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Abstract

The affine general linear group 2%:GL(5,2) of GL(6,2) has 6 conjugacy classes of
maximal subgroups. The largest maximal subgroup is a group of the form

21+8.GL(4,2) :=G.

In this paper we firstly determine the conjugacy classes of G using the coset analy-
sis technique. The structures of inertia factor groups were determined. These are

the groups Hy = Hg = GL(4,2) ~ Ag, Hy = H3 = 23:GL(3,2), Hg = 217*:GL(2,2)
and Hs = GL(3,2). We then determine the Fischer matrices and apply the Clifford-
Fischer theory to compute the ordinary character table of G. The Fischer matrices
of G are all listed in this paper. These matrices satisfy some additional interesting
properties (Lemmas 3 and 4) comparing to the Fischer matrices of other group exten-
sions. Using information on conjugacy classes, Fischer matrices and ordinary and
projective tables of Hy, Hj, ..., Hg, we concluded that we need to use the ordinary
character tables of all the inertia factor groups to construct the character table of G.

The character table of G is a 69 x 69 complex matrix and is given here (in the format
of Clifford-Fischer theory) as Table 7.
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1 Introduction

Let GL(n, q) be the finite general linear group consisting of n x n
invertible matrices over the Galois field Fq. It is well-known that
the affine general linear subgroup of GL(n, q), is a group of the form
q™1:GL(n—1,q). Starting with the extra-special 2-group Py, ::21++2“,
the authors were able to write a GAP [14] subroutine to generate a
group of the form 21L+2X2n:GL(2n,2) := Gap, for many values of n.
We are interested in studying the group Gz, in general and investi-
gating its properties and internal structure, and find a solid theoret-
ical proof for the existence of such group in general for any n € IN.
However this could be far away and hence for better understanding
of the situation one needs to consider various special cases first and
see if one could generalize some of the results obtained from the spe-
cial cases to the generic case. In the special case, for small values of n,
we used GAP to construct the group G;,, and we tested the existence
of these groups inside some other bigger groups. In fact we found
that for such special cases the %roup Gon to be sitting inside the
affine general linear group 220+ 1.GL(2n +1,2) of GL(2n +2,2). This
gives indication that this result may be true in general for any n € IN.
Also another interesting result that we found for the special cases
of n, is that the action of G, on the conjugacy classes of its ker-
nel N = 217221 gives six orbits of lengths

1, 221 2 (twice), 2(22™ —1)(22"1 —1), 24" — 22" and 1,

while the action of G,,, on the irreducible characters of N = 21r+2xz“

gives six orbits of lengths
1, 22™ —1 (twice), (22" —1)(22™"1—1), 241 22T and 1.
The corresponding inertia factor groups are
GL(2n,2),22"1:GL(2n—1,2) (twice),
Gon_p =272"2GL(2n~2,2), GL(2n—1,2) and GL(2n,2).

We conjecture here that the above results are also true in general.
In this paper we pay our attention to the special case

Gy =2178:G1(4,2) =G,
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which is a maximal subgroup, of index 31, of the affine general linear
group 2°:GL(5,2) of GL(6,2). In fact with the help of GAP [14], we
were able to determine the structures of all the maximal subgroups
of the affine general linear group M = 2°:GL(5,2) of GL(6,2). Repre-
sentatives M; of these maximal subgroups can be taken as in Table 1.

Table 1: Maximal subgroups M = 2°:GL(5, 2)

My M| [M : My]
2178.G1L(4,2) 10321920 31
24+5:.GL(4,2) 10321920 31
GL(5,2) 9999360 32

227:(GL(3,2) x S3) 2064384 155
27:(GL(3,2) x S4) 2064384 155
(2°:31):5 4960 64512

Remark 1 We would like to mention here that the work on the max-
imal subgroup M, = 24+5:GL(4,2) of M, which has the same size
as of our group G = 21++8:G L(4,2), has been completed and submit-
ted (see [11]).

In this paper we are interested in determining the conjugacy clas-
ses, inertia factor groups and calculating the Fischer matrices and
hence the ordinary character table of G = 2178:GL(4,2) using the
coset analysis technique together with the theory of Clifford-Fischer
Matrices. This is a very good example for the applications of Clif-
ford-Fischer theory since the kernel of the extension is non-abelian
group. Not many examples of these type have been studied via Clif-
ford-Fischer theory. The Fischer matrices of G have all been deter-
mined in this paper and their sizes range between 2 and 11. In ad-
dition to the common properties that the Fischer matrices of any
extension satisfy, the Fischer matrices of our group G satisfy further
interesting properties (Lemmas 3 and 4). The character table of G is
a 69 x 69 complex valued matrix and it is partitioned into six blocks
corresponding to the six inertia factor groups H; = Hg = GL(4,2),
Hy = H3 = 23:GL(3,2), H4 = G, = 217%:GL(2,2) and H5 = GL(3,2)
(see Section 3). If one only interested in the calculation of the charac-
ter table, then it could be computed by using GAP or Magma [12] and
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the generators g; and g, of G, given below. But Clifford-Fischer The-
ory provides many other interesting information on the group and
on the character table, in particular the character table produced
by Clifford-Fischer theory is in a special format that could not be
achieved by direct computations using GAP or Magma. Also provid-
ing various examples for the applications of Clifford-Fischer theory
to both split and non-split extensions is making sense, since each
group requires individual approach. The readers (particularly young
researchers) will highly benefit from the theoretical background re-
quired for these computations. GAP and Magma are computational
tools and would not replace good powerful and theoretical argu-

