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Abstract

Let the Ducci function D : Z;, — Z7;, be defined as
D(x1,X2,...,%Xn) = (x1 +x2 mod m,x2 +x3 mod m,...,xn +x7 mod m)

and let the Ducci sequence of u be the sequence {D*(u)}}°_,. In this paper, we will
provide another proof that for n = 2% and m = 2!, all Ducci sequences will end

in (0,0,...,0) and additionally prove that this will happen in at most 2k=T(1+1)
iterations of D.
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1 Introduction
Consider a function D : Z}, — Z,,, which we define as

D(X]IX2/°"IXT1)

= (x1 +x2 mod m,xy +x3 mod m,...,xn, +x; mod m).

Like [2, 10, 13], we call D the Ducci function and for a given
tuple u € Z7,, we say that the Ducci sequence of u is the se-

quence {D*(u)}3 .
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Looking at an example, consider (3,1,3) € Zi and the first
few terms in its Ducci sequence:

(3,1,3), (0,0,2), (0,2,2), (2,0,2), (2,2,0), (0,2,2).

One can see that if you continue the Ducci sequence, it cycles
through the tuples

0,2,2), (2,0,2), (2,2,0).

We say that these three tuples are the Ducci cycle of the Ducci
sequence of (3,1,3). More specifically, we say that the Ducci
cycle of a tuple u is the set

{v|3JauczZ"u{0},p ez 5v=D"Pu) =D},

a term [2, 7, 14] also uses. We define Len(u) to be the smallest «
that can be found to satisfy the equation

v =D*"P(u) = D¥u)

from our definition for some € Z*,v € Z,. We adopt the
notations Len(u) and Per(u) from [2, Definition 1]. The nota-
tion Per(u) is also referred to as the period in the literature (see,
for example, [3, 6, 10]).

Notice that Per(u) is also the number of distinct tuples in
the Ducci cycle of u. If a tuple v € Z7, is in the Ducci cycle of
the Ducci sequence for some tuple u, we may simply say that v
is in a Ducci cycle. Since Z7, is finite, every Ducci sequence
enters a cycle.

Define

K(Zy,) ={ueZ}, | u isin some Ducci cycle},

which is given in [2, Definition 4]. The following theorem
about K(Z},) is stated in [2, p.6001] but we will provide a proof
of it in Section 3.
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Theorem 1.1 The set K(Z},) is a subgroup of Z,.

If for a tuple u there exists a tuple v such that D(v) = u, we
say that v is a predecessor of u. We believe [14, p.259] is the first
time this term is used, then later by [2, 13].

It is not always the case that the Ducci sequence ends in a cy-
cle containing more than one tuple. Notice that the Ducci cycle
of (0,0,...,0) consists only of itself and that satisfies Per(u) = 1.
In addition to this, let us observe that (0,0,...,0) is the only tu-
ple that satisfies the condition D(u) = u, which we believe is
first noted in [6, Remark 5] and then again by [2]. This means
that only (0,0,...,0) and tuples whose Ducci cycle are

have a period of 1. We say that a Ducci sequence vanishes when
its cycle is {(0,0,...,0)}, a term first used by [6, p.117] and also
by [2, 13].

A key Ducci sequence is the one corresponding to

(0,0,...,0,1) € Z™..

We call the Ducci sequence of this tuple the basic Ducci sequence
of Z}, following its first use in [10, p.302], and also in [2, 9, 13].
Following, in particular, [2, Definition 5] and [10, 13], we denote

Ln(n) =Len(0,0,...,0,1) and Py(n)="Per(0,0,...,0,1).

These results are significant since, by [2, Lemma 1], for ev-
ery u € Zy,, we have

Lin(n) > Len(u) and Per(u)[Pm(n).

The notation P, (n) for the maximal period of a Ducci sequence
on Z}, is also used in [3, p.858].

In this paper, we focus on the case where m = 2! and n = 2¥
for integers k,1 > 1. It is first proven [20, p.103, (I)] that all Duc-
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ci sequences in Z%lf vanish. Moreover, [9, Theorem 2.3] also
provides a proof of this. However, we would like to establish
a value for L,(n) in this case. Our main goal is to prove the
following result.

Theorem 1.2 Let n =25, m = 2! for integers 1,k > 1. Then
Pn)=1 and Lymn)=(1+1)2".
As part of the proof in [20], it is shown that

DI*ZK (u) = (O/ O/ sy O)/

2k,

St however, neither [20] nor [9] determine

for every tupleu € Z
a value for L, (2%).
It is worth noting that as a result of all Ducci sequences van-

ishing, we gain the following result.
Corollary 1.3 The group K(Z%]f) is trivial.

