)
= ~ Lemma 3.2. Let N > 0. The group Py is perfect
! and has finite normal height. Moreover, there exists
(R, ) an involution a € P, such that (a)f~" is perfect for
every 0 < 7 < N.
— W,
- J

Just an illustration for N =4



THE TOWER Py

PNaj

—
=)
~—

& E

i>N

No claim

IIT - The factors

E(H) = (D (en)

"SPN he H

Each e; has order 2; H acts by the right regular

permutation e, = e_,.

I(H)=(e;+e,:he H) < E(H)
R :I(H)NH
PN+1 — T(PN) (N > 0)

(P )
2
= ~ Lemma 3.2. Let N > 0. The group Py is perfect
! - and has finite normal height. Moreover, there exists
5 ) an involution a € P, such that (a)f~" is perfect for
every 0 < 53 < V.
- y
- J
_ _J

Just an illustration for N =4



THE TOWER Py

PNaj

—
=)
~—

HDHOE

j>N

No claim

IIT - The factors

E(H) = (D (en)

"SPN he H

Each e; has order 2; H acts by the right regular

permutation e, = e_,.

I(H)=(e;+e,:he H) < E(H)
P =I(H)xH

7, B
~ Py =T(Fy) (N =>0)
= ~ Lemma 3.2. Let N > 0. The group Py is perfect
! - and has finite normal height. Moreover, there exists
1% ) an involution a € P, such that (a)f~" is perfect for
every 0 < 53 < V.
- _
- J
J
4 y

Just an illustration for N =4



THE TOWER Py

—
Q
~—
2
<

HHOOG

j>N

No claim

IIT - The factors

E(H) = (D (en)

B<P<.<By ek
Each e; has order 2; H acts by the right regular
permutation eg = €,p-
I(H)=(e;+e,:he H) < E(H)
(~ )
Fy P =I(H)xH
B B
© ~ Py =T(Py) (N = 0)
= ~ Lemma 3.2. Let N > 0. The group Py is perfect
! - and has finite normal height. Moreover, there exists
I ) an involution a € P, such that (a)f~" is perfect for
every 0 < 53 < V.
u ),
- J
\_ ,
- y
_ W,

Just an illustration for N =4



DOUBLING AND TWISTING: Ay III - The factors

Fix N > 1, set P = Py, and let a € i) < P be the
involution given by Lemma 3.2.




DOUBLING AND TWISTING: Ay III - The factors

Fix N > 1, set P = Py, and let a € i, < P be the
involution given by Lemma 3.2.

Let (R,b) be an isomorphic copy of (P, a).




DOUBLING AND TWISTING: Ay

(T
&
(R
® )
e

III - The factors

Fix N > 1, set P = Py, and let a € i, < P be the
involution given by Lemma 3.2.

Let (R,b) be an isomorphic copy of (P, a).

U=D(u,). V=)

peP rell

Let P act regularly on U, with ul = u,,, and
trivially on V', and let R act regularly on V' and
trivially on U.



DOUBLING AND TWISTING: Ay

F;iw
(U (7
_ &
(P (R
® a ® )
' e
\_

III - The factors

Fix N > 1, set P = Py, and let a € i, < P be the
involution given by Lemma 3.2.

Let (R,b) be an isomorphic copy of (P, a).
U= D) V=D
pe P re R

Let P act regularly on U, with u} = u,,,, and
trivially on V, and let R act regularly on V' and
trivially on U.

Ay =U®V)x(P x R)



DOUBLING AND TWISTING: Ay

rAN
F"U ) F"V
® U o w
\ <l\>/l_
o 0O
AR EAN
F"P ) F"R
®a ®)
\ v, -
L

III - The factors

Fix N > 1, set P = Py, and let a € i, < P be the
involution given by Lemma 3.2.

Let (R,b) be an isomorphic copy of (P, a).
U= D) V=D
pe P reR

Let P act regularly on U, with u} = u,,,, and

trivially on V, and let R act regularly on V' and
trivially on U.