ments. —
Now with the help of GAP we were able to construct the group G

as a permutation group on 32 points. In fact G < A3z, with large
index. The following two elements g; and g, generate G

g, = (1,14,24,12,29,27,8)(2,18,28,10,31,23,6)
(3,32,19,21,7,26,20,4,30,15,25,5,22,16)(9,11),

g, = (1,27,25,10,13,30,6,24,26,18,29,19)
(2,23,21,12,17,32,8,28,22,14,31,15)(3,9,5,20)(4,11,7,16)

with o(gy) = 14, o(g2) = 12 and o(g;g,) = 14, where we write
(ay,az,a3,...,ax) for the permutation (a; a a3z --- ag).

Let N := 218 and G := GL(4,2) ~ G/21™8. Then G = N:G.
Since G can be constructed in GAP [14], it is easy to obtain all its

normal subgroups. In fact G contains 6 normal subgroups of or-
ders 1,2,32,32,512 and 10321920. The normal subgroup of order 512
is an extra-special 2-group isomorphic to N. The following ele-
ments nj,ny,...,Ng are permutations acting on 32 points that gener-
ate N.

=(1,5)(2,7)(3,6)(4,8)(9,10)(11,12)(13,22)(14,16)(15,24)
(17,26)(18,20)(19,28)(21,29)(23,30)(25,31)(27,32),

Ny = (1,13)(2,17)(3,21)(4,25)(5,22)(6,29)(7,26)(8,31)(9,15)
(10,24)(11,19)(12,28)(14,23)(16,30)(18,27)(20,32),

)
)
ns = (1,9)(2,11)(3,14)(4,18)(5,10)(6,16)(7,12)(8,20)(13,15)
(17,19)(21,23)(22,24)(25,27)(26,28)(2 9 30)(31,32),

ns = (1,3)(2,4)(5,6)(7,8)(9,14)(10,16)(11,18)(12,20)(13,21)
(15,23)(17,25)(19,27)(22,29)(24,30)(26,31)(28,32),

=(13,17)(15,19)(21,25)(22,26)(23,27)(24,28)(29,31)(30,32),
ng =(9,11)(10,12)(13,17)(14,18)(16,20)(21,25)(22,26)(29,31),
ny =(5,7)(6,8)(9,11)(13,17)(14,18)(21,25)(24,28)(30,32),
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ng = (1,2)(6,8)(10,12)(14,18)(15,19)(21,25)(22,26)(30,32).

Using GAP we have found that N has only one complement in G
and hence can be identified with G. The following two elements g;
and g, are permutations acting on 32 points that generate the com-
plement G = GL(4,2).

g1 =1(3,6,9,10)(4,8,11,12)(5,16)(7,20)
(15,24,21,29)(19,28,25,31)(22,30)(26,32),
g2 = (3,14)(4,18)(5,27)(6,17)(7,23)(8,13)(10,25)(12,21)
(15,20)(16,19)(22,24)(26,28).
with o(g7) =4, o(g2) =2 and o(g7g2) = 15.

For the notation used in this paper and the description of Clif-
ford-Fischer theory technique, we follow [1],[2],[3],[4].[5],[6],[7],[8],

[9],[10] [11].

2 Conjugacy classes of G = 2/"%:GL(4,2)

In this section we determine the conjugacy classes of G using the
coset analysis technique (see [1], or [16] and [17] for more details)
as we are interested to organize the classes of G corresponding to
the classes of G. Recall that N is a group of order 2'*® =512 and
has 28 + 1 = 257 conjugacy classes. The action of N = (ny,ny,...,ng)
on the identity coset N1g = N produces the 257 conjugacy classes
of N, where we know that N has

e singleton conjugacy class consisting of 1y,

e singleton conjugacy class consisting of the central involution o
of N,

e 135 conjugacy classes, each class consists of two non-central
involutions,

e 120 conjugacy classes, each class consists of two elements each
is of order 4.

Using GAP, the action of G = (g7, g>) on these 257 orbits

e leaves invariant {1n} := Q7 and {0} := Q>,
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e fuses 15 conjugacy classes (each class consists of two non-central

involutions) together to form a new orbit Q3 of length 30,

e fuses 15 conjugacy classes (each class consists of two non-central

involutions) together to form a new orbit Q4 of length 30,

e fuses 105 conjugacy classes (each class consists of two non-cen-
tral involutions) together to form a new orbit Qs of length 210,

e fuses the 120 orbits of elements of order 4 altogether into a
single orbit Q.

Thus in G, we get six conjugacy classes of sizes 1,1, 30, 30,210 and 240.
Similarly one can apply this to the other 13 cosets Ng;, where g; is
a representative of a conjugacy class of G (for the classes of G, we
refer to page 22 of the Atlas). Corresponding to the 14 conjugacy
classes of G = GL(4,2), we obtain 69 conjugacy classes for G. We list
these classes in Table 2, where the notations used in this table are as

in [1],[2],[3]14].[5].[6].[7].

