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Abstract

We investigate the 2-generator p-groups of class two of central type.
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1 Introduction

Groups of central type were first introduced by DeMeyer and Janusz
in [3]. A finite group T is called of central type if there is an irre-
ducible character x of I" such that x(1)? = |I': Z(T')|. Theorem 2 in [3]
establishes that I' is of central type if and only if for any Sylow p-sub-
group P of T', P is of central type and Z(P) = Z(I') N P. Thus, it is
important to study the p-groups of central type in order to under-
stand groups of central type. Using the classification of finite simple
groups, Isaacs and Howlett proved in [7] that a group of central type
is solvable.

In [12], Shariari called a finite group G a central type factor group if
there exists a central type group I' such that G ~ I'/Z(T"). By abuse
of language, we will call such a group G a group of central type as
well.
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Definition 1.1 A finite group G is of central type if G ~ T/Z(T),
where T is a finite group such that [I' : Z(T')| = x(1)? for some ir-
reducible character x of T.

The classification of abelian groups of central type is known. Shari-
ari proved in Corollary 3.10 of [12] that G is an abelian group of
central type if and only if G = H x ¢(H), where ¢ : H — G is an
embedding of abelian groups. Other results about central type fac-
tor groups are known. For instance, Ginosar and Schnabel classified
all the groups of central type of order n? where n is a square-free
number (see [5]). The groups of central type of order p* have been
classified in [6] and [11].

In this paper we classify the 2-generator p-groups of class two of
central type. We will use the classification of 2-generator p-groups of
class two proved in [1]. The following is Theorem 1.1 in [1].

Theorem 1.2 Let p be a prime and n > 2 a positive integer. Every 2-ge-
nerated p-group of class exactly 2 corresponds to an ordered 5-tuple of inte-
gers (&, 3.y; p, o) such that:

Q) azp=y=>1,
(i) x+B+v=n,
(iii)) 0<p<yand0< o<,
where («, 3,v; p, 0) corresponds to the group presented by
Gpla, B,v;p,0) =(a,b | [a,bP" =[a,b,a =[abbl =1,
aP” = [a,b]P", bP" = [, b]P7).
Our main result is the following one.

Theorem 1.3 Let G = Gy, B,v;p,0) be a 2-generator p-group of
class 2. Then G is of central type if and only if one of the following con-
ditions holds:

(1) G =G1(2,1,1;1,1).
(2) P> 2,G= Gp(ﬁ +v, BIYIYIO)

(3) G=G20B+v,B,v;v,0), vy >1.
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2 2-Generators p-groups of class two

The 2-generator p-groups of class two have been classified in [1]. In
this section we introduce some notations and definitions in order to
restate the main result from [1]. In what follows, let p be a prime and
let n > 2 be an integer.

Definition 2.1 We define 7, to be the set of ordered 5-tuples of
integers satisfying the following conditions:

azpzy=1
(-Tn: (“/B/Y}pzd) : “+B+Y:n
0<p o<y

Definition 2.2 Let («, 3,v;p,0) € Tn. We define Gy (, 3,v;p, 0) to
be the group presented by

Gpla, B,v;p,0) =(a,b | [a,bP" =[a,b,a =[abbl =1,

aP” = [a,b]P*, bP" = [a, b]P")

where [a,b] = a "b'ab.

Remark 2.3 Let G be a group as in Definition 2.2. In [1] it is proved
that G is a 2-generator p-group of class two, of order p™, and |G'| = p?.

Definition 2.4 We define the following subsets of Tr:
St.a={(,B,vip, V) €ETn : «a>B =y =p=0},
Sib ={(,B,v;v,0) €ETn : x>p =y >02>0},
S1.c={(e, B,V;0,0)€Tn : > > yand min(y,c+ax—fp)>p >0 >0},
Sr={(x,0,¥;,0,¥) €Tn : x>y =p =0},
83.0 ={lv,v,vip,¥) €Tn : 0<p <},

SBv={v, v, vieY)eTn:0<p <y, p#ZYy—1HU{lv,v,v;y—1,v—1)€Tn}.