Ahr:<UEBV)>Q(P><R>
U — U, . L0 w=v, +v, €V
z = (w,a) and y = (u,b)

ygp ey
1 @z

(x,y) is a Klein 4-group



THE PAIR GIVES PERFECTNESS

Ay
r’"U I rV
-
LH N rii
® U ® w
- J \_
\_ ) \_
O O
T | ¥
.
iz (R
' i ("
Q, S1
® a e )
_ _J \_
\_ _J .
o

Depth j

EHENEIE]

III - The factors

Proposition 3.3
Q;=A(a)™,  §;= ()"
5 =8| (0L PR o 1 RS A 74, C

If 1 < j <N, then (z,y)4~7 = (U; ®d V;) X (Q; x S;).

In particular, all these N iterated normal closures
are perfect.



THE PAIR GIVES PERFECTNESS

.J

.

L]
L L]

[Mlustration with N = 3

Depth j

0010.9

IIT - The factors

Proposition 3.3
Q= (@), ="

J

U= [03Q0 ., Q] Y=, 51, 8]

If 1 < j < N, then (z,y)4~7 = (U; ® V;) X (Q; x §;).

In particular, all these N iterated normal closures
are perfect.

Every @); and every S, is perfect.



THE PAIR GIVES PERFECTNESS III - The factors

- ~ Proposition 3.3
Ay Depth j o .
fidi Y| (Vv R @ Q; = (@), S; = (b}
o a T N U, =[U,Q1,,Q;),  V,=[V,S,..., 5]
@3 & ] [[VS' e }] If 1 <j< N, then (z,y)4nJ = (U; V) x(Q; x S,).
= < ) L - - ) In particular, all these NN iterated normal closures
LL_ v e "
a )L y are perfect.
g:' ‘; 4 Every @); and every S, is perfect.
gz \ | (B N | No claim  Proof. Q; x S; is perfect, and [U;, Q] = U,
(0, ) (3, A [V}, S;] = V; by Lemma 2.2: so (z,y)*~7 is
(@Q, ) (S ) perfect. [
Q3 S3
®a ®)
\& /) . Y
\& Y \S Y
- Y | @ J
G y

[l1lustration with N = 3



THE SINGLE

INVOLUTION GIVES NON-PERFECTNESS

-
Ay
I"'_U A I"_V
ftﬁ I
. S
,x"'///
\_ 7 f,,,f'
- Yy |
o
.-// :I:
(~ I
@, //
® a
\_ J
' J
\_

III - The factors

Lemma 3.4

Let X = (x)4~. Then X /X’ is an elementary
abelian 2-group and = ¢ X".



THE SINGLE INVOLUTION GIVES NON-PERFECTNESS

e

Ay

III - The factors

Lemma 3.4

Let X = (x)4~. Then X /X’ is an elementary
abelian 2-group and = ¢ X’.

Proof. X is generated by conjugates of the involution
x, so X /X' is elementary abelian. Modulo the
normal subgroup U X P, the group X becomes the
abelian group generated by the conjugates of w in V,
and z becomes w = v; + v, # 0. Hence z ¢ X'. O



THE SINGLE INVOLUTION GIVES NON-PERFECTNESS

(@, y) I

Depth j

I BB E

e
e

i>N

No claim

Perfect for 1 < 3 < N

III - The factors

Depth j

S8

Not perfect: x ¢ X’



IV - The group G

[ SJ is not countably recognizable ]

/

G ¢ SJ (Proposition 5.1)

Uncountably many indices: a pigeonhole on

the defects

>~

Countable subgroups are SJ (Proposition 5.6)

\
;

The factors Ay, N > 1

F1 - pair—perfect: (x,y)~7 is perfect for 1 < j < N

(Proposition 3.3)

F2 - single elements-+~perfect: z ¢ X’ for X =

likewise for y (Lemma 3.4)

F3 - Ay, (z,y)~ /X and Ay /(z,y)?~ have finite normal

height (Lemma 3.5)

d

()4~ and




INDEX COMBINATORICS IV - The group G



INDEX COMBINATORICS IV - The group G

The counterexample

Let w; be the first uncountable ordinal.




