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Abstract
Let � = {�i | i 2 I} be some partition of the set of all primes P, G a finite group
and �(G) = {�i |�i \ ⇡(G) 6= ;}. A subgroup A of G is said to be generalized �-sub-
normal in G if A = hL, Ti, where L is a modular subgroup and T is a �-subnormal
subgroup of G. We study the structure of G being based on the assumptions that
if all members of H and every maximal subgroup of any non-cyclic Hi 2 H are
generalized �-subnormal in G, where H is a complete Hall �-set of G.
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1 Introduction

Throughout this article, all groups are assumed to be finite and G al-
ways denotes a finite group. Moreover P is the set of all
primes, ⇡ ✓ P and ⇡ 0 = P \ ⇡. A subgroup M of G is called mod-
ular (in the sense of Kurosh [12, p. 43]) if M is a modular element of
the lattice L(G), that is,

(1) hX,M\Zi = hX,Mi \Z for all X 6 G,Z 6 G with X 6 Z, and

(2) hM, Y \Zi = hM, Yi \Z for all Y 6 G,Z 6 G such that M 6 Z.
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If n is an integer, the symbol ⇡(n) denotes the set of all prime
dividing n; as usual, ⇡(G) = ⇡

�
|G|

�
, the set of all primes dividing the

order of G.
In what follows, � = {�i | i 2 I} is some partition of all primes P,

that is, P =
S

i2I
�i and �i \ �j = ; for all i 6= j. We write

�(n) =
�
�i |�i \ ⇡(n) 6= ;

 

and �(G) = �
�
|G|

�
.

Following [4],[5],[9],[10],[14],[13], a set H of subgroups of G is said
to be a complete Hall �-set of G if every non-identity member of H is
a Hall �i-subgroup of G for some �i 2 �(G) and H contains exactly
one Hall �i-subgroup for every �i 2 �(G). The group G is said to
be: �-full if it possesses a complete Hall �-set; �-primary if |�(G)| 6 1;
�-nilpotent if it has a complete Hall �-set H = {H1, . . . ,Ht} such
that G = H1 ⇥ . . .⇥Ht. A subgroup H of G is said to be �-subnormal
in G if there exists a subgroup chain H = H0 6 H1 6 . . . 6 Hn = G
such that either Hi-1 is normal in Hi or Hi/(Hi-1)Hi

is �-primary
for all i = 1, . . . ,n.

Definition 1.1 (see [6]) A subgroup A of G is said to be general-
ized �-subnormal in G if A = hL, Ti, where L is a modular subgroup
and T is a �-subnormal subgroup of G.

Some properties of generalized �-subnormal were analyzed in the
paper [6]. In this paper, we also study some other new properties of
generalized �-subnormal subgroups. In fact, our main result are as
follows.

Theorem 1.2 Let H = {H1, . . . ,Ht} be a complete Hall �-set of G. Sup-
pose that every subgroup Hi 2 H is generalized �-subnormal in G, then
the derived subgroup G 0 of G is �-nilpotent.

Remark 1.3 It is clear from Example 1.2 of [6] that every modu-
lar, �-permutable and every �-subnormal subgroups of G are gen-
eralized �-subnormal subgroup but the converse is not necessarily
true. Moreover in the case when � =

�
{2}, {3}, . . .

 
every subnormal

subgroup is �-subnormal subgroup of G.

Corollary 1.4 (see [6],Theorem 1.3) If all Schmidt subgroups of G are
generalized �-subnormal in G, then G/F�(G) is abelian.

Corollary 1.5 (see [17], Theorem A(ii)) If G possesses a complete Hall
�-set H all of whose members are m-�-permutable in G, then the derived
subgroup G 0 of G is �-nilpotent.
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In the case, when � =
�
{2}, {3}, . . .

 
, by using Theorem 1.2 we have

the following corollary.

Corollary 1.6 If every Sylow subgroup of G is either modular or subnor-
mal in G, then G 0 is nilpotent.

Remark 1.7 Also note from [6, Example 1.2] that the modular sub-
group L of G is not �-subnormal in G and the �-subnormal sub-
group T of G is not modular in G. By this observation we have the
following corollaries.

