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Abstract

If G is a group such that G modulo its hypercentre has finite Hirsch number h, we
prove that G has a normal subgroup K such that K has Hirsch number at
most h(h+ 3)/2 and such that G/K is torsion-free and hypercentral. This extends a
recent theorem of Dixon, Kurdachenko and Subbotin.
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1 Introduction

Dixon, Kurdachenko and Subbotin’s paper [1] is devoted to prov-
ing the following very interesting theorem. If G is a group such
that G modulo its hypercentre has finite Hirsch number h, then G
has a normal subgroup K such that K has Hirsch number at
most h(5h? 4+ 5h + 1)/2 and G/K is torsion-free and hypercentral.

A group G has finite Hirsch number the integer h if G has an as-
cending series (running from (1) to G) such that exactly h of the fac-
tors are infinite cyclic, the remaining factors being locally finite (note
that finite Hirsch number is equivalent in the terminology of [1] to
finite 0-rank with all periodic sections locally finite). Here we prove
the following.
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Theorem If G is a group such that G modulo its hypercentre has fi-
nite Hirsch number h, then G has a normal subgroup K such that K
has Hirsch number at most h(h + 3)/2 and G/K is torsion-free and hy-
percentral.

Notation For any group G, T(G) denotes the locally finite radical
of G, {Gi(G)}i>o the upper central series of G, {(G) = Ui>0Gi(G)
the hypercentre of G and {yit] Gl}i>o the lower central series of G;
here i denotes an arbitrary ordinal. Further hn(G) denotes the Hir-
sch number of G, either finite or undefined. Thus the hypothesis
of the theorem is hn(G/((G)) = h < co and the conclusion yields
hn(K)<h(h+3)/2.

2 Proofs

In the proof below we use the following, of which Proposition 1
and Proposition 2 are well known.

Proposition 1 If G is a group with finite Hirsch number, then G has
normal subgroups T < N < M with T = ©(G) locally finite, N/T torsion-
free nilpotent of finite rank, M/N free abelian of finite rank and G/M fi-
nite. In particular G/T(G) has finite rank. If G is also finitely generated,
then G/t(G) is minimax.

Proposition 2 If G is a group with ©(G) = (1), then ©(G/{;(G)) = (1)
for each ordinal i.

From Theorems 1 and 2 of [5] we have the following.

Proposition 3 Let G be a group and let h and k be integers such
that hn(G/(G)) < h. Then the Hirsch number hn(y*+'G) is finite
and hn(yMH2k+H1G) < h(h+3)/2.

Proor oF THE THEOREM — Clearly we may assume that t(G) = (1)
and hence by Proposition 2 that 1(G/((G)) = (1). Consider first
the case where G is finitely generated, so by Proposition 1 the
group G/((G) is minimax. We prove that such G have finite central
heights (so we can apply Proposition 3). Assume otherwise. Suppose
the ordinal i is such that if j < i, whenever G/(;(G) is minimax for
any such G, then G has finite central height. Set Z = (;(G) and sup-
pose G/Z is minimax. If j = i —1 exists, then hn(G’'(;(G)/¢;(G)) is
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finite by Proposition 3, so hn/G/{;(G)) is finite, G/(;(G) is minimax
by Propositions 1 and 2 and therefore G has finite central height. Con-
sequently i is a limit ordinal. Note that if G/(;(G) has finite central
height k for some j < i, then Z = (;,1(G), j + k < i and G has finite
central height.

By Proposition 1 there exists N normal in G with Z < N, N/Z
torsion-free nilpotent of finite rank and G/N abelian-by-finite. We
now prove that G has finite central height by induction on the (nilpo-
tency) class of N/Z. If Z = N then G/Z is finitely presented. But
then Z is finitely G-generated, Z = (;(G) for some j < i and G has fi-
nite central height. Suppose N > Z. Set M/Z = (1(N/Z). Then M/Z
is torsion-free abelian of finite rank s where 1 < s < h. Note also
that N/M is torsion-free.