The research presented in this paper was conducted while
the second author was a Ph.D. student at Kent State University
under the supervision of the first author and will appear as part
of the second author’s dissertation.

2 Background

There are many different versions of the Ducci function. The
first and most common Ducci function is

D: (Z"u{oh" — (Z" u{op™
being defined as

D(x1,%2,...,%xn) = (Ix1 —=%2l, Ix2 = %3/, ..., [xn —x11),
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with [10, 12, 13, 14] being a few examples, or similarly defined
on Z" like in [2].

Other sources, such as [5, 7, 18], define it on R™. Note that
if u € Z", then D(u) € (ZT U{O})™. Therefore, for simplicity, we
will refer to the Ducci case on (Z* U{0})™ or Z"™ as the Ducci
case on Z".

For both Ducci on Z™ and Ducci on R", it has been proven
that all Ducci sequences enter a cycle. Some examples of sources
that explain why this happens on Z" are [6, 10, 13, 14] and [18]
proves it for R™ in Theorem 2. For Ducci on Z", when looking at
the tuples in a Ducci cycle, all of the entries belong to {0, c}, for
some ¢ € Z*, which is proved in [14, Lemma 3] and then again
later by [16]. Because D(Au) = AD(u) when A € Z and u € Z™,
this means that for this case, one only needs to worry about
when Ducci is defined on Z; when examining Ducci cycles and
periods, something that [2, 10, 13, 14] all talk about. For the R™
case, [18] proves a similar result in Theorem 1: if the Ducci
sequence reaches a limit point, then all of the entries in the
tuple belong to {0, c}, for some ¢ € R.

It has been proven that the Ducci sequence will eventually
vanish for all tuples in Z" if and only if if n is a power of 2.
According to [4, 7], the paper [8] is the first to provide a proof
of this with other papers, like [13, 14], also citing [8] for a proof
of this fact. The first paper published that talks about Ducci
sequences is also [8]. Unfortunately, we are unable to find a
copy of [8]; a review of the paper can be found at [17]. Many
different proofs for the fact that all Ducci sequences vanish
have been made since [8], with [10, 12, 15, 16] being a few. As
discussed in the introduction, this conclusion can be extended
to m = 2! where 1 > 1. Our ultimate goal is to establish how
long we can expect it to take for a sequence to reach (0,0, ...,0).

For the Ducci case on ZY, there have been a few sources
that look at the maximum value of the length of a Ducci se-
quence, [;(n), for a variety of values for n. The first source
is [10, p.303], which shows that for odd n, [;(n) = 1. The next
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Figure 1: Transition graph for Z3

example is the specific case where
n =242k

for k1 > k; > 0, considered in [13, Theorem 6], where it is
shown that L;(n) = 2*2. As proved in [1, Theorem 4] the result
extends to all even n, showing that if n = 2*n; where n; is odd,
then L;(n) = 2. This supports the case where 1 = 1 for Theo-
rem 1.2.

Returning to our Ducci case, [20] is the first paper to look
at Ducci sequences on Zj,, followed by [2, 3, 9].

We start by discussing more about our example of the Ducci
cycle of (3,1,3) to provide a better visualization of what Ducci
sequences in Z7, look like. We can do this by creating a tran-
sition graph that maps all of the Ducci sequences of Z3 and
direct our focus to the connected component containing (3,1, 3),
which can be found in Figure 2.
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Figure 2: Transition graph for Z3

Using our earlier definitions, one can see
Len(3,1,3) =2, Len(0,0,2) =1, and Len(0,2,2)=0.

Although (1,3,1) is not in the Ducci sequence of (3,1,3), we
can see that the Ducci sequences of (3,1,3) and (1,3,1) have the
same Ducci cycle, as well as every other tuple, in this connected
component. In addition to this, all of these tuples have period 3.

Notice that (0,0, 2) has two predecessors, (3,1,3) and (1,3,1).
But not all tuples have predecessors; both (3,1,3) and (1,3,1)
are examples of this.

We also present the transition graph for Z3 to give an example
where all Ducci sequences vanish in Figure 2. For this graph,
all tuples in Zﬁ are part of the same component. Here, we
can see that [;(4) = 3, but not all tuples without predecessors
have this length. For example, (2,3) and (1, 3) both do not have
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predecessors, but
Len(2,3) =3 and Len(1,3) =1.

Notice that all tuples in Z2 that have a predecessor have ex-
actly four predecessors. This is not a coincidence, in fact, the
following result holds.