Now we define
81.aU81pU81US U834 ifpisodd
8 =
" 814 US1pUS . US USs, ifp =2
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Definition 2.5 A 5-tuple (o, 3,v;p,0) € Tn is a p-good 5-tuple
if (o, B,v;p,0) € Sn,p-
Theorem 2.6 Let G be a 2-generator p-group of class two and order p™.

There exists a unique p-good 5-tuple (o, 3,v;p,0) € Snp such that G is
isomorphic to Gy (o, B,v;p, 0).

Proor — This is a restatement of Theorem 1.1 in [1]. O

In the remainder of the paper we will assume that every 2-ge-
nerator p-group of class two and order p™ corresponds to a
unique p-good 5-tuple («, 3,v;p,0) € 8np and is generated by a,b
as in Definition 2.2.

Remark 2.7 Let G = Gy(a, 3,7v; p, 0) be 2-generator p-group of class
two. Then

C
C

pa—p X Cpﬁ—y X Cpe ifp<o

(1) Z(G) 2{

pa—y X Cpgfg X Cpo ifo<p

(2) G/G’ ~ Cpa x Cpe
where C;, denotes the cyclic group of order n.

Definition 2.8 A group G is capable if there exists a group I" such
that G ~ T/Z(T).

The capable 2-generator p-groups of class two have been classified
in [10]. For completeness we state the main results from [10].

Theorem 2.9 (see Theorem 63 in [10]) Let G = Gy («, B,v;p,0) be
any 2-generator p-group of class 2 with presentation as in Definition 2.2
and p > 2. Then G is capable if and only if

x—B=p—0c and y=p.

For p = 2, we have thee following result.

Theorem 2.10 (see Theorem 67 in [10]) Let G = Ga(«, B,7v;p,0) be
any 2-generator 2-group of class 2 with presentation as in Definition 2.2.
Then G is capable if and only if it meets one of the following conditions

i) p<o =B, andp=;
(i) p>0,x—B=p—0>dpy,andp =7y,
(ili) p=o=y=R,and x =v+1;

where &5 is Kronecker's delta.
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3 Groups of central type

It is straightforward from Definition 1.1 that any group of central
type is capable.
Suppose we have G ~ I'/Z(T'). Then we have an exact sequence:

1—-ZIM—>T—>G6—1.

In this case, an irreducible representation of I' induces a projective
representation X of G.
Given X a projective representation of G, we have a 2-cocycle:

f:GxG—C"
Then we can define the twisted group algebra C'G as follows:

Definition 3.1 Let G be a finite group and let f € Z?(G,C*) be a 2-
cocycle. The twisted group algebra is the C-algebra with basis {ug}lgcg
and multiplication

ugun = f(g, hJugn

extended by distributivity.

The twisted algebra depends up to C-isomorphism only on the
cohomology class of f. We denote the twisted group algebra by C'G.

The twisted algebra C'G is always semisimple (see Theorem 3.2.10
in [8]). By Maschke’s Theorem, the group algebra CG is also semisim-
ple. However, CG is not simple unless G is trivial. By contrast C'G
can be simple, as illustrated in the following theorem:

Theorem 3.2 (Theorem 1 in [3]) A group G is a group of central type if
and only if there exists f € Z%(G,C*) such that C'G is simple.

Definition 3.3 If C'G is a central simple C-algebra, then f is called
non-degenerate.

If CG is not a central simple C-algebra, then dim Z(CfG) > 1.
Hence, there exists 1 # x € G such that

f(X/ 9) = f(g, X)

for all g € Cg(x).
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Definition 3.4 Let f € Z2(G,C*). A non-identity element x € G is
called f-regular if
f(X/ g) = f(g/ X)

for all g € Cg(x).
Remark 3.5 (1) xis f-regular if and only if

[uX/ 'LLg} = ]

for all g € Cg(x), where [uy, ugl = u,j]ug]uxug.

(2) G is of central type if there exists f € Z?(G,C*) such that x = 1
is the only f-regular element. So in order to show that G is not
of central type it is enough to show that there exists 1 # x € G
such that for all g € Cg(x) we have

[uX/ ug} = ]

for all f € Z2(G,C*).
The following lemma is Lemma 2.5 in [11].