Corollary 1.8 If every Sylow subgroup of G is modular in G, then G 0 is
nilpotent.

Corollary 1.9 (see [11]) If every Schmidt subgroup of G is subnormal
in G, then G/F(G) is abelian.

Theorem 1.10 Let G be a �-full group of Sylow type and H= {H1, . . . ,Ht}

be a complete Hall �-set of G such that every subgroup Hi 2 H is general-
ized �-subnormal in G, then G is �-soluble.

Theorem 1.11 Let G be a �-full group of Sylow type and H= {H1, . . . ,Ht}

be a complete Hall �-set of G such that every subgroup Hi 2 H is a nilpo-
tent �i-subgroup. If every maximal subgroup of any non-cyclic Hi is gen-
eralized �-subnormal in G, then G is supersoluble.

In the case when � =
�
{2}, {3}, . . .

 
every normal subgroup, ev-

ery permutable subgroup (recall that a subgroup H of G is said to
be permutable in G if HS = SH for any subgroup S of G) and ev-
ery s-permutable subgroup (recall that a subgroup H of G is said to
be s-permutable in G if HP = PH for any Sylow subgroup P of G)
of G are generalized �-subnormal in G. The following corollaries are
true for Theorem 1.11.

Corollary 1.12 (see [16], Theorem 1) If all maximal subgroups of ev-
ery Sylow subgroup of G are normal in G, then G is supersoluble.

Corollary 1.13 (see [16], Theorem 2) If all maximal subgroups of ev-
ery Sylow subgroup of G are s-permutable in G, then G is supersoluble.

Corollary 1.14 (see [7], VI, Theorem 10.3) If every Sylow subgroup of
G is cyclic, then G is supersoluble.

All unexplained terminologies and notations are standard. The
reader is referred to [1],[2],[3],[7] if necessary.
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2 Preliminaries

We use N� to denote the class of all �-nilpotent groups and S� to
denote the class of all �-soluble groups. Also we use U to denote the
class of all supersoluble groups.

Lemma 2.1 (see [15], Theorems A and B) If G is �-soluble, then G is
a �-full group.

Lemma 2.2 (see [13], Corollary 2.4 and Lemma 2.5) The following
statements hold.

(1) The class N� is closed under taking products of normal subgroup,
homomorphic images and subgroups.

(2) If G/N and G/M are �-nilpotent, then G/M\N is �-nilpotent.

(3) If R is a normal subgroup of G and R/R\�(G) is �-nilpotent, then R
is �-nilpotent.

Lemma 2.3 (see [13], Lemma 2.1, or [8], Lemma 2.3) The class S�

is closed under taking direct products, homomorphic images and subgroups.
Moreover, any extension of the �-soluble group by a �-soluble group is
a �-soluble group as well.

Lemma 2.4 (see [6], Lemma 2.5) Let A, B and N be subgroups of G,
where A is generalized �-subnormal in G and N is normal in G, then AN/N
is generalized �-subnormal in G/N.

Lemma 2.5 (see [12], Lemma 2.5) If H is modular in the finite group G,
then every chief factor of G between HG and HG is cyclic.

Lemma 2.6 (see [13], Lemma 2.6) Let A, K and N be subgroups of G.
Suppose that A is �-subnormal in G and N is normal in G. If A is a �-Hall
subgroup of G, then A is normal in G.

A normal subgroup H of G is said to be hypercyclically embedded
in G (see [12], p.217) if either H = 1 or H 6= 1 and every chief factor
of G below H is cyclic. We use ZU(G) to denote the product of all
normal hypercyclically embedded subgroup of G. It is clear that a
normal subgroup H of G is hypercyclically embedded in G if and
only if H 6 ZU(G).

Lemma 2.7 (see [12], Theorem 5.2.5) If M is modular in the finite
group G, then MG/MG 6 ZU(G/MG).
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Recall that GN� denotes the �-nilpotent residual of G, that is, the
intersection of all normal subgroups N of G with �-nilpotent quo-
tient G/N.

