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A brief overview on the YBE

Aims

This talk aims to:

I Introduce the algebraic structure of the semi-brace and its connection with
set-theoretic solutions of the Yang-Baxter equation;

I Introduce affine structures on groups as a new method for constructing
semi-braces.

1
P. Stefanelli | Semi-braces, affine structures, and solutions of the YBE



A brief overview on the YBE

Set-theoretic solutions of the Yang-Baxter equation

The quantum Yang-Baxter equation is a basic equation of the statistical
mechanics that arose from Yang’s work in 1967 and Baxter’s one in 1972.

In 1992, Drinfel’d suggested to study the special class of set-theoretic solutions.

G. Drinfel’d, On some unsolved problems in quantum group theory, in:
Quantum Groups, Leningrad, 1990, in: Lecture Notes in Math.
vol.1510(2) Springer, Berlin,(1992), 1–8.

If B is a non-empty set, a set-theoretic solution of the Yang-Baxter equation is
a map r : B × B → B × B that satisfies the braid equation, i.e.,

(r × idB)(idB ×r)(r × idB) = (idB ×r)(r × idB)(idB ×r).

Open question
Determine all the set-theoretic solutions of the Yang-Baxter equation.
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A brief overview on the YBE

Notation and terminology

Hereinafter, we will shortly call solution any set-theoretic solution to the
Yang-Baxter equation. Moreover, if r is a solution on B, for all a, b ∈ B, we
define the maps λa, ρb : B → B and write the map r as

r (a, b) = (λa (b) , ρb (a)) .

A solution r is said to be
I left non-degenerate if λa is bijective, for every a ∈ B.
I right non-degenerate if ρb is bijective, for every b ∈ B.
I non-degenerate if r is both left and right non-degenerate.
I involutive if r2 = idB×B .
I idempotent if r2 = r .
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The algebraic structure of the semi-brace

A novel approach

In 2007, W. Rump traced a novel research direction in the study of solutions.

We recall that if (B,+, ·) is a ring and ◦ the adjoint operation on B, i.e.,

∀ a, b ∈ B a ◦ b = a + b + a · b,

then B is said to be Jacobson radical if (B, ◦) is a group (with identity 0).

Rump’s unexpected observation (2007)
Any Jacobson radical ring (B,+, ·) determines a solution r on B that is the
map r : B × B → B × B defined by

r (a, b) :=
(
λa (b), λ

−1
λa(b) (a)

)
where λa (b) := a · b + b, for all a, b ∈ B. In particular, r is non-degenerate and
involutive, i.e., r2 = idB×B .
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The algebraic structure of the semi-brace

"More fitting" structures for solutions

Bijective solutions can be produced through skew braces.

Definition (Rump - 2007; Guarnieri, Vendramin - 2017)

A triple (B,+, ◦) is said to be a skew brace if (B,+) and (B, ◦) are groups and

a ◦ (b + c) = a ◦ b − a + a ◦ c

holds, for all a, b, c ∈ B. If (B,+) is abelian then B is a brace.

The groups (B,+) and (B, ◦) have the same identity that we denote by 0.

• Any radical ring is a brace. Moreover, any commutative brace is a ring.

• Any group (B, ◦) is a skew brace if we set a + b := a ◦ b or a + b := b ◦ a.
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The algebraic structure of the semi-brace

Solutions associated to skew braces

Theorem (Rump - 2007; Guarnieri, Vendramin - 2017)

If B is a skew brace, then the map rB : B × B → B × B defined by

rB (a, b) :=
(
−a + a ◦ b, (−a + a ◦ b)− ◦ a ◦ b

)
is a non-degenerate bijective solution.

Remark: The solution associated to a skew brace (B,+, ◦)

rB (a, b) :=
(
−a + a ◦ b, (−a + a ◦ b)− ◦ a ◦ b

)
is involutive if and only if (B,+, ◦) is a brace (i.e., the group (B,+) is abelian).

Theorem (Smoktunowicz, Vendramin - 2018)

If B is a finite skew brace, then the solution associated to B is such that

r2n
B = idB

where n ∈ N is the exponent of the additive quotient group B/Z (B).
6
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The algebraic structure of the semi-brace

Semi-braces

What happens if (B,+) is a left cancellative semigroup?