There exists an s-generator subgroup A of M with M/AZ periodic.
If a,b € A, then [a,b] € (;(G) for some j < iand A is finitely gen-
erated. Hence by passing to G/(;(G) for large enough j < i, we may
assume that A has been chosen abelian. Hence A and AZ/Z are now
both free abelian of rank s so ANZ = (1). If a € A and g € G there ex-
ists a positive integer m with (a9)™ € AZ, so there exists some j < i
with (a9)™ € A(;(G). Then there exists some fixed j < i such that
this holds for all a in some finite generating set of A and for all g
or g~ ! in some finite generating set of G. We may pass to G/(;(G)
and assume that j = 0. Let B denote the isolator of A in the torsion-
free locally nilpotent group M. Note that B like A is torsion-free
abelian of rank s. The above shows that B¢ < B and hence that B is
normal in G.

Set T/B = t(G/B). If x € T N Z there is a positive integer m
with x™ e ANZ= (1) and Z torsion-free. Therefore x = 1
and TNZ = (1). Now MT/T is torsion-free and M/BZ is periodic.
Clearly ZT/T < ¢;(G/T). Thus MT/T modulo ¢;(G/T) is torsion-free
and periodic and hence MT/T < (;(G/T). Therefore by induction on
the class of N/Z we may assume that G/T has finite central height, k
say. Then [Z,, G] < TNZ = (1) and consequently G has finite central
height.

We now drop the assumption that G is finitely generated. Re-
call h = hn(G/{(G)) < oo. Let X < Y be finitely generated subgroups
of G. By Propositions 3 and 1 and the above X/t(X) is soluble-by-
finite, minimax and of finite central height. Thus X has a unique
normal subgroup Kx minimal subject to T(X) < Kx and X/Kx torsion-
free nilpotent. By Proposition 3 there exists M normal in X
with 1(X) <M, hn(M) < h(h+3)/2 and X/M nilpotent. Clearly
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we may choose M with X/M torsion-free (replace M by My,
where M1/M = 1(X/M)). Thus Kx < M and hn(Kx) < h(h+3)/2.

Clearly Kx < XNKy. Set K = UxKx. Then K is a normal sub-
group of G with G/K locally nilpotent. If x € G with x™ € K, then
there exists X with x € X and x™ € Kx. Consequently x € Kx < K
and H = G/K is torsion-free. Then H/((H) is torsion-free (by Pro-
position 2), locally nilpotent with hn(H/((H)) finite. By a theorem
of Mal'cev, see [2], Theorem 6.36, H/((H) is nilpotent and so H is
hypercentral.

Since hn(K/((K)) is finite, K has an ascending series whose fac-
tors are locally finite or infinite cyclic. If at least 14 h(h + 3)/2 of
these factors are infinite cyclic, there exists X < G finitely generated
with  hn(Kx) > h(h+3)/2. This final contradiction shows
that hn(K) < h(h+ 3)/2 and the theorem follows. O

The converse to the theorem does not hold; that is, if K is a normal
subgroup of a group G with hn(K) < co and G/K torsion-free locally
nilpotent, then G/((G) need not have finite Hirsch number. For exam-
ple, let G be the split extension of the additive group of the rationals
by the multiplicative group of the rationals; here ((G) = (1) and G
has a free abelian image of infinite rank. However if G is finitely gen-
erated the converse does hold. The following recovers immediately
all the information on the finitely generated case discovered during
the proof of the theorem from the theorem itself.

Proposition 4 Let G be a finitely generated group with a normal sub-
group K such that hn(K) < oo and G/K is nilpotent. Then hn(G) is fi-
nite, G/t(G) is minimax and soluble-by-finite, G/t(G) is isomorphic to a
linear group over the rationals and G/t(G) has finite central height.

Proor — G/K is finitely generated and nilpotent. Hence hn(G/K)
and hn(G) are finite. Then G/7(G) is minimax, soluble-by-finite and
(torsion-free)-by-finite by Proposition 1 and hence G/t(G) is isomor-
phic to a linear group over the rationals (e.g. by [4], Corollary 1.3).
Every linear group over the rationals has finite central height (see for
instance [3], Corollary 8.8 and Theorem 9.33). 0
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