Theorem 2.1 Let n be even. If a tuple w = (x1,%2,...,%Xn) € Z},
has a predecessor (Yi1,Y2,...,Yn), then

i+zy2—2...,Yn—1+2,Yn — 2)

is also a predecessor of uw where z € Z,. Moreover, if a tuple u has a
predecessor, it has exactly m predecessors.

Proor — Let xi,Yi € Zn. Clearly, if (y1,Y2,...,Yn) is a pre-
decessor to (x1,%x2,...,xn), thensois (y1+z,y2—2,...,Yyn —2)
if ze Z,. This gives us at least m predecessors to (x1,X2,...,%n),
each beginning with a different element in Z,.

We now confirm that these are all the predecessors of the
tuple (x1,%x2,...,xn). If we consider two tuples that are prede-
cessors to (x1,x2,...,%n) that both begin with the same element,
say (Y1,Y2,...,4yn) and (yi,y3,...,y;), then we have the rela-
tions

yi+yz=xy mod m and y;+y;=x mod m,

which gives us y, = y;. We can repeat this to see y; = vy,
for every i,1 < i < n and, as a result, (x1,%2,...,%n) only has
one unique predecessor beginning with yj, so it has exactly m
predecessors. O

Let us now draw our attention back to D specifically. Because
D((x1,%2, .-, Xn) + (X1,%3, - .., X))

/ / /
=D(x1+x1,X2+%X), ..., Xn +X,)
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= (x1+x2+X] + X3, X2+ X3+ X5 + X5, ..., Xn + X7 + X} +X7)
!/ !/ / !/ / /
=(x14+x2,x0+%3, .., Xn+X1) + (X1 +X, % + X3, .., Xy +X])

=D(x1,%2,...,%n) + D(x],%, ..., x1),

it is true that D € End(Z},). Also, it remains true that
D(Au) = AD(u)

when A € Z, and u € Z7},. Since this means D%*(Au) = AD%*(u)
for « € Z", the Ducci sequence for Au is {AD*(u)}> , and
if u € K(Z},), then so is Au.

Define H: Z}; — Z}, as

H(X1/XZI' '°/XTL) - (XZIXSI"’/XTIIX])'

We also have that H € End(Z},) and D = I+ H where [ is
the identity endomorphism. This function was first introduced
in [10, p.302] and is also used by [2, 13]. Note that

H(D(x1,%2,..,xn)) = H(x1 +%x2,%2 +X3,...,%n +X1)
=(x2+x3,X3+%X4,...,Xn +X1,%X2+%7)

= D(x2,%3,..,xn,%1) = D(H(x1,%2,...,%n)),

and therefore H, D commute. This means that if {D*(u)}, is
the Ducci sequence for u € Z, then {HP (D%(w.))}%, is the Duc-
ci sequence for HP(u) when 0 < B < n—1. Consequently,
if u € K(Zm), then so is HP (u).

3 Findings on Ducci for n, m arbitrary

We can now prove Theorem 1.1 from Section 1. Note that this
theorem is stated as a fact in [2], but a proof is provided here
for completeness.
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ProOOF OF THEOREM 1.1 — We start by showing that

D(X((XDXZI"'/XTI) + (X1/1X£/”°/XT/1))

=D*(x1,%X2,...,%n) + D¥(x1, %5, ..., x},)

by induction for o € Z*. This is true for o = 1 because D is an
endomorphism.
Assume that it is true for o« — 1, then

D*((x1,%2, -+, Xn) + (X1, %3, ..., x1,))

=D(D* ' ((x1,X2, ..., xn) + (X],%5, ..., x1)).
By induction, we have

D(D* ' (x1,%2, ..., %n) + D*! (X1, %5, -+, x0))
and

D(D* '(x1,%2,...,xn)) + D(D* T (x],%5,...,xL)),
which is equal to
D*(x1,%X2, .-+, %n) + D¥(X], X3, + ., X1,)-
Now suppose (x1,X2,...,X%n), (X1,%5,...,%},) € K(Z}). Conse-

quently, if d = P(n), then DY(x1,%2, ..., %n) = (X1,%2, -+, %n)

and D4(x],x}, ..., xh) = (x{,%},...,x}). Therefore,

Dd((X],XZ, . -/Xn) + (X]/ixéz . -/X;L))
=D%Yx1,x2, ..., xn) + DX, X5, ..., x0),
which equals (x1,x2,...,%n) + (x1,%3,...,%;,) and thus

((X]/XZI' . -/Xn) + (Xlllxél' . '/xrll)) € K(Zg'l)

It follows then that K(Z%) < Z1. O
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When examining a Ducci sequence, it is useful to determine
the value of D"(u) for a given u € Z},. To this end, define a,,
withr,s € Z, v > 0,and 1 < s < n, so that