Definition (Catino, Colazzo, S. - 2017)

A triple (B,+, ◦) is said to be a cancellative semi-brace if (B,+) is a left
cancellative semigroup, (B, ◦) is a group and

a ◦ (b + c) = a ◦ b + a ◦
(
a− + c

)
holds, for all a, b, c ∈ B, where a− is the inverse of a with respect to ◦.

Denoted by 0 the identity of (B, ◦), then 0 is a left identity of (B,+).

• Skew braces are cancellative semi-braces;

• If (B, ◦) is a group and f is an endomorphism of (B, ◦) such that f 2 = f ,
by setting a + b := b ◦ f (a), (B,+, ◦) is a cancellative semi-brace.
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The algebraic structure of the semi-brace

Solutions associated to semi-braces

Theorem (Catino, Colazzo, S. - 2017)

If B is a cancellative semi-brace, then the map rB : B × B → B × B given by

rB (a, b) =
(

a ◦
(
a− + b

)
,
(
a− + b

)− ◦ b
)
,

for all a, b ∈ B, is a left non-degenerate solution.

Remark: ∀ b ∈ B ρb is bijective ⇐⇒ (B,+, ◦) is a skew brace.

If (B,+, ◦) is the trivial semi-brace on a group (B, ◦), i.e., a + b := b, for all
a, b ∈ B, then the solution associated to B is

rB (a, b) = (a ◦ b, 0) ,

and it is idempotent, i.e., r2
B = rB .
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The algebraic structure of the semi-brace

Other semi-braces

Under mild assumptions, the more general structure of semi-brace gives rise to
degenerate solutions.

Definition (Jespers, Van Antwerpen - 2018)

A triple (B,+, ◦) is a semi-brace if (B,+) is a semigroup, (B, ◦) is a group and

∀ a, b, c ∈ B a ◦ (b + c) = a ◦ b + a ◦
(
a− + c

)
.

Some of these structures determine cubic solutions, i.e., r3
B = rB .
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How to construct semi-braces?

Constructions of (semi-)braces

Until now, many authors have been provided several methods for constructing
semi-braces starting from groups and by using techniques that are usual in
group theory (e.g., semidirect product, matched product, etc.).

In 2019, Rump provided a description of all braces in terms of affine structures
on groups.

Definition (Rump - 2020)

Let G = (B, ◦) be a group and σ : B → SymB an anti-homomorphism from G
to SymB . Then, σ is said to be an affine structure on G if the following
identity holds:

∀ a, b ∈ B a ◦ σa (b) = b ◦ σb (a) .
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How to construct semi-braces?

Correspondence between affine structures and braces

Theorem (Rump - 2019)

There exists a one-to-one correspondence between affine structures and braces.

• If (B,+, ◦) is a brace, set σa := λ−1
a , then we obtain an affine structure

σ : (B, ◦)→ SymB on the group G = (B, ◦).
• If σ is an affine structure on a group G = (B, ◦), considered the operation

∀ a, b ∈ B a + b := a ◦ σa (b) ,

we have that (B,+) is an abelian group and (B,+, ◦) is a brace.

Affine structures has led to new advances in the brace theory:
I In 2019, Rump provided constructions of finite braces by proving that all

affine structures can be obtained by those on p, q - groups.
I In 2020, Rump obtained instances of braces in terms of affine structures of

decomposable solvable groups.
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How to construct semi-braces?

Affine structures

Can we deduce a description of semi-braces with a suitable notion of affine
structure?

Definition (S. - Preprint 2022)

Let G = (B, ◦) be a group and σ : B → BB a semigroup anti-homomorphism.
Then, we say that σ is an affine structure on G if the following identity holds

∀ a, b, c ∈ B σa (b ◦ σb (c)) = σa (b) ◦ σσa(b)σa (c) .

In particular, if σ (B) ⊆ SymB we say that σ is a cancellative affine structure.
If in addition, σa (0) = 0, for every a ∈ B, we say that σ is a groupal affine
structure.

Affine structures introduced by Rump are special cases of groupal affine
structures. For our purposes, we call them abelian affine structures.

There are no intermediate affine structures between the general case and the
cancellative one.
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How to construct semi-braces?

Affine structures and semi-braces - I

Theorem (S. - Preprint 2022)

Let G = (B, ◦) be a group, S the class of semi-braces having G as
multiplicative group, and A the class of affine structures on G . Then, the map

ψ : S → A, B 7→ σB

is a bijection, where σB
a (b) := λa− (b), for all a, b ∈ B.

