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Inkroduction

If G=AB and A and B are two abelion subgroups of &
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Introduction
If G=zAR and A and B are kwo abelian subgm—uys of &
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Inkroduckion
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Inkroduckion

A group G is said to be supersoluble i it has a normal
series all of whose factors are cyclic,
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Inkroduckion

A group G is said to be supersoluble i it has a normal
series all of whose factors are cyclic,

A=GCGaGa...a Gn=GC

\
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Examyt&s

Any group of prime power order is supersoluble.
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Examyt&s

Any group of prime power order is supersoluble.
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Exampies
Any group of prime power order is su,persoiubie.
|Gl=g’ > Gis nikpstent — Z(ED + 42y

xeZ(&G), x4, dxd=p —= Nex>4a G
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Exampi&s
Any group of prime power order is supersoluble,
| &\ =PW > G\s h\\QPS\QV\"Y, = zZ(@&) + LAY
XG,ZQC:T>, X £ 41, LD =p — N=cex>a &G

G

L 3

bj meluacHanw

IEA__ LLX>

1



Universita Dipartimento dv Matematica ¢ Fiswca
®  deoli Studi
@ dclla Campania

Lwgt Vanvitellh

E’?xampms

Any group of prime power order is supersoluble.

The smallest example of a finite non-supersoluble
group is the

L
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Supersoluble groups

The class of supersoluble groups is closed with respect to
forming subgroups, images, and finite direct products,



Universita Dipartimento dv Matematica e Fisica
®  deoli Studi
@ dclla Campania

Lwgi Vanvitell

Supersoluble groups

The class of supersoluble groups is closed with respect
to forming subgroups, images, and finite direct products,

The product of two normal supersoluble subgroups need

not be su!ﬁarsoiu,btaf

Y
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Problem
Under which conditions, will the product of two (hormal)

supersoluble subgroups still be supersoluble?
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Problem
Under which conditions, will the Pradu&:& of two (hormal)

supersoluble subgroups still be supersoluble?

Theorem (R. Baer 1987)

If a finite group & is the product of two supersoluble

normal subgrou,ps
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Problem
Under which conditions, will the prodwz‘:E of two (hormal)

supersambte subgroups skill be supersombte?

Theorem (R. Baer 1957)

If a finite group & is the product of two supersoluble

normal subgroups and &' is nilpotent, then G is supersoluble.
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Problem
Under which conditions, will the product of two (normal)

supersoluble subgroups still be supersoluble?

Theorem (D. R. Friesen 1971)

If o finite group & is the Frodw‘:& of two normal su[;aersotubte

subgroups of coprime indices, then & is supersoluble.
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If & is the prodm:& of two nilpotent subgraups, then & s wnot
necessarily supersoluble,

Theorem (OH. Kegel 1968)

If &G is a finite group such that G=HK=HL=KL where H and K are

nilpotent subgroups and L is supersoluble, then G is supersoluble.



Universita Dipartimento di Matematica e Fisica %’
®  deoli Studi 'S
@ dclla Campania -
Lugt Vanuvitell

Problem
Under which conditions, will the producE of two (hormal)

superscrmbte subgroups skill be supersotubte?

Theorem (R. Baer 1957)

If a finite group & is the product of two supersoluble

normal subgrou[ﬁ's and &' is nilpotent, then & is supe*rsoi.u,bi.e«



Universita Dipartimento dv Matematica e Fisica
®  deoli Studi
@ dclla Campania

Lugt Vanuvitell

Creneralizations
Theorem (M. Asaad and A, Shaalan, 19%9)

* Suppose that A and B are supersoluble subgroups of a

finite group G, G’ is nilpotent and G=AB,
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Greneralizations
Theorem (M. Asaad and A, Shaalawn, 19%9)

* Suppose that A and B are supersoluble subgroups of a
finite group G, &' is nilpotent and G=AB,

* Suppose further that A is permubable with every subgroup
of B
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CGreneralizations
Theorem (M. Asaad and A, Shaalan, 19%9)