INDEX COMBINATORICS IV - The group G

The counterexample
Let w, be the first uncountable ordinal.

For every 0 < w; choose an injection ez : § —> N,
and, for a < 3, put n(a, 8) = eg(a) + 1.

One admissible choice for 8 =w+ 1: e, (w) = 0 and
er1(k) =k+1for k < w.

nw,w+1)=1, n0,w+1) =2,
&, n(l,w+1) =3, n2,w+1) =4, ..

—_ »
o

Lo @
(W
e~ e
o e



ASSEMBLING G IV - The group G

The counterexample

Let w, be the first uncountable ordinal.

For every 8 < w, choose an injection ez : 8 — N,
and, for oo < B3, put n(a, B) = eg(a) + 1.

One admissible choice for f =w+ 1: e, ;(w) = 0 and
eor1k) =k+1for k < w.

nw,w+1)=1, n0,w+1) =2,

-
E n(lw+1) =3, n2w+1)=4, ..
® L oW ® ® ® ® W
Jo 91 Y2 93 Yo Jut1 Ju+2 B = @ (gcx>! |gcx| =2
a<w,
—




ASSEMBLING G IV - The group G

The counterexample
Let w, be the first uncountable ordinal.

For every 8 < w, choose an injection ez : 8 — N,
and, for oo < B3, put n(a, B) = eg(a) + 1.

One admissible choice for S =w+1: e ,,(w) = 0 and
; w1

e +1k) =k+1 for k < w.

nw,w+1)=1, n0,w
= n(l,w+1)=3, n2,w+
e o o o * " @ Wy

90 91 92 93 9. 941 912 = @ (gUE), |ga| — 9

o< 1

_ y[o e For each a < 3 take a copy A, of the group 4, s
constructed above, with commuting involutions

Tapr Yap

A2,w+1 = Aﬂ.(2,w+1) — A4

ajojojo

A2,w ) Ay
_ h »




ASSEMBLING G

E
@ @ L ] ® ®
90 g1 g3 9. Y12
gw-{—l ® o gZQw—{-l
_ 1|l® @ |G9>
(. )
O
Cl
Ll
a
A, wtl = Ay
\_ _J

IV - The group G

The counterexample

Define G by the presentation obtained from

Ex x A
a<fcuy P
by imposing the identifications x4 - g, and
yaﬁ — gﬁ
Ty w+1 77 G2, Y2.w+1 F7 Gut1

For each pair a < (3, these two relations identify the
Klein four group (z,4,¥,s) With the Klein four
subgroup (g,,95) of E.



ASSEMBLING G IV - The group G

The counterexample

- A A I
= - ALQ = An{lj) = A
= Ty9 91, Y12 7 9o
go is identified with z, ., and with y, ,.
\ W,
F’E g2l @ @ [G192
1Le_® )5
® . ] ® ® Wi
gD . 93 g;...:l H;—;—E
gw+1 ® o g29w+1
_ 1|]® @ |G-
( )
O
O
O
O
AQ.,W—}—I ~ A,




ASSEMBLING G IV - The group G

The counterexample

4+l )
i After well-ordering the set of pairs a < 8 < w,, we
E may therefore construct G by adjoining the factors
A, one at a time to the initial factor E over these
Klein four subgroups, and by taking unions at limit
stages.
Thus (G is an iterated amalgam in the sense of
= = - Section 4.
( E 921 @ @ [9192
1L e e )5
- ; : ] ® p o Wy
90 / g3 9 _ 9w+2
Ju+1[® ® ) 929041
< 1|e® ® |92
( )