Table 2: The conjugacy classes of G = 21 8:GL(4,2)

[ Taile | ki myj [ lgylg [ olgy) [ lMgslgl [ ICglgy)l ]
my; =1 gn 1 1 10321920
miy =1 gi12 2 1 10321920
g1 =1A | k1 =257 my3 =1 g13 2 30 344064
mig =54 gia 2 30 344064
mis =72 gis 2 210 49152
mig =72 gie 4 240 43008
my =4 g21 2 420 24576
my =4 922 2 420 24576
my3 = 24 923 2 2520 4096
myq = 24 924 2 2520 4096
mys = 24 925 2 2520 4096
g2 =2A k2 = 65 mys =48 d26 4 5040 2048
my7 =32 927 4 3360 3072
myg = 32 928 4 3360 3072
myo = 96 g29 4 10080 1024
my,10 = 26 92,10 4 10080 1024
my11 =96 92,11 4 13440 768
Continued on next page
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[ laile | Kk myj [ lgiilg | olgy) [ lgylgl [ ICg(gy)l |
m3 =16 931 2 3360 3072
m3; =16 932 2 3360 3072
gs =2B k3 =17 mz3 = 96 g33 4 20160 512
m3s = 96 g3a 4 20160 512
ms3s = 96 935 4 20160 512
mse = 192 936 | 4 40320 256
gq4 = 3A k4 =2 my1 = 256 ga1 3 28672 360
myy = 256 942 6 28672 360
ms; =16 gs1 3 17920 576
ms; =16 gs2 6 17920 576
gs =3B ks =17 ms3 = 96 953 6 107520 96
msy = 96 954 6 107520 96
mss = 96 gs5 6 107520 96
mse = 192 Jse 12 215040 48
meg = 16 Jde1 4 20160 512
megy; =16 Jde2 4 20160 512
mez = 32 ges 4 40320 256
meg = 32 ges 4 40320 256
ge=4A | ke¢=5 mes = 32 ges 4 40320 256
mege = 64 Jdee 4 80640 128
megy = 64 Jge7 4 80640 128
mgg = 64 Jdes 4 80640 128
mgo = 64 Jde9 4 80640 128
meg10 = 128 96,10 8 161280 64
my; = 64 g71 4 161280 64
myy; = 64 g72 4 161280 64
g7 =4B k;=2 my3 =128 g73 8 322560 32
myy =128 974 8 322560 32
mys = 128 975 8 322560 32
gs =S5A kg =2 mgy = 256 gs1 5 344064 30
msgz = 256 gs2 10 344064 30
go = 6A ko =2 mo = 256 go1 6 430080 24
moy = 256 g92 6 430080 24
mio,1 = 64 g10,1 6 215040 48
myo2 = 64 g10,2 6 215040 48
gio=6B | kjo=5 | myp3 =128 g10,3 12 430080 24
mip4 = 128 g10,4 12 430080 24
mios = 128 g10,5 12 430080 24
miy,1 = 64 gi11,1 7 184320 56
miy = 64 g11,2 14 184320 56
g =7A | k;1=5 | my3=128 g11,3 14 368640 28
mi14 = 128 gii,4 14 368640 28
miyis = 128 g11,5 28 368640 28
Continued on next page
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I lgilc [ ki [ myj [ lgiilg | olgy) [ llgylgl [ ICg(gy)l |
miy, = 64 g12,1 7 184320 56
mio = 64 g12,2 14 184320 56
g12=7B | ki2=5 | myz3 =128 g12,3 14 368640 28
miz4 = 128 g12,4 14 368640 28
mizs = 128 gi125 28 368640 28
g1z =15A | k13 =2 | my37 =256 g13,1 15 344064 30
mi32 =256 | gi32 30 344064 30
g14a=15B | kg =2 | mys1 =256 | gi4.1 15 344064 30
myg2 = 256 g14,2 30 344064 30

3 Inertia factor groups of G = 2!"%:GL(4,2)

We have seen in Section 2 that the action of G on N produced six
orbits of lengths 1, 30, 30, 210, 240, and 1. By a theorem of Brauer
(for example see Theorem 5.1.1 of [1]), it follows that the action of G
on Irr(N) will also produce six orbits. It is well known that any extra-
special p-group of order p'*?™ has p?™ + 1 irreducible characters
(p2™ linear characters of the vector space p?™ are inflated to the
full extension p'*?™ and p — 1 faithful irreducible characters each
of degree p™). Thus the group N = 21r+8 has 257 irreducible char-
acters in which 256 characters are linear and one unique faithful
character © of degree 16 (the values of 0 are as follows: 8(1n) = 16,
0(o) = —16 and 6(t) =0 for any t € N\ {In, o}, where o is the cen-
tral involution of N). Using Program C of Seretlo [19] we have found
that the orbit lengths of the action of G on Irr(N) are 1, 15, 15, 105,
120 and 1 with corresponding inertia factor groups H; = GL(4,2),
Hy = H3 = 23:GL(3,2), Hq = G, =217*%:GL(2,2), H5 = GL(3,2) and
Hg = GL(4,2). As permutation groups acting on 32 points, the in-
ertia factors Hy, H3, Hs and Hs are generated as follows: H, = H3
= (x1,2), Hy = (B1,B2), and Hs = (y1,7v2), where

o1 =(9,32)(10,27)(11,30)(12,23)(14,28)(15,20)(16,19)(18,24),

o = (3,28,27,9,5,16,31)(4,24,23,11,7,20,29)
(6,25,10,14,19,26,32)(8,21,12,18,15,22,30),

B1=(3,56)(4,7,8)(10,16,14)(12,20,18)(21,22,29)
(23,24,30)(25,26,31)(27,28,32),

B>=1(3,31,25,6)(4,29,21,8)(5,26)(7,22)(9,32,10,14)
(11,30,12,18)(15,20,24,23)(16,28,27,19),



A maximal subgroup of the affine general linear group of GL(6,2) 9

vi=(9,16)(10,14)(11,20)(12,18)(15,30)(19,32)(23,24)(27,28),

v2 = (3,6,16)(4,8,20)(5,9,10)(7,11,12)(15,24,22)
(19,28,26)(21,29,30)(25,31,32).