DT(OIOI o -101]) = (aT,TI/ a]‘,TL—]/‘ . °Ia1‘,])'

Now, any tuple (x1,%x2,...,%n) € Z}, can be written as
n
(X1/XZI s /XTL) = Z XS]—[_S(O/ O/ cer O/ 1 )/
which gives

Dr(X],Xz,..., sz arn/arn 1/---/ar,1)

or

Z Xs(ar,s/ Ay s—1,+++, Qr 541 )

Using this, we can now define a, s as the coefficient on X1
in the ith coordinate of D"(x1,x2,...,Xn), with

0 if s#1
ao,s: .
1 if s=1

We now aim to prove a few more observations about ay s.
Theorem 3.1 Let v > 1,1 < s < n. The the following are satisfied:
(1) Qrs = Qr—1,s + Qr—1,5-1-

(2) Forr<m, am:( ’ )

s—1
n

(3) Qryts = Z QtiQrs—it1, Where t > 1.
i=1
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Proor — (1) We first note that
Dr_] 0,0,...,0,1) = (ar—1,n/ AQr—1n—1,++,Ar—1,1 ).

Hence, by the definition of D, the s-th entry of D"(0,0,...,0,1)
will be

Qr—1,s T Qr—1,5—1-
This, by definition, is also a,s and (1) follows.
We proceed to prove statement (2) by induction on r, and

statement (3) by induction on t.
(2) Basis Step: v = 1. This follows from (1) and

0 if s#1
ao,SZ .
1 if s=1

Inductive Step: Note that if s —1 > r, we use the convention

that
T
aT’S — (S_l) — O.

r—1
s—1
for1 <s<n, ars=a,1s+ ar_1s 1, which by induction is

Assume a,_js = ( > when v < n. By (1), we have that
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Go)+Gy) o ()

For s =1, we have a,1 = a,_11 + a,_1 . By induction, this is
r—1 N r—1
0 n—1

which is 1 or (g) as long as r < n.

(3) We prove this via induction on t.

Basis Steps: t = 1,2. Calculating a,¢ in terms of a,_;; we ob-
tain that a, s = a,_1 + a,_1 s_1, which can be further expanded
in terms of a,_; as ars = ar—2s +2a,_2s1+ ar_2 2. This is

a210y—2s+ Q20,25 1+0230r 25 2

and the basis case follows.

n
Inductive Step: Assume that fort’ <t, a, ;v s = Z At/ iQrg—i+1-
i=1

Then calculating a,4,s, we have

n

Qrtt,s = E QAt—1,i0r4+1,5—i+1 -
i=1

Breaking down a,¢_i 1, this is

n
D ai (@i + arsi) .

i=1

Distributing a;_1 ; and breaking the sum up, this is

n n
Z At 1i0rs—i+1 + Z At—1,i0rs— - (31)
i=1 i=1
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n
Note that, for the sum Z a¢_1i0rs—i, from equation (3.1), we
i=1

have
n+1

n
Z At—1,i0rs—i = Z at—1,i—1Qr,s—i+1 -
i=1 i=2

As the s-coordinate of a, s is reduced modulo n, it follows that

n
Z At—1,i-10rs—i+1 -
i=1

Therefore, equation (3.1) is equal to

n

n
D (aeri+aiiit)as iy or D il it
i1

i=1
Therefore, equation (3) holds. O

We now prove some other useful facts about the a, coeffi-
cients that we will need later.

Corollary 3.2 For all integers n and s with 1 < s < n, the
terms an s are given by

n
s # 1
an’g: (8_1)
2 s=1
PrOOF — Lets > 1. Then ans = an_1+ an_1s_1 gives us
A n—1 N n—1 . n
s —1 s—2 © s—1)7

by Theorem 3.1.
Fors =1, an1 = an—1,1 + an_1 gives us

n—1 n—1
Qg = 5 + N or 2,
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by Theorem 3.1. O

We have one last lemma about the a, s that is true for all n, m.
Lemma3.3 Forr >0, ars = arrgi2.