* Suppose that A and B are supersoluble subgroups of a
finite group G, G’ is nilpotent and G=AB,

. Suwose further that A is Fvarmu&o\bm wikh every subgrougf

o{: = \Z T 1o &)bﬁm‘ss H and <
= RSV TP G o soxd £o oMk 19
Hk = xR
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Theorem (M. Asaad and A, Shaalan, 19%9)

Greneralizabions

* Suppose that A and B are supersoluble subgroups of a

finite group G, G’ is nilpotent and G=AB,

* Suppose further that A is Parmu&abte with every subgrc:-u[a
of B and B is Faermu&ab&z with every subgroup of A,
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Greneralizations
Theorem (M. Asaad and A, Shaalan, 19%9)

* Suppose that A and B are supersoluble subgroups of a
finite group G, G’ is nilpotent and G=AB,

' Suppose further that A is permubable with every subgroup
of B and B is Fermu&abl&z wikh every subgroug of A,

Then & is supersombte.
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Let & be a group.

Two subgroups A and B of & are said to be mutually
permutable if
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Let & be a group.

Two subgroups A and B of & are said to be mutually
permutable if

AY = YA and XB = BX

for all subgroups Y of B and X of A,
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Let & be a group.

Two subgroups A and B of & are said to be mutually
permutable if

AY = YA and B = BX

for all subgroups Y of B and X of A,
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Exampt&s

Any two normal subgroups are mutually permutable.
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Creneralizations
Theorem (M. Asaad and A, Shaalan, 19%9)

* Suppose that A and B are supersoluble subgroups of a

finite group G, &' is nilpotent and G=AB,
" Suppose further that A and B are mubually permu&o\bia‘

Then & is supersaiubi.@..
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Groups which are produ,f:%s of btwo mutually ermutable
subgrougs have been recently nvestigated E

y several
authors, especially in the finite case.
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Groups which are producks of two mubually permubable
subgroups have been recently investigated by several
authors, especially in the finite case.

M. Asaad, A. Ballester-Bolinches, R. Esteban-Romero,
Products of Finite Groups
de Gruyter, Berlin (2010)
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For the case of infinite groups see

J.C. Beidleman, H. Heineken,
Totally permutable torson groups
J.Group Theory 2 (1999), 377-392

J.C. Beidleman, H. Heineken,
Mutually permutable subgroups and groupos classes
Arch. Math. (Basel) 85 (2005), 18-30
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For the case of infinite groups see

M. De Falco, F. de Giovanni, C. Musella,
Locally finite products of totally permutable nilpotent groups
Algebra Collog. 16 (2009), 535-540

F. de Giovanni, R. lalenti,

Groups with finite abelian section rank factorized by mutually permutable subgroups
Comm. Algebra 44 (2016), 118-124
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For the case of infinite groups see

J.C. Beidleman, H. Heineken,
Totally permutable torson groups
J.Group Theory 2 (1999), 377-392

J.C. Beidleman, H. Heineken, 2
Mutually permutable subgroups and groupd classes
Arch. Math. (Basel) 85 (2005), 18-30
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Theorem (J.C. Beidleman and H. Heihelken, 2008)

If G=AB is a finite group which is factorized by two

mu&u&i;tj permu?:abtﬁ su,bgrou,ps A and B, then
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Theorem (J.C. Beidleman and H. Heinelen, 2008)

If G=AB is a finite group which is factorized by two
mutually permutable subgroups A and B, then A, B’ are

subnormal subgroups of .

g IV\ SGJIQJ\D-Q—) Hs AV ovestwal "M Gr\‘?- rhere 1S &
Seres H=HoalHqa.. . aHu=GC
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Theorem (J.C. Beidleman and H. Heinelen, 2008)

If G=AB is a finite group which is factorized by two

mu&u&ttv Permu&abt& subgrou,ps A and B, then A, B' are
J

subnormal subgrc;u.?s of &, £ A onad B ane
Y\\\e‘n‘te\/\b
N

< B >Gr 1S niRpstent
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Theorem (F. de Gilovanni and R. Ialenti, 20186)

Let & = AB be a sotubteﬂbjmfma&a group

C;r Z GWhos I\\éGr, N saQulRge  noc ol
P G/n s An

I /N = g

!