We assume that the first orbit on the action of G on Irr(N) consists of
the identity character while the sixth orbit consists of 8. Note that all
characters of the other orbits are linear. The identity character 1y is

extendable to a character of G (since lgiﬁ = 1n). Also since G splits
over N and the characters of the second, third, fourth and fifth orbits
are linear, it follows by application of Theorem 5.1.8 of [1] that these
characters are extendable to ordinary characters of their respective in-
ertia groups. Thus for the construction of the character table of G, all
the character tables of the inertia factors Hy, Hy, H3, H4 and Hs that
we will use are the ordinary ones. In Section 4 we have supplied the
character tables of Hy, H3, Hs and Hs. At this stage we are not yet
sure whether the unique faithful character 0 of degree 16 of N is ex-
tendable to ordinary character of Hg = G or not. However by the At-
las [13] we know that the Schur multiplier of Hg = GL(4,2) >~ Ag is 2
with [Irr(Ag)| = 14 and [IrrProj(Ag,2)| = 9. By Section 2 we know
that the number of conjugacy classes of G = 69 and hence it follows
that [Irr(G)| = 69. By Atlas and Section 4 we have

Irr(Hq)| = 14, |Irr(Hy)| =|Irr(H3)| =11, [Irr(Hy)| =13
Irr(Hs)| = 6, IIrr(Hg)l =14 and |IrrProj(He,2)| = 9.

Thus if we will use the projective character table of Hg with factor
set oo ~ [2], we will get

[Trr(Hq )| + [Irr (H )| + [Trr(H3)| + [Trr(Hg )| + [Trr (Hg )| + [Trr(He)|
=14+11+11+134+6+9 =64 # 69 = [Irr(G)|.

This simple argument shows that we have to use the ordinary char-
acter table of Hg to construct the character table of G. Note that

6
D [rr(Hs)| = 69 = [Irr(G)I.

i=1

Also we deduce that there exists a character © € Irr(G) with
deg(®) = 16 such that @iﬁ =0.
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4 Character tables of the inertia factor groups

The character table of H; = Hg = G is available in the Atlas. We have
used GAP to construct the character tables of H, = Hz = 23:GL(3,2)
and Hy = G, = 21L+4:GL(2,2) since we know from Section 3 that
H; = (a1, ) and Hgy = (B1, B2). The character table of Hs is avail-
able in the Atlas. For the sake of convenience we have listed the
character tables of H = H3 and Hj in Tables 3 and 4 respectively.
Also to be consistent with the notations of [1] we rename the classes
of H, and Hy in Tables 3 and 4 according to the fusions (determined
in Section 5) of these groups into GL(4,2).

Table 3: The character table of H, = H3 = 23:GL(3,2)

I i Ta 2a 2b) 2c 3a 4a 4b 4c 6a 7a 7b ]

[ [[ 9121 9221 9222 9321 9521 9621 Y9622 9721 910,21 911,21 912,21 ||

[[1CH, (O ][ 1344 192 32 32 6 16 8 8 6 7 7 ]
b1 1 1 1 1 1 1 1 1 1 1 1
$2 3 3 -1 -1 o —1 1 1 o A A
$3 3 3 -1 -1 o —1 1 1 o A A
bg 6 6 2 2 o 2 o o [ —1 —1
bs 7 —1 3 —1 1 —1 1 —1 —1 o (¢
b 7 7 -1 -1 1 -1 -1 —1 1 o o
b7 7 —1 —1 3 1 —1 -1 1 —1 o [¢]
bg 8 8 o o —1 o o o —1 1 1
bo 14 -2 2 2 —1 -2 o o 1 o o
(ORI 21 -3 1 -3 o 1 —1 1 o o o
b1 21 —3 —3 1 o 1 1 —1 [ o o

1_ V7
Here, A=—1-b7=—1—i¥,
2 2
. ral 1+4.
Table 4: The character table of Hy = G, = 2 7*:GL(2,2)

I [[ Ta 2a 2b 2c 2d 2e 2f 3a 4a 4b 4c 4d 6a]|

I [T9141 9241 9242 9243 9341 9244 9342 95441 9641 Y9642 9643 9741 910,41 ]]