Proor — We work by induction on .
Basis Step: We take advantage of Theorem 3.1 to see that
when r < n,

T T
Qr,s = s—1 = s 1 = Orr—s42-

Inductive Step: Suppose that the theorem is true for r — 1. Then
we have

r—1,s = Qr—1,r—s+1 and Ar—1,s—1 = Qy—1 r—s+2 -

Since ars = ar—1,s + ar—1,5-1,

Ars = Qr—1r—s+1 + Qr—1r—542,

which is equal to a,,_g12. Therefore, the claim follows. O

4 All tuples vanish in Zgi‘

Recall that it is our main goal to prove that for m = 2!, n = 2%,
then Lin(n) = (14 1)2%". In order to do this, we first aim to
prove a number of lemmas, starting with a few lemmas that
explore the value of certain binomial coefficients. We believe
that Lemmas 4.1—4.3, and 4.5 are known but we are including
the following proofs for the sake of completeness. Throughout

these proofs, we rely on the well known fact that (Ztl) is even
when t # 0,2, a proof of which can be found in [11, Theorem 3].
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Lemma 4.1 For any integer j > 2, we have

2j
(2)'—1) =2 mod 4.

ProorF — By the Chu-Vandermonde identity (see [19]), we

obtain
2] 21 2]'7] 2 2)'71 2 2]'7] 2 21 ij] 2
o)=L () =Co) ~G) - 2 ()
i=0 i=1
which is congruent to 2 mod 4. 0

J
For the other binomial coefficients (Zt ), we have the following
result.

Lemma 4.2 Whent #0,27,2 and j > 2, then

j
(2) = 0 mod 4.
t

Proor — First to address the cases when t € {0,217, 21}, we

know
2 2 2
(O) = (Zi) =1 and (21'—1) =2 mod 4.

We prove the rest of the lemma by induction on j.

()= ()=

Inductive Step: Assume that

i—1
<2t ) =0mod 4

when t # 0,272,271, We start with when 0 < t < 272 and use

Basis Step: j = 2.
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the Chu—Vandermonde Identity to see that

(-2
-()ED DS )

i=1

which is congruent to 0 mod 4 by induction. Next, we con-
sider 272 < t < 27!, Then

()-GO COHE) G )
(2GR0

#2222

which by induction is congruent to 0 mod 4. Now if we con-
sider t = 2272, then

(£)-CE)- )
TN

which is equivalent to 0 mod 4 by Lemma 4.1 and induction.
Now suppose that 27! <t < 2. Then0 <2 —t < 271, s0

j j
(2):(.2 )E()modél
t 2 —t

and the lemma follows. O

i
We still need to know more about the value of ( 2].]) so we

prove the following result.
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Lemma 4.3 Forj > 2,

2j
(21'—1) = 6 mod 8.

PrOOF — Basis Step: j = 2. The claim holds for the base case,
since A
(5)-s
-

Inductive Step: Assume = 6 mod 8. Therefore, by

2i—2
the Chu—Vandermonde Identity,

2] 2i—1 2]-_] 2
()-Z ()
i=0
=14

23'*] 2 2]'71 2 2)'7] 2 2 23'*] 2
(o) +G) G ()
i=

i£2)—2

Hence, by induction and Lemma 4.2, we obtain that

2j
(2]._]) = 6 mod 8.

Therefore, the claim follows. O

The next result is a consequence of Lucas’s Theorem, which
can be found, for example, in [11, Theorem 1].

Lemma 4.4 For every integer t with 0 < t < 2 — 1, we have
21
t

2j-1

is odd.

To be more specific about ( ), we state the result below.
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Lemma 4.5 Forj > 2, we have
2D —1
< i1 ) = 3 mod 4.

ProOOF — We prove this via induction.
Basis Step: j = 2. The claim holds for the base case, since

Q-

211

Inductive Step: Assume that 9i-2

) = 3 mod 4. Hence, by
the Chu—Vandermonde Identity,

. 2]'71 1 1
21 _Z 2 211
2—1 ) — i 2i—1 4
-1 /21 1 -1\ /21 1 -1 /211
0 21 ) Tl 0 Tl 2i—2

2)'71_] . .
271N\ /271 -1
- ()G

i£2072

or

This is equivalent to 1+ (2% 3) mod 4 = 3 mod 4. Therefore, the
claim follows. O

We now direct our attention back to the a, coefficients and
examine what happens at certain values of r. We first note that
forn =25 a, ¢ o1 =a, .

Lemma 4.6 Let1>1and n =25 Then, for every 1 < s < 2K,
Qpok-1 g+ Qpr-1 g k-1 =0 mod 2%

Proor — We prove this by induction on 1. To simplify the nota-
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tion in the following proofs, we introduce functions to represent
certain coefficients a, ;. To this end, we define

f(y,8) = Y2k 5
It is worth noting that, by Lemma 3.3,
fy,8) = fly,y* 27 -8 +2).
Additionally, when n = 2% we have
fly, 5+ 251 = f(y, 5 — 2.
In terms of f, we want to show
f(L,s) +f(L,s —2") =0 mod 2".
Basis Step: 1 = 1. It suffices to show
f(1,s)+f(1,s —Zk_]) =0 mod 2.