1
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Theorem (F. de Gilovanni and R. Ialenti, 2016)

Let & = AB be a soluble-by-finite group with finite abelion

seckion ranle
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Finite abelian section rank
Let G be an abelian group and let § be a non-empty
subset of .
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Finite abelian section rank
Let G be an abelian group and let § be a non-empty
A‘V subset of .

Then S is called linearly independent, f 0 €S and,
given distinct elements si,...,s, of S and integers
my,...,m,, the relation

mys; + ... +m,s, =0 implies that ms; =0 for all i
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Finite abelian section rank
i pisa prime and G an abelian group, the p-rank
of G, 1,(G) is defined as the cardinality of a
maxinmal independent subset of elements of p-power

order.

Similarly the O-rank 7)(G) is the cardinality of a
maximal independent subset of elements of infinite
order.
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Finite abelian section rank
@ A group has finite abelian subgroup rank i each

abelian subgroup has finite O-rank and finite p-rank

for all primes p.

A group G has finite abelian section rank ¥ every
abelian section of & has finite O-rank and finite p
~rank for all primes p.
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Theorem (F. de Gilovanni and R. Ialenti, 201&)

Let & = AB be a soluble-by-finite group with finite abelian
section rank which is factorized by two wmutbually

permutable finite-by-nilpotent subgroups A and B.
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Theorem (F. de Giovanni and R. Ialenti, 2016)

Let & = AB be a soluble-by-finite group with finite abelian section
rank which is factorized bj two  nmutually permu&abi& {&mi&eﬂby

MLLPO&QME su.bgrou,ps A and B,

If A and B are locally nilpotent, then also the normal closure

(A, B)C is Llocally nilpotent,
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Maria Ferrara and Marco Trombett:

On groupd factorized by mutually permutable subgroups

Results in Mathematics, to appear



Universita Dipartimento dv Matematica e Fisica ; ”’
®  deoli Studi 'S
@ dclla Campania -
Lugt Vanuvitell

Theorem (F. de Giovanni and R, Ialenti, 2016)

Let & = AB be a soluble-by-finite group with finite abelian section
rank which is factorized b'j two  mutually Permu&abt& «fim&a-*bj*

MLLPQ&QME su,bgroups A and B,

If A ond B are locally nilpotent, then also the normal closure

(A, B)Y is Llocally nilpotent,
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Theorem (F. de Giovanni and R, Ialenti, 2016)

Let & = AB be a soluble-by-finite group with finite abelian section

rank which is factorized bj two muEu&LL:j Permu&abte

TIPN AW Su’bﬂrc}ups A O\Md 2.

If A ond B are locally nilpotent, then also the normal closure

(A, B)Y is Llocally nilpotent,
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Theorem (M. Ferrara and M. Trombelti, 2022) M
)

Let & = AB be a soluble-by-finite group with finite abelian
section rank which is factorized by two wutually

permutable subgroups A and B.

If A and B are locally nilpotent, then also the normal

closure (A, B))Y is Llocally nilpotent.
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Theorem (M. Ferrara and M. Trombelti, 2022) M
-

Let & = AB be a soluble-by-finite group with finite abelian
section rank which is factorized by two mubually

permu%abie su,bgroru.ps A and B,

If A and B are locally nilpotent, then also the normal

closure (A, B))Y is Llocally nilpotent.
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A group is called o minimax group if it has a series

of finite length whose factors satisfy Max or Min,
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A group is called a minimox group if it has a series

of finite length whose factors satisfy Max or Min,

In the following, # dewnctes the class of minimax

groups containing a soluble subgroup of finite index.
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For any group &, py (G) denotes the Hirsch-Plotlkin
radical of .
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For ahy group &, py(G) denotes the Hirsch-Plotikin
& radical of &,