O

O

O

O

AQ.,w—H ~ A,




ASSEMBLING G IV - The group G

Q0

' L ) _
E x>y
@ o > i ® ' ® -] ® W
90 | g gds 9 ' Jo+2 - G2 w241
9
_ (X )
O
(©)
(9]
(©)
(2]
LAQ,m+1 ~ A, N




ASSEMBLING G IV - The group G

~ N B 4 R @ N\ [ 2
Ao~ A, % Ay, = Ay % Aj i = Az % Ay oAy % i1 1, -
©) (9] (9] ©) [©]
(@] (2] (2]
& ©)
S E— R S W N N N
~ Ol ) e Ol Ol ) -:::j—/
E Yy Yy ey Xy
6 & ) a ® ® @ W
90 gs 9. Go+2 - w2 Gw2+1
SR 2 L &2 LR 2 L A2 ) ’
g ® (W ) ® o0 °e0
e e (I (TR (o)
@) (9] @ (9] )
(2] (9]
(9] (9]
(2] (2]
)
(Ao > A ) Ao =40 ] (Ao =4 ] | Aowe > 4s ) (Ao =4

A finite sample of the factors A _ g, o < 8 < wy. Each one meets E only in its Klein four group.

The normal-form theorem at the successor stages, together with the unions at limit
stages, shows that FE and every A, g embed in G.



G IS NOT SJ IV - The group G



G 1S NOT SJ IV - The group G

Proposition 5.1. The group GG does not belong to

Suppose that G has an SJ-series §. SJ
[E o @ ® e - @ ® ® w, Proof. d, =max{dg(4,),dc(B,)}
90 91 g2 93 9o  Guw+1 9a
G -
d, d, dy dj d, d,.q d,

® gw—{—l (A:.d—'—]_‘-' B, __1)

® gﬂ (‘4 'B&J

!

gl (AI: Bl)

—0— @

® 9o (Ay, By)

{1} ~



G 1S NOT SJ IV - The group G

Proposition 5.1. The group GG does not belong to

Suppose that G has an SJ-series §. SJ
Feo e e e - e e - e w, Proof. d, = max{ds(4,),de(B,)}
90 91 p) 93 9o w41 Yo _ )
G - d,=d for a €S, S C wy infinite
d, d, dy dj d, d,.q d,
® g w+1 ) II .
o Y Y7
V[
L 91
0 1 2 3 4 5
1 The values d_: countably many boxes
° 90 An infinite S C w; withd, =d on S

{1} ~



G 1S NOT SJ IV - The group G

Proposition 5.1. The group GG does not belong to

Suppose that G has an SJ-series §. SJ
E ° o .. e w, Proof. d, = max{d-(A4,),da(B,)}
[ (s'? (.6?1) 92 93 gg 9@“ 9o 1 | e
G - d,=d fora€s, S C wy infinite
dU d] (‘{2 d."j dw IlrJEw-l—l dr_x ﬂ((l’, 5) — ’Bﬁ(ﬂi) -+ 1 - d
® Gu+1 (Ayy1,Boya)
® Ja (A By) — ) ——
aesSNgS 0 1 W
91 (A, B
I 1 ( J-J J_) E:f:f(&) e 1 o . 2 . {:}
° 90 (A,, B,) n(l,w+1)=ew+1(l)+1=3>2=d
) =

[lustration: d =2, f=w+ 1 and SN S D {0, 1,w}, with the
admissible e__ ; chosen before



G 1S NOT SJ

{1} -

Suppose that G has an SJ-series §.