Lemma 3.6 Let G bea finite group and let f € Z?(G,C*) and let a,b € G
be commuting elements such that in C'G we have [uq, up] = A. Then A
is a root of unity of order dividing the greatest common divisor of o(a)
and o(b).

Theorem 3.7 (see Theorem C in [4]) Let G be a group of central type.
Then the center of G embeds into the group G of 1-dimensional characters
of G.

Summarizing we have the following: if G is a group of central type
then

e By Definition 1.1, |G| = [I": Z(T")| = (1 )2, so the order of G must
be a perfect square.

e Z(G) is isomorphic to a subgroup of G/G’.

e Since C is algebraically closed, if o(g) = m then we can always

assume that for any f € Z2%(G,C*), we have u‘g“ = 1 in the

corresponding twisted algebra C'G (see page 4 in [11]).

e If a,b € G are commuting elements such that [uq, up] = A
Then A is a root of unity of order dividing the gcd(o(a), o(b)).
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4 Main Results

In this section let G = Gy («, 3,7v;p,0) be any 2-generator p-group
of class 2 with presentation as in Definition 2.2. Let f € Z2(G,C*)
be a 2-cocycle. Then CfG is generated by 1q,up, and uc and the
following hold:

x+y—p B+y—o Y
ub =up =ul =1,
[Wa, Upl = Que, [ua, uel = A, and [uc, upl =y,

where (, A, and p are complex roots of unity.
The following lemma gives the commutator relations in C'G.

Lemma 4.1 With the above notations for all integers r,s > 1 we have:
(1) [ul,uel = [ug, ull = A"

(2) [ug, upl = [uc, uj] =pu".

r(r71]s 5(571)1‘ rs
7 Sz Tugs.

(3) ug, ugl =A™

o

In particular, AP? = uP =1.

Proor — It follows by induction on r and s. In particular,
since aP® = cP” = 1 we have AP® = [ug,u2’] = [uq, ubl’] = 1. Simi-
larly, for uP° = 1. 0

Theorem 4.2 If G is of central type, then p =y.

Proor — It follows immediately from Theorems 2.9 and 2.10, and
the fact that every group of central type is capable. 0

Theorem 4.3 Let G be a group of central type. Then 0 =0 or o ="y.

PrOOF — Since G is of central type, we have p =y and Z(G) — G/G’.
Also, Z(G) = Cpa—y x Cpp-0 x Cpo and G/G’ ~ Cpa x C,e. We ob-
tain @« = 3 =y. If p is odd then we cannot have « — 3 = p — 0, so the
condition of Theorem 2.9 is not satisfied. If p = 2 then again the con-
dition (ii) of Theorem 2.10 is not satisfied. Thus, G is not of central

type. O
Theorem 4.4 Ifp > 2and G € 87 4, then G is not of central type.
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ProOF — Let G = Gp (o, B,v;p,Y) € 81,4 be of central type, so o« > 3
and from Theorem 2.9 we must have

x—pB=p—o.

This is impossible beacuse p = ¢ = vy, but « > 3. Thus, G is not of
central type. 0

Theorem 4.5 Ifp=2and G € 87 4, then G is of central type if and only
ifG=G2(2,1,1,1,1).

Proor — It has been shown in [11] that G,(2,1,1;1,1) is of central
type (see Theorem 3.9 in [11]). Assume

G = GZ(O(/ BIY/ p/Y) € Sl,a

is of central type. We claim that G = G,(2,1,1;1,1). First, we must
have o > 3 and p = v. Hence, by Theorem 2.10 we must have y = 3
and x =vy+1.

We will show that if v > 1, then G = Gy(y +1,v,V;7V,v) is not
of central type. Note that since |G| = 23Y+1 and |G| must be a per-
fect square we must have v is odd. We have that C'G is generated
by uq, up, and ue where

2v+1 2y 2Y

ug =up =uz =1,

[ua/ub] - CuCI [ua/uc] - 7\/ [uC/ub] =N,

and (, A, p are complex numbers such that CZYH = = uzy = 1.
We also have 1 = [ua,ulzoy] =% ufzy_]. Thus, (27 = pzy_].
Case1 Suppose that o(A)= o(p)=2". Then (*" = szq: A2 = .