In a group & there is a unique maximal normal
locally nilpotent subgroup P (G) (called the Hirsch-
Plokkin radical) containing all normal locally

ME;LFO&@M& subgrou[ps of &,
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Theorem (M. Ferrara and M. Trombelti, 2022) ﬁ

Let & = AR is a Loﬂatljmﬂ group
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Theorem (M. Ferrara and M. Trombelti, 2022) ﬁ

Let G = AB is a locally-// group which is factorized by

two nmubually permutable subgroups A and B
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Theorem (M. Ferrara and M. Trombelti, 2022) ﬁ

Let G = AB is a locally-// group which is factorized by

two mu&u&itv vamuﬁabtﬁ subgrauys A and B, then

(P y(A), po (BN < pop (G
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I &G isa group, we denoke bj Po.ox(G) = {1}.
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I G isa group, we denote bv Po. 2/ (G) = {1},

If we have defined the su,bgrou,p pigy(G) for some

[posi,&ive_ integer I, then we Fvu,E

pi+1,§Z./V(G)/ pi,fZ/V(G) = PG/ pi,Sf/V(G))
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I & isa group, we denote bj Po. 2/ (G) = {1},

If we have defined the subgroup p; 4, (G) for some

posi&v& integer i, then we F»u,E

Pis1.24G)p; 2 (G) = pop (G p; 4 4(G)) sgt
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If & is a group, we denote by p; o (G) = {1}.

If we have defined the subgrou[a pigos(G) for some positive

integer I, then we Pu,&
Pit1,.2/(C) i 2 (G) = py (Gl p; 4 4(G))
This defines the su,bgroups Pnoi(G) for any integer n 2 0.

Clearly, po y(G) = p| 2 4(G).
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Corottarj 1 (M. Ferrara and M. Trombetti, 2022) ﬁ

Let & = AB be a locally- 4 group



Universita Dipartimento dv Matematica e Fisica . “
® coli Studi el
@ della Campania

Lwgi Vanvitell

Corollary 1 (M. Ferrara and M. Trombetti, 2022) ﬁ

Let & = AB be a locally=// group which is factorized b*j

two mu&u&ilv permu&abiﬁ (ron-trivial) soluble subgrou,gﬁs A
and B,
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C.crrc:a-i.i.o\rjj 1 (M. Ferrara and M. Trombetti, 2022) ﬁ

Let & = AB be a Llocally-// group which is factorized by two

mubually parmu&a\bl.@. (hon-trivial) soluble subgroups A and B,

1f the derived length of A is ¢ and the derived length of B
s 4, then p o, (G") = G,
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Caratto\rv 1 (M. Ferrara and M. Trombetti, 2022) ﬁ

Let & = AB be a Llocally-// group which is factorized by two

mutually permutable (non-trivial) soluble subgroups A and 8.

1f the derived length of A is ¢ and the derived length of B
is 4, then p 4 ,(G") =G", where k denocltes the wmaximum

bebween ¢ - 1 and 4 - 1.
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Theorem (J.C. Beidleman - H. Helnelen, 2008)

Let & = AB be a finite group which is factorized by two
mutually permutable soluble subgroups A and B.
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Theorem (J.C. Beidleman - H. Helnelen, 2008)

Let & = AB be a finite group which is factorized by two
mutually permutable soluble subgroups A and B.

Then & is soluble,
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Corottmv 2 (M. Ferrara and M. Trombetti, 2022) ﬁ

Let G = AB be a locally (soluble-by-finite) group of finite
rank which is factorized bj two  mutually pe‘trmuﬁabm

soluble subgroups A and B,
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Corottmv 2 (M. Ferrara and M. Trombetti, 2022) ﬁ

Let G = AB be a locally (soluble-by-finite) group of finite
rank which is factorized bj two  mutually pe‘trmuﬁabm

soluble subgroups A and B,
Then & s hjperabeiiav\.
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A group G is said hyperabelion i ik has an

ascending normal series with abelian factor.
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Thank you for Listening