Al,r....r—|—1 = AS

gw—l—l ®

1@

Identified with g, and gg4

1,w+1rJ

s

(glﬂ gu.:+1

® glgw—l—l

® T

HEOE)

j> N

No claim

Wi

IV - The group G

Proposition 5.1. The group GG does not belong to

SJ.
Proof. d, = max{d-(A,),da(B,)}
d,=d fora€s, S C wy infinite

n(a, B) =egla)+1>d

(ga,gﬁ)‘qﬂﬁ*”(“’m is perfect (Proposition 3.3)



G 1S NOT SJ IV - The group G

Proposition 5.1. The group GG does not belong to

Suppose that G has an SJ-series . SJ
E w, Proof. d, = max{d-(A4,),da(B,)}
o o @ . G  da .
[ ® 9 s 2 P 2 9a 1 - | i )
G - d,=d for a €S, S C w, infinite
d{J dl dij d:} dw lrJ]‘Im.;+1 dr_x ’Tl((}.‘, :))) — ﬁ.ﬁ (ﬂ’) + 1> d
® Ju+1 (A1, Boir) (g1>Gus1) G {gﬁ.,gﬁ>Am—*""*'[-”‘*m is perfect (Proposition 3.3)
) G,n(a,B) ;
0 : P) s perfect (Lemma 2.4
T 0. (A B L0 (9ar 95) p ( )
R
L
®
i

o 90 (A{J'JBU)

{1} ~



G 1S NOT SJ IV - The group G

Proposition 5.1. The group GG does not belong to

Stuppese-thet-Ghas-an-SJ-series SJ.
E o @ © e - o o - o w, Proof. d, = max{dg(A,),dg(B,)}
90 91 p) 93 9o  Gut1 Yo ‘
G - d,=d foraels, S C w; infinite
dy dy dy dg dy,  dyy d,, n(a, B) =eg(a) +1>d
o _ Ju+1 (Api1, Boy1) Gy =2 (91a9w+1)6’j (gﬂ_,gﬁ)Amﬂ‘-”":“*m is perfect (Proposition 3.3)
) G,nla,B) i ; i
0 oy gg) M * Pl is perfect (Lemma 2.4
il o. 4. 5 L0 (9ar 9p) P ( )
3 Lemma 2.7: max{d,,dgz} > n(a, 3), whereas
— dy, = dg =d < n(a, B).
® g]_ (AI:B]_) d1:2 2
-
)
i
L gﬂ (A{J'J BU)
| s max{d,,dg} > n(a, B), d, =dg=d <n(a,f)
{1} 1 U (glrgu.;-l—l>




G 1S NOT SJ IV - The group G

Proposition 5.1. The group GG does not belong to

Suppese-thet-&hes-en-Sd-series- SJ.
EFe o o o - o e - e w, Proof. d, = max{dg(4,),dc(B,)}
90 91 p) 93 9o  Gut1 Yo ‘
G - d,=d foraels, S C w; infinite
dy dy dy dg dy,  dyy d,, n(a, B) =eg(a) +1>d
o _ Ju+1 (Api1, Boy1) Gy =2 (91a9w+1)6’j (gﬁ_,gﬁ)Amﬂ‘-”":“*m is perfect (Proposition 3.3)
) G,nla,B) i ; i
0 oy gg) M * Pl is perfect (Lemma 2.4
il o. 4. 5 L0 (o> 95) P ( )
(1) Lemma 2.7: max{d,,dgz} > n(c, 3), whereas
o d, =dsz; =d < n(a, ).
® 91 (ApBl) dy =2 2 : &
] N This contradiction proves G ¢ SJ. [
i
..- gﬂ (A{J'J BU)
il 6.3 max{d,,dg} > n(a, B), d, =dg=d <n(a,f)
mlU 91 9w+1




V - Countable subgroups

[ SJ is not countably recognizable J

/

G ¢ SJ (Proposition 5.1)

Uncountably many indices: a pigeonhole on

R

~
Countable subgroups are SJ (Proposition 5.6)
Countably many indices: enumerate, then
factor out one generator at a time
J

the defects
-

(Proposition 3.3)

likewise for y (Lemma 3.4)

height (Lemma 3.5)

The factors Ay, N > 1

F1 - pair—perfect: (x,y)“~7 is perfect for 1 < j < N
F2 - single elements+perfect: x ¢ X’ for X =

F3 - Ay, (z,y)~ /X and Ay /(z,y)?~ have finite normal

/FQ
)

()4~ and




COUNTABLE SUPPORT V - Countable subgroups

For a countable set S C wy, put Eg =P __4(9,) and
let GS — <Es, AO{,B . a,ﬂ c S, o< 6>




COUNTABLE SUPPORT

V - Countable subgroups

For a countable set S C w;, put Eg =D __4(9,) and
let GS — <Es, AO&B . OZ,B c S, o < 5>

Lemma 5.2. Every countable subgroup of G is
contained in Gg for some countable set S C w;.