We have 1 # a2’ € Z(G) and for any y = a"bSct € G we obtain

Y Yo —2Y(2Y-1)
v, wyl = g ufugul] = C2"SA— 2 Su

= 2SAY s = (1S (-1)s = 1.

ste) ava 27t

This shows that a?" is an f-regular element. Thus, G is not of central

type.

Case 2 Suppose that o(A),o(pn) < 2Y, and let 20 = max(o(A),o(u)).
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2

5 . .
Then x = ¢~ is an f-regular element since

2

5 _ 7% 3
W2 uluul] =A=2mu?s =1

for any y = a"b%ct € G. Thus, G is not of central type.
Case 3 Suppose that o(A) = 2Y and o(u) = 2Y=% where 1 < 6 < v.

Then (2" = p2"' = 1. Without loss of generality we can assume
that L = A2°™ for some odd integer m.

We will show that x = a2”" ' ™b2c is f-regular. We have:
Cg(x) = {a"bc* : 25 1 ms — 2r = 0 mod 2V

Let y = a™bsct € Cg(x) and assume that 22T ms — 2r = u-2Y for
some integer u. Then using properties of commutators we have:

208+1

[y, uyl = g ™udue, ufuful]
28t m 410,28 T m 1S u 2 Lt 2 4TS s T
= ([ug Suellug Jugupl) g, uellug, uguglue, ug lue, ug]
< 5+1 5+1
— CZZ’HmeZr)\ZéHmt—Z il m(22+ mf”s+2r(271)—rwu25+]m572rs
C 7

where

s(s—=1) 58+1,, - 95+1 -
w=p 2 2 m—r+s—2t+2-2 ms er.

Since 28+ ms —2r = u-2Y, ¢ =1, uZ’ =1, and p =A™, we
obtain [uy, uy] = AE where

- 28+2mt7 225+2m23+26+1 TTLS+2T2*2T‘* 2T+225+1 mzszi 225+1 m28726+1 mr
- 2

N 20+ g — 2842t 2. 228421325 . 28+ T g
5 )

Using again the fact that 25 Tms — 2r = u-2Y, we can simplify E.
We obtain:

oW 2V 4u? 221y 2 28 T (28 Tms + 29 ms+1—28+2ms)
— : ‘
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Now, 2272ms = 28+ Tmg + 29t g = 28+ Tims + 29ms + 28ms. Hence,

L 2u2Y + w22y+y=1 _ 28+ (28 mg 4 1)

E
2

=w-2Y +ul 2vtY=2 28 . 2v T

Sincey > 3 and 6 > 1, we obtain E = 0 mod 2Y. Hence,
[y, uy] =AF =1

and x is an f-regular element.

Case 4 Assume that o(pt) =2 and o(A) =2Y 2 for some 1 < & < .

. . 5
As in the previous case we can assume that A = p> ™ for some odd
integer m.

We will show that x = ab?’™c is f-regular. We have:
Cglx) ={a"d%c' : s —2%mr =0 mod ASS

Lety = a"bsct € Cg(x) and assume that s — 2°mr = u-2Y for some
integer u. Then as in the previous case,

5
[ux/uy] = [uau% muc,uauiu’é]

s(s—1) Zém(Zém—U

pz_ 2

— Cs—ZﬁmrA@Z"_’m—r—i—t r—28mt+s+2%ms—2%mrs

. _ 9% 3 . -1 &
Since (572" M7 = W 2¥ — w2 and A=p2°™, we have [ux, uyl= uE,
where

w-2Y 482542 22ms+ 29 T mt+4220m2r2 2202y _ 2201 2y

E = >
29mr—2-2%mrs — 29+ Tmt — 29+ T 4 25
* 2
w-2Y +u? 22y o 2Y 420w 2Y +2-2%m(s — 28mr)

2
= w2 2VTYTl 2y YO,
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Since y > 3 and 6 > 1, we obtain E = 0 mod 2Y. Hence,
[uX;uy] = FLE =1

and x is an f-regular element.
Thus, G = G2(y+1,7v,v;V,7Y) is not of central type if y > 1. a

Theorem 4.6 Ifp > 2, then G € 81, is of central type if and only
ifo=0and «=p+vy.