Then, for s # 1,21 41,

o k-1 k1
f(1,s)+f(1,s—=2") = (s—1> + (s—zk—1 _1) =0 mod 2

since both of these binomial coefficients are even by Lemma 4.2.
Fors=1,2x141,

1 2k—1 2k—1
£(1,1) +£(1,1 42 ):( . )+(2k_1) —2

and the basis case follows.

Inductive Step: Assume
fl—1,8)+f(1—1,s—2%"1) =0 mod 2",

Then
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f(1,8)+ f(l,s — 2

zk
=Y =11, s—i+ D)+ Ff(1—T1,O)f(1,s =2 —i+1)]

i=1
by part (3) of Theorem 3.1. We now break this up into the

following two sums:

zkfl

> =11, s—i4+ D) +F(1—T,0)f(1,s =2 —i+1)]

i=1

+ Z f(l—1,1)f(1,s—1i+1)
i=2k=T41

+f1=1,1)f(1,s = 2T —i4+1).
Changing the indices of the second sum to match the first, this is

2k71

> =TT, s—i41)

i=1
+f1=1,1)f(1,s =21 —i+1)]

2k71

+ ) HF—T1,i=2Df(1,s—i+25T 4+ 1)

+f1—1,i—2Nf(1,s—i+1)],

which can be factored into

2k71

> f(1,s—i+1)

=1 (4.1)
+F(1, s =142 DIFL—1,1) +F1—1,i— 2],

By induction, since
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f(l—=1,1)+f(1—1,i—2") =0 mod 2,

the addend in the sum from (4.1) is congruent to 0 mod 2! if
both f(1,s —i+1) and f(1,s —i+2%""+1) are even. The only
times this does not happen is when i = s and i = s + 2!, In
both cases, the addend in the sum of (4.1) is

[F(1, 1) + (01,2 + 1L —1,8) +F(1— 1,5 = 271))

This is 2[f(1—1,s) +f(1—1,s — 2% 1], and, by induction, we
obtain that 2[f(1—1,s) + f(1—1,s —2¥ 1] = 0 mod 2'. There-
fore, equation (4.1) is congruent to 0 mod 2' and the lemma
follows. O

We have one last lemma to prove before Theorem 1.2. We are
once more interested in a sum of two specific a, s coefficients.

Lemma 4.7 Letn =2% Forl>3,
Q)2 1128241 + Aq)gk-1 2 2_gk-14q = 0 mod 2%
Proor — Let us define
g(v,€,8) = ac1 g2
In terms of g, we aim to show that
g1l—1,1,1)+g(1—1,1,2%"+1) =0 mod 2"
Using Theorem 3.1, we obtain that

gl—1,L, 1) 4+g(l—1,125T+1)
2k

= [f(1,1)g(1-2,1,2—1)+f(1,1)g(1—2,1,2" "+ 2—1)].
i=1

As in the proof of Lemma 4.6, we decompose the sum and
adjust the indices to obtain
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2k—1

D f(1,1)g(1-2,1,2—1) +f(1,1)g(1—2,1,2° " 42— 1)]
i=1
zk 1

+Z — 2% Ng(1—2,1,2% T +2 1)

+f(1,i—2%Ng(1—2,1,2—1)].

Factoring yields

2k71

> (1L, +(1,i-2%D][g(l—2,1,2—1)
i=1 (4.2)

+g(1—2,1,2% "+ 2-1).
Note that by Lemma 4.6,
g1—2,1,2—1)+¢g(1—2,1,2" " +2—1) =0 mod 2" 2.

Consequently, if f(1,1) + f(1,i—2"1) = 0 mod 4, then each
term in the sum in (4.2) is congruent to 0 mod 2.
Observe that if

i£1,22 41,2 1,2 L ok=2 4,

then both f(1,1) and f(1,i—2%") are equivalent to 0 mod 4
by Lemma 4.2. Thus, reducing modulo 2!, expression (4.2) be-
comes

[F(1, 1)+ (1,2 + D[g(1—2,1,1)
+g(1—2,1,2%T41)]

+F, 25T+ D)+, DIg1—2,1L,2 T +1)  (4.3)
+g(l—2,1,1)]+1[g(1,1,1)

+g(11112k_1 +])][9(1_2/l_1/1)
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+91—2,1—1,2T+ 1) +1[g(1,1,2% T+ 1)

+9(1,1,Dgl—2,1—1,2 T+ 1)+ g(1—2,1—1,1)].
Notice that
2k—1 2k—1
(%0 )+ ()
and

] 2k—1 2k71
9(11111)+9(1/]/2 +1 - 2k_2 + 2k—]+2k—2 :

Moreover, by Lemma 4.6,

£f(1,1)+£(1,25 7T+ 1)

g1—2,1,1)+g(1—2,1,25"+1) =0 mod 2"
and
gl—2,1—-1,1)+g(1—=2,1—1,2%"4+1) =0 mod 2.