COUNTABLE SUPPORT

V - Countable subgroups

For a countable set S C w;, put Eg =D __4(9,) and
let GS — <Es, ACVB . OZ,B c S, o < 5>

Lemma 5.2. Every countable subgroup of G is
contained in Gg for some countable set S C w;.

We shall prove that G5 € SJ for every countable S.



COUNTABLE SUBGROUPS: FACTORING OUT THE GENERATORS ONE AT A TIME

9o @ [oohoohoo O ohoc
g1 @ ho ® ho O O O ho O
92 @ ho ® O O ho O
g3 @ o O ho O
94 e ho O
9s ":
96 @

V - Countable subgroups

Goal: Gg € SJ

m =0

Proof. Enumerate S = {s, s, Sy, ...} and write

9i = Ys,» Aij — Asis.-

..

J

Row 4, column j: the factor A;;. Its dots are g; (left)
and g, (right): golden while alive, empty once killed.

The chain of K ,



COUNTABLE SUBGROUPS: FACTORING OUT THE GENERATORS ONE AT A TIME

=

90

g1

O O O O O
O O O O O ho O
92 o ® O ho O
93 e O ho O

94 e ho O
9s f:_:“

96 @

Goal: Gg € SJ

m=1

V -

Countable subgroups

Kill the generators one at a time:

R

m

(9; 11 €1, i<m>GS,

(;ﬂl:: (;S/ZQWz

The chain of K ,



COUNTABLE SUBGROUPS: FACTORING OUT THE GENERATORS ONE AT A TIME V - Countable subgroups

j<m i<m<j Goal: Gg € 5J
90 [ ] o o o o o m = 2
91 O O ° ® Y —

o i<m<j A/XY

J<m Az’j/Nij

Identifications killed; the factor survives

Killing g; kills X7 = (g;)?is in each factor Ay
killing g; and g; kills N,; = (g;, g;)"%.

The chain of K ,



COUNTABLE SUBGROUPS: FACTORING OUT THE GENERATORS ONE AT A TIME V - Countable subgroups

j<m i<m<j Goal: Gg € 5J
)\
90 o o ° ° m=3
® ® ® ® —
O O O O .
L j<m Az-j/Nij
g Identifications killed; the factor survives
3

In the middle case g, survives: X;fj is not perfect
while N, is, so g, ¢ X;” (Lemma 5.3).

So G, is again an amalgam, of the surviving
generators and the factors of the legend: the grid is a
picture of G, (Lemma 5.4).

The chain of K ,



COUNTABLE SUBGROUPS: FACTORING OUT THE GENERATORS ONE AT A TIME

|

W,,., 1<m
3 cells
- N () N
90 [ ] O o °
g1 @ o °
go @ o °
\ \L \
(Gm)
g3 @ (L) o0
\_
g, @ ( I )
gs o
e

X, j>m
Infinitely many

V - Countable subgroups

Goal: Gg € SJ

m =3

o i<m<j A/XY

Jg<m Az’j/Nij

Identifications killed; the factor survives

Now kill g,,,. The kernel K,, = R, ,/R,, meets only
the factors in the row and in the column of g,.: (g,,)

itself, the X7’ in the row, and the W, =N, /XM
in the column (Lemma 5.4).