ProoF — Let G = Gp(o, B,v;v,0) € 811, be of central type. Then
from Theorem 4.3 we must have o = 0. From Theorem 2.9 we must
have o« — 3 = p — 0. This implies o« = 3 +.

Conversely, we will show that G = G (B +7, B,v;7V,0) is of central
type. We have:

G=(a,b:a " =bP"" =1, [a,b] =bP", [a,b,a] = [a,b,b] = 1).

Let Ry = C(b) be the group algebra corresponding to the group
generated by b. Consider the CPBH = (a) action on Ry given by

B
Wo(up) =uf ",
where ( is a root of unity of order p B+y, By setting W4 (u’é) =Y (up)t

we ensure that ¥ is a homomorphism of Rj.
We will show that ¥, has order pP*Y. We have that

k—1 k
\yl((l(ub) — C1+T+...+T‘ LL{; ,
for all integers k > 1, where r = pP + 1. Tt is easy to see that

B+v
YE (up) = up.

Since o(up) = pP*Y, if YK (up) = up then we must have pPtY
divides (pP 4 1)% — 1. So, there exists an integer s such that

(PP + 1)k —1 =spPtY,

In this case the exponent of ( is

K K
-1 (pPH1k -1 :spﬁﬂfzpv&
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Since the order of ¢ is pP™Y we must have pP | s. We obtain
(PP 4+ 1) =1 =pBTBHry,
for some integer t. But

k(k—T)
2

(PP 4+ 1) =1 =pPpBlrl) ypBle=2) pP k).

It follows that

K(k—1
pPHY [ pBU) L ypBlk=2) (2 JpP 1k

We must have that pB divides k. Hence, k = pﬁl, for some integer 1
and

k(k—T)
2
k(k—1)

=pB(pPk=2) p1pBlk=2) 4 4 ——+U= pP Y.

pPU—T) fpBlk=2) 1 | 4 pP+k

Note that since p > 2 we must have k > 3. By the same argument
as before, we must have pY | 1. Thus, pﬁw | k. Hence, ¥, has or-
der pB+Y.

Therefore, the ring R generated by uq, uy is a crossed product
of (uq) over Ry. Hence, R is an associative complex algebra generated
by uq, up with relations

uﬁﬁﬂ = u{;ﬁﬂ =1, [Uq, up] = Cu]gB
where ( is a root of unity of order pB+V. Thus, there exists a cocy-
cle f € Z2(G,C*) which satisfies the above relations.

It remains to show that the only f-regular element is 1. Let x = a'b/,

with 0 < 1,j < pﬁ“’, be an f-regular element of our group G. We
show thati=j =0.

Case 1 Suppose thatp {i. Then bP" € Cg(x) and [uy, Uppy]= Y £,
since p 1 i.

Case 2a  Suppose that i = 0 mod p?. In this case, we have b € Cg(x)
and [uy, up] = ¢ -ui,pﬁ = #1.
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Case 2b  Suppose that p | i but i # 0 mod pY. Then there is an inte-
ger 1 such that ir = 0 mod pY but ir # 0 mod pP*Y. Then b™ € Cg(x)

and [y, wp) = ()P’ = ¢ £ 1

Hence, we can assume thati=0,s0ox =bJ, 0 < j < pB+V.
Case3 Ifpf{jthen aP’ € Cg(x)and [ux, u pv] =P #1.
Case 4a If j = 0 mod pY then a € Cg(x) and [uy, uql = e # 1.

Case 4b Suppose that p | j but j # 0 mod p?Y. Then there is an inte-
ger s such that js = 0 mod pY and js #0 mod pP+Y. We have ae Cg(x)
and [uy, ugs] = J% # 1.

Thus, j =0 and x = 1 is the only f-regular element. Therefore G is
of central type. 0

Theorem 4.7 Ifp =2and G € 8 v, then G is of central type if and only
ifo=0,a=p+vy,andy > 1.

PrOOF — As in the proof of the previous theorem we have o =0
and o« =  +vy. We will show that if y = 1 then

G=G2(p+1,B,1,1,0)

is not of central type. In this case C'G is generated by 1q,up with

. p+1 B+1 .
relations u%l = u% = 1 and [ug,up] = ¢, where ( is a root of

unity of order dividing 26+ 1. Let x = b2* # 1. Then

2 eCglx) and fuxuel=02"" =1,
Thus, x is f-regular and G is not of central type.