In particular, if σ is an affine structure on the group G = (B, ◦), considered the
operation

∀ a, b ∈ B a + b := a ◦ σa (b) ,

we have that (B,+) is a semigroup and (B,+, ◦) is a semi-brace.

• Cancellative affine structures correspond to cancellative semi-braces.

• Groupal affine structures correspond to skew braces.
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How to construct semi-braces?

Affine structures and semi-braces - II

Definition
Let G = (B, ◦) ,H = (C , ◦) be groups and σ, ϕ affine structures on G and H,
respectively. If there exists a homomorphism f from G to H such that

∀ a ∈ B ϕf (a)f = f σa

we say that σ and ϕ are homomorphic via f . If in addition f is bijective, we say
that σ and ϕ are equivalent via f .

Let us denote by Aff the category of affine structures and by SB the category
of semi-braces.

Theorem (S. - Preprint 2022)

The categories Aff and SB are equivalent.
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How to construct semi-braces?

A construction of affine structures

To obtain semi-braces, we can deal with directly affine structures.

Theorem (S. - Preprint 2022)

Let G = (B, ◦) be a group and ϕ, ω : B → BB affine structures on G . If the
following conditions are satisfied

ϕaωb = ωbϕa (c1)

ϕb◦ωa(b)− = ωϕaωa(b)◦ωa(b)− , (c2)

for all a, b ∈ B, then the map σ : B → BB given by

σa := ϕaωa,

for every a ∈ B, is an affine structure on G .
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How to construct semi-braces?

The matched product system of groups

Definition
Let H := (S , ◦) ,K := (T , ◦) be groups, α : H → SymS and β : K → SymT

homomorphisms

αu

(
α−1
u (a) ◦ b

)
= a ◦ α

β−1
a (u)

(b)

βa
(
β−1
a (u) ◦ v

)
= u ◦ β

α−1
u (a)

(v)

are satisfied, for all a, b ∈ S and u, v ∈ T . Let us call the quadruple
(H,K , α, β) a matched product system of groups.

The binary operation given by

(a, u) ◦ (b, v) :=
(

a ◦ α
β−1
a (u)

(b), u ◦ β
α−1
u (a)

(v)
)
,

for all (a, u) , (b, v) ∈ S × T , makes S × T into a group which we denote by
H ./α,β K .
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How to construct semi-braces?

Affine structures on the matched product of groups
Theorem (S. - Preprint 2022)

Let (H,K , α, β) be a matched product system of groups and σS and σT affine
structures on the groups H = (S , ◦) ,K = (T , ◦), respectively. If the following
conditions

σ0αu = αuσ0 σ0βa = βaσ0 (I)

σαu(a) = σa σβa(u) = σu (II)

αv̄σρb(a−) = σρb(a−)αV βb̄σρv(u−) = σρv(u−)βB (III)

are satisfied, for all a, b ∈ S and u, v ∈ T , where V = β−1
σa(b)σu (v) and

B = α−1
σu(v)σa (b), then the map

σ := σS × σT

is an affine structure on the group H ./α,β K .

In particular, the sum of the semi-brace B obtained through σ is given by

∀ (a, u) , (b, v) ∈ S × T (a, u) + (b, v) = (a ◦ αūσa (b) , u ◦ βāσu (v)) .

17
P. Stefanelli | Semi-braces, affine structures, and solutions of the YBE



How to construct semi-braces?

Affine structures on the matched product of groups
Theorem (S. - Preprint 2022)

Let (H,K , α, β) be a matched product system of groups and σS and σT affine
structures on the groups H = (S , ◦) ,K = (T , ◦), respectively. If the following
conditions

σ0αu = αuσ0 σ0βa = βaσ0 (I)

σαu(a) = σa σβa(u) = σu (II)

αv̄σρb(a−) = σρb(a−)αV βb̄σρv(u−) = σρv(u−)βB (III)

are satisfied, for all a, b ∈ S and u, v ∈ T , where V = β−1
σa(b)σu (v) and

B = α−1
σu(v)σa (b), then the map

σ := σS × σT

is an affine structure on the group H ./α,β K .

In particular, the sum of the semi-brace B obtained through σ is given by

∀ (a, u) , (b, v) ∈ S × T (a, u) + (b, v) = (a ◦ αūσa (b) , u ◦ βāσu (v)) .

17
P. Stefanelli | Semi-braces, affine structures, and solutions of the YBE



Thanks for your
attention!

Contact information: Q paola.stefanelli@unisalento.it
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