It follows that expression (4.3) is congruent to 0 (mod 2'), there-
by completing the proof of the lemma. 0

We are now equipped with all the tools required to prove the
main theorem.
ProoFr oF THEOREM 1.2 — We note once again that, according
to [20, (I), p.103] and [9, Theorem 2.3]), all tuples vanish in Z%lf,
for all 1,k € Z*. We also provide a proof of this result. Indeed,

to show that
La(2%) = (1+ 102,

we are going to prove that
DMNZ 0 0,...,0,1) = (0,0,...,0),

which in turn implies that P,1(2¥) = 1 and that all tuples in Z%lf
vanish.
We prove this result by induction on 1, with two base cases.
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However, since several results used in the proof require the
assumption k > 2, we first treat the case k = 1. That is, we
show that L,1(2) =141 and that P,i(2) =1, for every 1 > 0.
Basis Step: k = 1. Notice that D%(0,1) = (201, 291y Tt
follows that D*1(0,1) = (0,0) and hence P, (2) = 1. Moreover,
since
DY0,1) = (2,2 £ (0,0) (mod 2Y),

we conclude that L1(2) =1+1.

mod 2, for
< 25,

Basis Step: 1 = 1. We first prove f(2,s)

For the rest of the proof, we assume n = 2k k>1.
=0
all 1 < s < n. Recall that f(2,1) =2 and, for1 <s

Zk
f(2,s) = s =0 mod 2

which gives us P,(2%) = 1. Note also that, for r < 2¥,
a1 =1%#0 mod 2.

Therefore, this is the first time we have that a,s = 0 mod 2, for
all s, so L(2¥) = 2k,

Basis Step: 1 = 2. It suffices to show that L4(2%) = 3% 2K
and P4(2%) = 1. We begin by showing that f(3,s) = 0 mod 4,
for every s. We first observe that, by Theorem 3.1, we have

Zk
f(3,8) =) f(1,Vf(2,s—i+1).
i=1

We then separate the terms where i = 1,25~ 41 to produce

(1,251 + 1)f(2,s =2+ £(1, 1)F(2, 5)

2k
+ ) (1,2, s — 1+ 1), (4-4)

i=2
i#2k=T47
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We do this because f(1,1) =0 mod 2 fori # 1,21 +1 and
f(2,s—1i+1)=0 mod 2

as shown in our first basis case. Hence, expression (4.4) is
equivalent to

£(2,s—21)+f(2,5) (mod4), (4.5)

which, by Lemma 4.6, is congruent to 0 (mod 4). Therefore we
have that P4(2%) = 1 and 14(2%) < 3% 2%, We now need to
show that there exists s such that a;,;x—1_; ¢ # 0 mod 4. To this
end, define

h(v,8) = a1

Calculating h(3, s) for general s using Theorem 3.1, we obtain
2k
h(3,s) =) f(1,)h(2,s—1i+1).
i=1

We now separate the terms where 1 is 1,22 41 or 271 41,
which gives

£f(1,Dh(2,s) + (1,2 T+ 1)h(2,s — 2T

+9(1,1,Dh(2,5s =24+ ) f(1,Dh(2,s—i+1) (46)

i€]

where
J={2<ig<2d | i£290, 2241}

We do this so the sum over ] is congruent to 0 mod 4 by Lem-
ma 4.2. If we also consider s = 1, then expression (4.6) is
congruent to

f“/])h(z/]) +f(1,2k7] + 1)h(2,2k*] + 1)

+9g(1,1,)h(2,2= 22 +1) mod 4,
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which is equivalent to 1+ h(2, 211 1)+2 mod 4 because
g(1,1,1) =2 mod 4

and h(2,2% — 224 1) is odd. From Lemma 4.5, this is congru-
ent to 2 mod 4 and h(3,1) # 0 mod 4, so [4(2%) =3 % 2KT,

Inductive Step: Assume that
L2171 (Zk) = lzki] and P21,1 (zk) =1.

This implies that f(l,s) = 0 mod 21 for every s. Calculat-
ing f(1+1,s) with Theorem 3.1, we have

f(l+1,s) Zflt (1,s—i+1).