H [Cry (9] ” 192 192 32 32 32 16 16 6 16 8 8 8 6”
&1 1 1 1 1 1 1 1 1 1 1 1 1 1
&2 1 1 1 1 1 —1 —1 1 1 —1 —1 —1 1
&3 2 2 2 2 o o —1 2 o o o —1
&g 3 3 —1 3 —1 1 1 o —1 —1 1 —1 o
&5 3 3 3 —1 —1 1 1 o —1 1 —1 —1 o
&6 3 3 1 —1 3 —1 —1 o —1 1 1 -1 o
&7 3 3 —1 3 —1 —1 —1 o -1 1 —1 1 o
&g 3 3 —1 —1 -1 —1 o —1 -1 1 1 o
&o 3 3 —1 —1 3 1 1 o -1 -1 —1 1 o
&10 4 —4 o o o 2 -2 1 o o o o —1
11 4 —4 o o o -2 2 1 o o o o —1
&12 6 6 -2 -2 -2 o o o 2 o o o o
£13 8 —8 o o o o o —1 o o o o 1
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5 Fusions of the inertia factor groups into G

In this section we determine the fusions of the conjugacy classes
of the inertia factor groups H, = H3 = 23:GL(3,2), Hy = G, =
2174:GL(2,2) and Hs = GL(3,2) into GL(4,2) ~ Ag using the per-
mutation characters of Ag on these groups together with the size of
centralizers. From the Atlas, the permutation character of Ag on H;
is of the form x(Ag/Hz) = X1 + x3. The group Hs is a maximal
subgroup of H, since [H; : H4] = 7. From Table 3 it is clear that
X(Hz2[Hs) = &1 + d4. Also the group Hs has index 8 in 23:GL(3,2),
which in turns has index 15 in G. We have found the following Propo-
sition is very useful to calculate the permutation characters x(G|H4)
and x(G|Hs).

Proposition 2 Let Ky < Ky < K3 and let \ be a class function on Kjy.
Then

K2y14K3 _ 1 4K3
(WHINE = b1
More generally if Ky < Ky < ... < Ky is a nested sequence of subgroups
of Kn and \p is a class function on Ky, then
K K n _ Kn
WHEING - TRn | =1
PrOOF — See Proposition 3.5.6 of [1]. O

From the above we have

X(AglH2) =x1+x3 and x(Hz[Hg) = b1 + da.

Now by Proposition 2 the permutation character x(Ag|H4) can be
calculated as follows

X(AglHa) = 1173 = (1TH17

A A A
= (1 + da)TyS = P11y + datyy]
A
=x1+x3+batys =x1+x3+ (X3 + x4 +12)
=X1+2X3 + X4 +X12-

(5.1)

Note that in (5.1) it is easy to evaluate the values of ¢4Tﬁ§ using the
inductior)\ formula for characters, where we have found
that ¢4y, =x3 + X4 +x12.



12 A.B.M. Basheer - J. Moori

Similarly the permutation character x(Ag|Hs) has the form

AslHs) =1 = (111

= (@1 +05)11 = br17E + 51

(5.2)

A
=X1+x3+ X515 =x1 +Xx3+ (X3 + X9 +X12)

=x1+2x3 +X9 +X12-

Using the Atlas, (5.1) and (5.2), we list in Table 5 the values
of x(AglH2), x(AglH4) and x(Ag|Hs) on those classes of Ag, where
there is possible fusions from classes of H;, H4 or Hs.

Table 5: The values of the permutation characters of Ag on Hy, Hys, Hs

H [g]As ” TA 2A 2B 3A 3B 4A 4B 5A 6A 6B 7A 7B 15A 15B H
Xx(AglH3) 15 7 3 o 3 3 1 o o 1 1 ) )
X(AglHy) 105 25 9 ) 3 5 1 0 o 1 0 o o )
x(AglHs) 120 24 o 0 6 4 0 0 o 0 1 1 o o

Using the permutation characters of Ag on H, Hs and Hs together
with the size of centralizers, the fusions of H,, H4 and Hs into Ag
are completely determined. We list these fusions in Table 6.

Table 6: The fusions of H,, Hs and Hs into G

Class of Class of Class of Class of
— —
H, G H, G
gi21 =1la TA gg22 =4b 4A
g221 =2a 2A g721 =4c 4B
9222 =2b 2A 910,21 =6a 6B
9321 =2¢ 2B 911,21 =7a 7A
9521 =3a 3B 912,21 =7b 7B
Jge21 =4a 4A
Class of Class of Class of Class of
— —
™ G Hy G
9141 =1la TA 9541 =3a 3B
9241 =2a 2A gea1 =4a 4A
9242 =2b 2A gea2 =4b 4A
9243 =2¢ 2A 9643 =4c 4A
9341 =2d 2B g741 =4d 4B
9244 =2e 2A 910,41 =6a 6B
9342 = 2f 2B
Class of Class of Class of Class of
— —
Hs G Hs G
gis51 =1la 1A ges51 =4a 4A
9251 =2a 2A g11,51 =7a 7A
9551 =3a 3B 912,51 =7b 7B
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6 Fischer matrices of G = 2/"%:GL(4,2)

In this section we calculate the Fischer matrices of G = 21L+8:GL(4, 2).
From Section 3 of [2] we recall that we label the top and bottom of
the columns of the Fischer matrix Fj, corresponding to gi, by the
sizes of the centralizers of gij, 1 < j < c(gi), in G and mij respec-
tively. Also the rows of F; are partitioned into parts Fjy, 1 < k < t,
corresponding to the inertia factors Hy, Hp,..., H¢, where each Fjy
consists of c(gix) rows correspond to the o 1—regular classes (those
are the Hy-classes that fuse to class [gi]g). Thus every row of Jj is
labeled by the pair (k, m), where T < k < tand T < m < c(gix).
In Table 2 we supplied |Cx(gij)l and my;, 1 <1< 14, 1 <j < clgi).
Also the fusions of classes of H» = Hjz, Hy and Hs into classes
of G are given in Table 6. Since the size of the Fischer matrix J;j
is ¢(gy), it follows from Table 2 that the sizes of the Fischer matrices
of G = 21+3:GL(4,2) range between 2 and 11 for each i € {1,2,...,14}.