The chain of K ,



COUNTABLE SUBGROUPS: FACTORING OUT THE GENERATORS ONE AT A TIME V - Countable subgroups

W,,., 1<m
~ ol amr—\Ta N N =)
9 [ ] o " o ol ... Lemma 5.5. K, € SJ.
—  pe——— m =3
9 O O ° ° ...
1 \ \ \ \ L o 0 m S 2 A’L]
go o °® °® ° o i<m<j AU/X:J
\ \L \ \
) X i>m > A,./N
. m ] m .. ..
I3 @ N a2l B Infinitely many v
~ Identifications killed; the factor survives
g @ |0 0 /0 O .- Proof. First factor out the derived subgroups
(Xm?): they have finite normal height, and the
9 @ |ee]| .. normal subgroup D _  they generate is a free product
of their conjugates. So D,, € SJ.
Jd¢ @
D " « ® « ® 4 ... A free product of conjugates of the (X/2’)’

The chain of K ,



COUNTABLE SUBGROUPS: FACTORING OUT THE GENERATORS ONE AT A TIME

|

W,,., 1<m
3 cells
N () N -
90 [ ] ® o o ®
g1 ® o o o
go ® o o °®
\ \L
(Gm)
g3 @ C CH o0
\_
ga o [ TN
gs ® CI )
e o
D o 8 x 8

A free product of conjugates of the (X

X, j>m
Infinitely many

mj
m

V - Countable subgroups

Goal: Gg € SJ
Lemma 5.5. K, € SJ.

=

@ (Gm) =2 Cy
Xm? (XY

elementary abelian 2-groups

W

(]
finite normal height

finitely many

What is left of K is made of pieces of bounded
height: (g,.), elementary abelian pieces on the row,
and finitely many W, . on the column.

The chain of K ,



COUNTABLE SUBGROUPS: FACTORING OUT THE GENERATORS ONE AT A TIME V - Countable subgroups

W,,., 1<m

3 cells
fm—

n oo [oo]

) - - )
] ®
\.

(@]

g1

go

(@]

- )
] ®
\.

(@]

- )
] ®
\.

Goal: Gg € SJ
Lemma 5.5. K, € SJ.
m =3

They are glued only along (g,.), of order 2: by
Theorem 4.4 they generate an SJ-group, with a free
quotient on top. With D, € SJ, this gives

K _e€SJ. O

~—
s

@

g3

. JX;';'Z’j,j>m

Infinitely many

g, @

gs

e

A free product of conjugates of the (X/27)’

The chain of K ,



COUNTABLE SUBGROUPS: FACTORING OUT THE GENERATORS ONE AT A TIME

GS’
( )
R,=U,, Rn
r )
K,
s 2
K,
L]
C y
L J
Each layer K,, = R,,.,/R,, is SJ (Lemma 5.5)

Gs/R,, =~ *i<j Aij/Nij

V - Countable subgroups

Goal: Gg € SJ

R,=J_R,, is built in layers
K, =R, . ./R, €5SJ: stacking their SJ-series gives
one for R,. So R, € SJ.

In Gg/R,, every g, is killed: it is the free product of

the A;;/N;;, which have finite normal height. So

Ggs/R, € SJ.

SJ is closed under extensions: Gg € SJ. [



COUNTABLE SUBGROUPS: FACTORING OUT THE GENERATORS ONE AT A TIME V - Countable subgroups

Proposition 5.6. Every countable subgroup of G belongs to SJ.




COUNTABLE SUBGROUPS: FACTORING OUT THE GENERATORS ONE AT A TIME V - Countable subgroups

[ Proposition 5.6. Every countable subgroup of G belongs to SJ. ]

Proof. Let C' < G be countable. By Lemma 5.2, there is a countable set S C w; such that C < G.
Since Gg € SJ and the class SJ is closed under taking subgroups, we have C € SJ. O



VI

[ SJ is not countably recognizable :]

/

G ¢ SJ (Proposition 5.1)

Uncountably many indices: a pigeonhole on

>~

- Coda

Countable subgroups are SJ (Proposition 5.6)