3 Proofs of the results

Proof of Theorem 1.2 — Let 1 6= D = GN� be the �-nilpotent resid-
ual of G. Assume that the theorem is false and let G be a counter
example with |G| minimal, then G is not �-nilpotent. So |�(G)| > 1.
Furthermore, G/D is �-nilpotent by Lemma 2.2(2), and therefore
by Lemma 2.3 G is �-soluble. By Lemma 2.1, H = {H1, . . . ,Ht} be
a complete Hall �-set of G.

Let N be a minimal normal subgroup of G. Then N is a �i-group
for some i, therefore the hypothesis holds for G/N by Lemma 2.4.
Hence (G/N) 0 = G 0N/N = G 0/G 0 \N is �-nilpotent by the choice
of G. Thus by Lemma 2.2(3) N 6 G 0 and N ⇥ �(G). Furthermore,
if G has a minimal normal subgroup R 6= N of G, then R 6 G 0

and G 0/N \ R = G 0/1 ' G 0 is �-nilpotent, a contradiction. This im-
plies that N is the unique minimal normal subgroup of G
and CG(N) 6 N by [2], Chapter A, 15.2. We can assume without loss
of generality that i = 1 and N 6 H1.

Let M be a maximal subgroup of G such that N ⇥ M. So MG = 1
and |G : M| is a �i-number. This shows that for some x 2 G we
have A = Hx

2
6 M. Then A = hL, Ti for some modular subgroup L

and �-subnormal subgroup T of G. Moreover, LG 6 MG = 1, so LG

is hypercyclically embedded in G by Lemma 2.5. If L 6= 1, then
N 6 LG and thus |N| = p for some prime p. But then CG(N) = N
and G/N = G/CG(N) is cyclic. Hence G 0 is �-nilpotent. This con-
tradiction shows that L = 1, thus A = T is �-subnormal in G. This
implies that A is normal in G by Lemma 2.6 since A is a Hall �i-sub-
group of G for some i. So 1 < A 6 MG, a contradiction. Thus theorem
holds. ut

Proof of Theorem 1.10 — Suppose that this is false, and let G be a
counterexample of minimal order, then |�(G)| > 1.

(1) G/R is �-soluble for every non-identity normal subgroup R of G.
Assume that R is a non-trivial normal subgroup of G and H/R

is any Hall �i-subgroup of G/R, where �i \ ⇡(G/R) 6= ;. Then we
have that H/R = HiR/R for some Hall �i-subgroup Hi of G. By the
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hypothesis, Hi = hL, Ti for some modular subgroup L and �-sub-
normal subgroup T of G. By Lemma 2.4 HiR/R = hLR/R, TR/Ri is
genralized �-subnormal in G/R. This shows that G/R satisfies the
hypothesis. The minimal choice of G implies that G/R is �-soluble.

(2) G is not a simple group.
Assume that G is non-abelian simple group. Then 1 is the only

proper �-subnormal of G. Let Hi be any non-identity Hall �i-sub-
group of G, where �i 2 �(G). By the hypothesis and |�(G)| > 1, we
have Hi = hL, Ti, where L is modular subgroup and T is �-subnormal
subgroup of G. If T = G, then Hi = hL,Gi = G, a contradiction
of |�(G)| > 1. If T = 1, then Hi = L is a modular subgroup of G.
By Lemma 2.7, HG

i
6 ZU(G). But since G is simple group either HG

i
=1

or HG

i
= ZU(G) = G, a contradiction of Hi 6 HG

i
= 1 and G is �-sol-

uble. Hence we have (2).

(3) If N is minimal normal subgroup of G, then N is �-soluble.
Since |�(G)| > 1, therefore let Hi be any Hall �i-subgroup of G.

By the hypothesis Hi = hL, Ti, where L is modular subgroup and T
is �-subnormal subgroup of G. If LG 6= 1, then N 6 LG. Since L
is �-nilpotent, so N is �-soluble. On the other hand if LG = 1, then LG

is supersoluble by Lemma 2.7 and therefore minimal normal sub-
group N of G contained in LG is �-soluble. Now suppose that if L = 1,
then Hi = T is �-subnormal subgroup of G. This implies that Hi is
normal in G by Lemma 2.6. Thus N 6 Hi. Since Hi is �-nilpotent,
therefore N is �-soluble. If T = 1, then Hi = L is modular subgroup
of G. Then every chief factor of G between HG

i
and HiG is cyclic

by Lemma 2.5. This follows that N is cyclic and therefore �-soluble.
Hence (3) holds.