We have used the arithmetical properties of the Fischer matrices,
given in Proposition 3.6 of [2], to calculate some of the entries of these
matrices and to build a system of algebraic equations. In addition to
these properties, we have the following important lemmas, which
help us more in determining some entries of the Fischer matrices
of G.

Lemma 3 For every Fischer matrix J;, of size c(gi), the sum of the
st pnd 3rd - (c(gy) — Nt rows equal (componentwise) the square of
the modulus of the last row.

Proor — The proof is similar to the proof of Lemma 6 of [18]. O

Lemma 4 For any Fischer matrix J;, we can order the gi;, 1< j <c(gi),
so that the last row of F; is of the form [z; —zy 0 --- O] and we may
choose the gi» = 0gi1, where o is the central involution in G. Furthermore

(k,m) km)  1CH(gi11)]
a4y =y == 6.1
B 2 ICr, (Gikm)l (6.1)
where k € {1,2,3,4,5}and 1 < m < c(gix)-
ProorF — The proof is similar to the proof of Lemma 7 of [18]. O

Note 5 The proof of Lemma 7 of [18] contains a very important
piece of information, that is, the last row of every Fischer matrix
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1422. -
of 2,7 Coy is

where s; in his notation has the same meaning of c(g;) in our nota-
tion. In our group G, the last row of every Fischer matrix Jj is given

Mm(gi1) n(gi2)

by [02(gi1) 02(gi2) O

Note 6 Observe that with Lemma 3, (6.1) and Note 5 we know the
first two columns and the last row of every Fischer matrix Fj. Also
from Proposition 3.6 (iii) of [2], we know the first row of every Fischer
matrix Jj. This reduces the number of unknowns in every Fischer

0l.

matrix of size c(g;) to c(gi)% —4c(gi) +4.

With the help of the symbolic mathematical package Maxima [15],
we were able to solve the systems of equations and hence we have

n(9gis; )],

computed all the Fischer matrices of G, which we list below.

I
91 gi1 912 913 914 915 Jdie
o(g1j) 1 2 2 2 2 4
ICe(g1j)l 10321920 10321920 344064 344064 49152 43008
(k, m) 1CHy (91km)l
(1,1) 20160 1 1 1 1 1 1
(2,1) 1344 15 15 —1 15 —1 —1
(3,1) 1344 15 15 15 —1 —1 —1
(4,1) 192 105 105 —7 —7 9 —7
(5,1) 168 120 120 —8 —8 —8 8
(6,1) 20160 16 —16 o o o o
mij 1 1 30 30 210 240
T2
92 921 922 923 924 925 926 927 928 929 92,10 92,11
o(g2j) 2 2 2 2 2 4 4 4 4 4 4
ICx(g2;)l 24576 24576 4096 4096 4096 2048 3072 3072 1024 1024 768
(k,m)  [CH, (g2km)l
(1,1) 192 1 1 1 1 1 1 1 1 1 1 1
(2,1) 192 1 1 1 1 1 1 =1 1 1 -1 —1
(2,2) 32 6 6 —2 =2 6 -2 o 6 -2 o o
(3,1) 192 1 1 1 1 1 1 1 =1 =1 1 —1
(3,2) 32 6 6 6 —2 -2 =2 6 o o -2 o
(4,1) 192 1 1 1 1 1 1 =1 =1 —1 —1 1
(4,2) 32 6 6 [ o o 2 3 =3 -1 1 [
(4,3) 32 6 6 4 —4 4 2 -3 3 1 —1 o
(4,4) 16 12 12 —4 12 —4 4 —6 —6 2 2 o
(5,1) 8 24 24 -8 -8 -8 8 o o o o o
(6,1) 192 8 —8 o o [ o o o o o o
moj 4 4 24 24 24 48 32 32 96 96 128
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I3
93 931 932 933 934 935 936
0(93j) 2 2 4 4 4 4
(S CEL 3072 3072 512 512 512 256
(,m)  1CH, (93km)l
(1, 1) 96 1 1 1 1 1 1
(2,1) 32 3 3 -1 -1 3 -1
(3,1) 32 3 3 3 -1 -1 -1
(4,1) 32 3 3 1 3 -1 -1
(4,2) 16 6 6 —2 -2 =2 2
(6,1) 96 4 —4 o o o o
ms3j 16 16 96 96 96 192
Fa
94 941 942
o(94j) 3 6
1Cx(94j)l 360 360
(k,m) [CH, (gaxm)l
(1,1 180 1 1
(6,1) 180 1 —1
my;j 256 256
Is
95 951 952 953 954 955 956
o[gsj] 3 66 6 6 12
1Cx(955)l 576 576 96 96 96 48
(k, m) [Cr, (951m )]
(1, 1) 18 1 1 1 1 1 1
(2, 6 3 3 —1 3 —1 —1
(3, 6 3 3 3 —1 —1 —1
(4, 6 3 3 —1 —1 3 —1
(5, 3 6 6 -2 -2 -2 2
(6, 18 4 —4 o o o o
ms;j 16 16 96 96 96 192
Fe
9e 961 962 963 9e4a 965 Yee 967 9e8 969 9Ys,10
o(96i) 4 4 4 4 4 4 4 4 4 8
ICG(95])\ 512 512 256 256 256 128 128 128 128 64
(km)  IChy (Jekm)l
(1,1) 16 1 1 1 1 1 1 1 1 1 1
2,1) 16 1 1 1 1 1 —1 1 1 —1 —1
(2,2) 8 2 2 -2 =2 2 o —2 2 o o
3,1) 16 1 1 1 1 1 1 —1 —1 1 —1
(3,2) 8 2 2 2 -2 =2 2 o o o o
4,1) 16 1 1 1 1 1 -1 -1 -1 -1 1
(4,2) 8 2 2 =2 =2 2 o 2 -2 =2 o
(4,3) 8 2 2 2 -2 -2 -2 -2 =2 2 o
(5,1) 4 4 4 —4 4 —4 o o o o o
(6,1) 16 4 4 o o o o o o o o
Mej 16 16 32 32 32 64 64 64 64 64