Countably many indices: enumerate, then

factor out one generator at a time

the defects
-

The factors Ay, N > 1

F1 - pair—perfect: (x,y)“~7 is perfect for 1 < j < N
(Proposition 3.3)

F2 - single elements+perfect: x ¢ X’ for X =
likewise for y (Lemma 3.4)

F3 - Ay, (z,y)~ /X and Ay /(z,y)?~ have finite normal
height (Lemma 3.5)

()4~ and

d




CobA VI - Coda

1 - One deep involution

( )

R|R(R e

. _J

_ y
By =IH)~xH, Pyi1 =T (Py)

An involution a such that (a)~7 is perfect
for every j < N




CobA VI - Coda

1 - One deep involution 2 - The pair gives perfect, the singles do not

( k (U 1%

" .\4 G
P, | A [H) Oa] m
fP /ﬁ ﬁ.R\‘ )
- J —>

L J
By =I1(H)xH, Py =T (Fy) Ay =U@®V)x (P xR)
An involution a such that (a)!~ is perfect (z,y)~7 is perfect for j < N, while (x)4~
for every j < N is not
® O



CobA VI - Coda

1 - One deep involution 2 - The pair gives perfect, the singles do not 3 - Gluing along Klein fours
By . U 1 (Vv ’ [Aaﬂ ]
\ .\4 \ /. y /. .\
R|R(R e ooy AN

L ) —> P ‘/j ﬁ}N‘ | > [E ¢ » J

\_ y 4 J . J ga g,B
— _ _ G=EFEx x A
P =I(H)xH, Py, =T(Py) Ay =(U®V)x (P x R) et Aas
An involution a such that (a)!~ is perfect (z,y)~7 is perfect for j < N, while (x)4~ Anp = Aya,p) its pair z,y identified with
for every j < N is not 9ar9s € E
® O



CobpaA

VI -

1 - One deep involution 2 - The pair gives perfect, the singles do not 3 - Gluing along Klein fours
f r D ) r(] ] V ] [AO‘:B ]
- .\4 \ /. y /. .\
2 [ [1% Oa] - 00y / N\
P [B, (E ¢ ‘e )
- J —> —>
\_ y 4 J . J ga g,B
— _ _ G=EFEx x A
B=IH)xH, Py.,=T(P) Ay = (U V)% (P x R) e, Aas
An involution a such that (a)!~ is perfect (z,y)~7 is perfect for j < N, while (x)4~ Anp = Aya,p) its pair z,y identified with
for every j < N is not 9ar9s € E

Uncountably many g,: some pair shares a defect d < n(«, 8),
which Lemma 2.7 forbids. So G ¢ SJ (Proposition 5.1).

Countably many: kill them one at a time, each kernel in
SJ. So every countable subgroup is SJ (Proposition 5.6).



CobA VI - Coda

1 - One deep involution 2 - The pair gives perfect, the singles do not 3 - Gluing along Klein fours
i | U 1 (Vv i [Aaﬂ ]
4 .\J 4 /. ) /. .\
B |R [Po -a] ooy RN
L J P[RR (E ¢ ‘e )
\_ y 4 J . J ga ng
_ _ _ = A
B =I(H)xH, Py, , =T(Py) Ay =(U®V)x (P x R) G=Ex . Has
An involution a such that (a)!~ is perfect (z,y)~7 is perfect for j < N, while (x)4~ Anp = Aya,p) its pair z,y identified with
for every j < N is not 9ar9s € E
Uncountably many g,: some pair shares a defect d < n(«, 8), Countably many: kill them one at a time, each kernel in
which Lemma 2.7 forbids. So G ¢ SJ (Proposition 5.1). SJ. So every countable subgroup is SJ (Proposition 5.6).
4 A

Main Theorem. There exists a group G such that every countable subgroup of G belongs to SJ,
whereas G ¢ SJ. Consequently the class SJ is not countably recognizable.
- /




Thank you Py =T(Py)

T(H)=W xM
The group class SJ is not countably recognizable
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