(4) Final Contradiction.
In view of Claims (1), (2) and (3), we have G is �-soluble by Lem-

ma 2.3. The final contradiction completes the proof of the theorem. ut

Proof of Theorem 1.11 — Assume that the assertion is false, and
let G be a counterexample of minimal order, then |�(G)| > 1.

Let q be the smallest prime dividing |G|. Without loss of general-
ity, we can assume that q 2 �1. We now continue the proof via the
following steps.

(1) The hypothesis holds on G/N for every �-primary minimal normal sub-
group 1 6= N of G. Consequently, G/N is supersoluble and G is soluble.
Hence N is non-cyclic.
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It is clear that H = {H1N/N, . . . ,HtN/N} is a complete Hall �-set
of G/N and HiN/N ' Hi/Hi\N is nilpotent. Now assume that W/N
is a maximal subgroup of HiN/N, thus |(HiN/N) : (W/N)| = q is a
prime. Then W = N(W \Hi). Hence

q = |(HiN/N) : (W/N)| = |(HiN/N) : (N(W \Hi)/N)|

= |HiN : N(W \Hi)| = |Hi||N||N\ (W \Hi)|/|W \Hi||N||Hi \N|

= |Hi|/|W \Hi| = |Hi : (W \Hi)|,

therefore W \ Hi is a maximal subgroup of Hi. If HiN/N is non-
cyclic, then Hi is non-cyclic, thus by the hypothesis W \Hi is gen-
eralized �-subnormal in G. Then (W \Hi)N/N is generalized �-sub-
normal in G/N by Lemma 2.4. Thus hypothesis holds for G/N, so the
choice of G implies that G/N is supersoluble. Hence G is �-soluble.
Finally, since N 6 Hi for some i, N is soluble and so G is soluble.
Hence we have (1).

(2) G is �-soluble. Hence G is soluble.
Assume that this is false, then (H1)G = 1 and Oj(G) = 1 for all �j

in �(G) by Claim (1). Furthermore, H1 is non-cyclic. In fact, if H1 is
cyclic, then G is q-nilpotent by [7], IV, 2.8. Thus by the Feit-Thomp-
son theorem G is soluble since q is the smallest prime dividing the
order of G.

Since H1 is nilpotent non-cyclic by the hypothesis and q 2 ⇡(H1).
We have H1 = W1W2 for some maximal subgroups W1, W2 of H1

and W1, W2 are generalized �-subnormal in G. Then Wk = hLk, Tki
for some modular subgroup Lk and �-subnormal subgroup Tk of G
with hLk, TkiG = (Lk)G = (Ti)G = 1, where k = 1, 2. Since G has no
cyclic minimal normal subgroup by Claim (1). Therefore it follows
by Lemma 2.5 that Lk = 1, and so Vk = Tk. If Tk > 1, then

1 > Tk = O�1
(Tk) 6 O�1

(G)

by [10, Lemma 2.3(1)], a contradiction. Therefore Vk = Tk = 1, and it
follows that H1 = 1, again a contradiction. Hence (2) holds.

(3) N is the unique minimal normal subgroup of G, �(G) = 1, N = CG(N)
= F(G) = Oq(G) and |N| > q for some prime q.

It follow from Claim (2), [7, VI, 8.6] and [2, A, 15.2].

(4) The final contradiction.
Let p 2 �i, then N 6 Hi. Thus for some maximal subgroup M of G
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we have G = NoM by Claim (3). Then we have Hi = No (Hi \M).
By the hypothesis Hi is nilpotent, so some maximal subgroup E of N
is normal in Hi. Then W = E(Hi \M) is a maximal subgroup of Hi,
and by the hypothesis W = hL, Ti for some modular subgroup L
and �-subnormal subgroup T of G. Claim (3) and Lemma 2.5 im-
plies that LG = 1 and LG 6 ZU(G). Therefore N 6 ZU(G). It follows
from Claim (1) that G 2 U. This contradiction completes the proof of
the theorem.
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