Conversely, assuming that v > 1, we will show that the group
G = G2(B+v,B,v;v,0) is of central type. The proof is identical to
the proof we presented in the previous theorem. We need the fact
that B > v > 2 to show that ¥, has order 2B+Y. If v = 1, then ¥,
does not have order 2817, 0

Theorem 4.8 If G € 81  then G is not of central type.

Proor — Since G € 87 we have p <. Hence, by Theorem 4.2 G is
not of central type. 0
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Theorem 4.9 If G € 8, then G is not of central type.

ProoF — Let G = Gp(o, ,v;p,vY) € 82 and assume that G is of
central type. By Theorem 4.2, we have p = . Also, Z(G) — G/G’. In
this case Z(G) = Cpa—v X Cpa—y X Cpy and G/G’ = Cpa x Cpe. It is
easy to see that Z(G) does not embed into G/G’. Thus, G is not of
central type. 0

Theorem 4.10 The group G = Gy, (v,7V,V;7V,V) is not of central type.

Proor — The twisted algebra C'G is generated by uq, up, uc with
relations

Y Y Y
ul’ =ul =ul =1, ugup] = Que, [ug,ucd =A, [uc, upl =,

where ¢ = [a,b] and {, A, p € C. We have that AP" = P’ =1.

If there exists and integer 0 < & < y such that 7\p5 = p.pé =1, then
it easy to see that 1 # x = cpZS is an f-regular element. Hence, we
must have that either A or p have order pY. Without loss of generality

assume that o(A) = pY and p =A™, for some integer 0 < m < p?.
We will show that x = a™b is an f-regular element. We have

Cg(x)={a"d%c' : ms—r=0mod p}.

Let y = a"bsct € Cg(x) and assume that ms —r = up? for some
integer u. Using the fact that © = A™ we obtain

[, wyl = [upup, uhufud]

(m—1) r(r—1)

—m s(s—1)
Cms—rA > st——>—+mt, —5—

m+ms—rs—t

o
Cms—r}\E

where

—m?%s+ms+ 12 —1+2mt + m?s? — m%s +2m?s — 2mrs — 2mt

E=
2

Using again the fact that ms —r = up¥ we obtain

upY(upY +1)

E
2
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Thus,

Case 1 Suppose that p is odd. Then we have

Y —pY(p¥Y-1) Y
1=y, upl =C A 2 =(P".

Using this we obtain

'Y( Y+])
Uy, Uyl = -

Regardless of whether u is even or odd we have pY divides the
exponent of A. This implies that [uy,uy] = 1 and x is an f-regular
element. Thus, G is not of central type.

Case 2 Suppose that p = 2. Then

v, =2Y(2Y-1) v,ov—1
T=[ugor,wl =GN 7 =0"A" .

Hence, (2" =A=2""". We obtain

fux, ] = QU2 2 u2 a2 )
—Au2Y T (T u2Y 1) g
Hence, x is f-regular element. Thus, G is not of central type. 0

Theorem 4.11 If G € 83 o, then G is not of central type.

Proor — Let G = Gy (v,v,V;0,v) € 83,a. Then by Theorem 4.2 we
must have p = y. From Theorem 4.10 we have that G=G, (v,v,v; v, V)
is not of central type. O

Theorem 4.12 If G € 83y, then G is not of central type.

Proor — If G = Ga(v,v,v;0,Y) € 83, then by Theorem 4.2 we
must have p = y. From Theorem 4.10 we have that G=G, (v,v,v; v, V)
is not of central type. If G = G2 (v,v,v;Y—1,v—1) then G cannot be
of central type by Theorem 4.2. 0

Summarizing, we have the following result.

Theorem 4.13 Let G = Gy(, B,7v;p,0) be a 2-generator p-group of
class 2. Then G is of central type if and only if one of the following condi-
tions holds:
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(1) G=G2(2,1,1;1,1).
(2) P > 2, G = Gp(ﬁ +Y/ BIY/Y/O)
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