If we separate out the terms where s —i+41 = 1,21 41, this
becomes

£(1,s)F(1,1) + (L, s — 2 N)f(1,2% T +1)
+3 LD, s—i+T) 47)
ie]

where
J={1<i<2* | i#s,s—2T}

We do this so the sum over | is equivalent to 0 mod 2' by
induction and because f(1,s —i+ 1) is even over ]J. Therefore,
expression (4.7) is equivalent to

f(1,8) + f(l,s — 21 mod 2},

which, by Lemma 4.6, is congruent to 0 mod 2'. This gives us
that
Pn(n)=1 and  Ln(n) < (1+1)2.

It remains to show that Li,(n) > (L+1)2571 —1, which will
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then establish the remainder of the theorem. Observe that,
since P,(n) = 1, it suffices to show the existence of s such
that

h(l+1,s) £ 0 mod 2"

We begin by decomposing h(l+ 1,s) as follows:

h(l+1,s) = qu (1,s—i+1). (4.8)

Since a,s = ayr_st+2, by Lemma 3.3, most a, s coefficients have
another coefficient that it is equal to. The case where this does
not happen is when s = r—s+2 mod 2*. In our case, h(l,1) is
not equal to any other coefficient when

i=12"—-i+2 and i=12""-1i4+2"+2.
Solving for 1, this is when
i=122+1 and i=1242%"41.

We separate these out from our sum so, using equation (4.8),
we can view h(l+1,s) as

g(L,L, Dh(1,s —12%2) + g(1, 1,25+ 1)h(1,s — 12K2 — 2k T)

+ Y LR, s—i+ 1) +g(1L,2L2—Dh(l,s =12 +i—1)
ieM

where M is defined to preserve equality. We now consider the
case s =122 41,50 h(l4+ 1,122 +1) is

g(LL1R(1,1) +g(1,1, 2% "+ 1)h(1,2 7 +1)

+ Y [F(L DR, 1252+ 2—4) (4-9)
ieM

+g(L,1,2—1)h(1,12¢ 2 — 12T 4-9)].
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Examining each term of (4.9), we note that
g(LL2X T+ 1 h(1,2 1 +1) =0,
since h(1,2¥ " +1) = 0. For the sum in (4.9), this becomes

> (L[, 12924 2—1) + h(1,122 - 12T +4)],
ieM

because f(l,i) = ¢g(1,1,2 —1). Since h(1,s) is odd, for all s,
by Lemma 4.4, we obtain that

h(1,12%2 —i+42) + h(1, 122 — 12T 4+ 1)

is even. We know f(1,i) = 0 mod 27, therefore the whole sum
is congruent to 0 mod 2'. Hence, reducing expression (4.9)
modulo 2!, we conclude that

g(l+1,1,1)=g(1,1,1) mod 2"

Thus, if we can show that g(1,1,1) # 0 mod 2!, then the state-
ment will follow. Since we already know that

g(L,L,1) =0 mod 2",
we are left to prove the following claim:
g(1,1,1) =21 mod 2,
for 1 > 2. Let us prove this claim by induction on 1.
Basis Step: 1 = 2. By Lemma 4.1, we have
g(2,2,1) =2 mod 4,
hence the basis case follows.

Inductive Step: Assume that g(1—1,1—1,1) =22 mod 2,
then



114 M.L. Lewis — S.M. Tefft

g(L,1,1) Zfl—] )g(1,1,2—1).

Let

F={1<i<2d )i =122 41,122 41,122 -2 1)

and separate all terms not in J* to see this is
gl—1,1-1,1)g(1,1,1) +g(L—=T1,1, 1)f(1,1)
+g(l—1,1,2% "+ 1)g(1,2,1)

(4.10)
+Y f(1-1,1)g(1,1,2—1)

icJ*

Once more, we separate this sum over |* because it is congruent
to 0 mod 2! because

f(l—1,i) =0 mod 2"? and g(1,1,2—1) =0 mod 4,

by Lemma 4.2. Looking at the remaining pieces from expres-
sion (4.10),

gl—1,1—1,1)g(1,1,1) = 2" mod 2
by induction and Lemma 4.1. Next, we have
gl—1,L (1, 1) +g(l—1,1,25 T+ 1)g(1,2,1)
—g(l—1,L,1)+g(l—1,1,2% " 41)

which, by Lemma 4.7, is congruent to 0 mod 2. Thus, the
claim follows.
Hence, g(1+1,1,1) =2 mod 2'and L, (n) > (14+1)2K1—1.
Therefore,
Lm(n) = (L+1)2%7,

which concludes the proof. 0
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