16 A.B.M. Basheer - J. Moori

F7
97 971 972 973 974 975
o(g7j) 4 4 8 8 8
ICx(g7;5)l 64 64 32 32 32
(k,m)  1CH, (g7km)l
(1,1) 8 1 1 1 1 1
2,1) 8 1 1 -1 =1 1
(3,1) 8 1 1 1 =1 =1
4,1) 8 1 1 —1 1 —1
(6,1) 8 2 =2 o o o
myj 64 64 128 128 128
Ig
98 981 982
o(g94j) 5 10
ICx(gsj)l 30 30
(k,m)  1CHy (98km)l
(1,1) 15 1 1
(6,1) 15 1 —1
mg;j 256 256
Fo
g9 991 992
o(94j) 6 6
1Cx(g9j)l 24 24
(km)  1Criy (@okm)l
(1,1) 12 1 1
(6,1) 12 1 —1
moj 256 256
T10
910 910,101 910,2 910,3 9104 9105
o(g10j) 6 6 12 12 12
ICx(g10j)l 48 48 24 24 24
(km)  ICiy (910km)l
(1,1) 6 1 1 1 1 1
(2,1 6 1 1 —1 —1 1
(3,1) 6 1 1 1 -1 -1
(4,1) 6 1 1 —1 1 —1
(6,1) 6 2 -2 o o o
mioj 64 64 128 128 128
T
911 911,1 911,2 911,3 di1,4 911,5
o(g11j) 7 14 14 14 28
ICx(g11;)l 56 56 28 28 28
(k, m) [CHy (g11km)l
(1,1) 7 1 1 1 1 1
(2,1 7 1 1 —1 1 —1
(3,1) 7 1 1 1 —1 —1
(5,1) 7 1 1 —1 —1 1
(6,1) 7 2 -2 o o o
miqj 64 64 128 128 128
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Fi2
912 9121 912,2 9123 9124 912,5
o(g12j) 7 14 14 14 28
1IC&(g12;)l 56 56 28 28 28
(k, m) IChH, (g12Km)
(1,1) 7 1 1 1 1 1
(2,1) 7 1 1 —1 1 —1
(3,1) 7 1 1 1 —1 —1
(5,1) 7 1 1 —1 —1 1
(6,1) 7 2 -2 o ) o
mi2j 64 64 128 128 128
T3
913 9131 g13,2
o(g13j) 15 30
ICs(g135)l 30 30
(k, m) [CHy (g13km)l
(1,1) 15 1 1
(6,1) 15 1 —1
mi3j 256 256
F1a
914 914,1  914,2
o(g14j) 15 30
ICe(g14j)l 30 30
(k, m) ICry (g14km)l
(1,1) 15 1 1
(6,1) 15 1 —1
mi4j 256 256

Remark 7 In the above matrices, if we omit the first column and the
last row of every Fischer matrix J;, we obtain the corresponding Fi-
scher matrix 5’} of the split extension H = 28:GL(4,2). This shows
that the group H = 28:GL(4,2) has

14

> clgi)—14=69—14 =55

i=1

conjugacy classes, which is also equal to 14+ 11+ 11 +13+6 =
[Irr(Hq)| 4+ [Irr(H2)| 4+ Irr(H3)| + [Irr(H4)| + [Irr(Hs)| = 55 the number
of irreducible characters of H.

7 Character table of G = 2'"%:GL(4,2)

Through Sections 2, 3, 4, 5 and 6 we have determined
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o the conjugacy classes of G = 2178:GL(4,2) (Table 2),
e the inertia factors Hy, H»,..., Hg,

e the character tables of all the inertia factor groups of G (Tables 3
and 4),

e the fusions of classes of the inertia factors H, = H3, H4 and Hjs
into classes of G (Table 6)

e the Fischer matrices of G (see Section 6).

By Subsection 3.1 of [2], it follows that the full character table of G
can be constructed easily. Let

® J1,92,...,9r be representatives for the conjugacy classes
of G ~ G/N. For each i € {1,2,...,7}, let gi1, 9i2, ..., ic(gy)
be representatives for the conjugacy classes of G, correspond
to the class [gi]g, obtained using the coset analysis technique
(see [1] for more details),

o K be the fragment of the projective character table of Hy, with
factor set oc{1 , consisting of columns correspond to the oc[1 -re-

gular classes of Hy that fuse to [gi]g (let such classes be repre-
sented by gix1,gik2/- -+, Jike(gy)) and

e Fiy be the sub-matrix of the Fischer matrix F; with rows cor-
respond to the pairs (k, gix1), (k, gik2), - -+, (K, Gixe(gy,)) OF for
brevity (k, 1), (k,2), ..., (k,c(gix)) as described by Equation (3)
of [6].

Foreachie{1,2,...,rtand k €{1,2,...,t}, where t is the number of
the inertia factor groups (that is the number of orbits on the action
of G on Irr(N)), the part of the character table of G on the classes
lgijlg, 1 < j < clgi), is given by K Fik. Note that the size of Ky
is [IrrProj(Hy, oc;] )| X c(gik), while the size of Fix is c(gix) X c(gi)
and thus X Fix is of size |IrrProj(Hy, ocg] ) x c(gi). If we let K,
s €{1,2,...,t}, be the irreducible characters of G correspond to the
inertia factor group Hy, then the character table of G in the format
of Clifford-Fischer theory will be composed of the r x t parts K Fix
and will have the form:
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lgilg [| g1 [ g2 [ ] gr

[Qij]aHgn gi2 - glc(g1)[921 g22 - 926(92)["'[gr1 9r2 " Yre(gyr)
%4 K111 XK12512 K1+ Fir

) K219 K22922 e KarFar

K K Fu K2Ft2 e Kir Ftr

Note 8 From Note 3.4 of [6] we know that characters of G con-
sisted in K are just Irr(G) and therefore the size of X1;J74, for
each 1 <1i <, is [Irr(G)| x c(gi). In particular, columns of X17377 are
the degrees of irreducible characters of G repeated themselves c(g7)
times, where we know that c¢(g7) is number of G-conjugacy classes
obtained from the normal subgroup N.

We illustrate the above by giving an example on how to construct
the character table of G, which is partitioned into 84 parts corre-
sponding to the 14 cosets and the six inertia factor groups. As an
example we construct the parts K31331, K32532, K33533, K34T34,
K35F35 and K3F36 of the character table of G. This means that
we are listing the values of all the irreducible characters of G on
the classes g31, 932, 933, 934, 935 and g3 of G, which correspond
to the conjugacy class of G represented by g3 = 2B. The six parts
K319F31, K32932, K33F33, K34F34, K35F35 and K36F36 can be
derived as follows: From Table 6 we can see that there is a class
of Hy, namely g321, a class of Hz, namely g331, and two classes of Hy,
namely g347 and g342 that fuse into the class [g3]g = [2Blg[ (4,2)- To
construct the part K315371, we multiply the column of the character
table of H; = G = GL(4,2) corresponds to the class 2B of G (see At-
las), by the first row of F1, namely

a1 1 1 1 1

and thus the part X31337 of size 14 x 6, consists of the column of
the character table of G corresponds to the class 2B repeated 6 times.
To construct the part K34F34, we multiply again the fragment of the
character table of Hy, corresponds to the class gz41 and g342, by the
two rows of F3 labeled by the pairs (4,1) and (4,2). Thus we get a
part in the character table of G of size 13 x 6. Similar arguments can
be used to construct the other remaining parts. The above six parts
will have the following forms:
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932 933 934 935 936

931

—NANY -~

-3
-3

K31F31

932 933 934 935 936

931

N oM —

K32532

932 933 934 935 936

931

—1

M ™M M ™ o~
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Mo Mmoo o~
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M ™M M oM o~
[ [

I

|

o

o

o0
—_—— ——_mn oA M~
[ [ I

I

™

Lol

5N

-

Ll

932 933 934 935 936

931

—12
12
6

—12

0

12
6

o N O

K34F34
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el

00000 W
w
el

00000 W
IS
[le]

o0 0000 W
“«
el

00000 W
)

K35F35 =

o OO0 O0O0O0o W
o0 0000 W

(since there is no fusion from classes of Hs into classes of G),

931 932 933 934 935 936
1 4 -4 0 0 0 0

3 12 —-12 0 0 0 0

2 8 -8 0 0 0 0

4 16 —16 0 0 0 0

1 4 -4 0 0 0 0

1 4 -4 0 0 0 0

- 1 B B 4 -4 0 0 0 0
K36936 = 4 (4 4 0 0 0 0)= 16 —16 0 0 0 0
-5 —-20 20 0 0 0 0

-3 -12 12 o0 0 0 0

-3 —-12 12 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

2 8 -8 0 0 0 0

Similarly one can obtain all the other 78 parts KixJFix, 1 <1< 14,
i # 3, 1 < k < 6 and hence the full character table of G, which
is 69 x 69 C-valued matrix. The full character table of G in the format
of Clifford-Fischer theory is given as Table 7.
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Table 7 (continued)
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Table 7 (continued)
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where in Table 7, A = —% — 4i =—-1-b7, B=-1—+/71 and

_ 1 /T _
C=—F-YPi=—1-vI5
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