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If H is a subgroup of a group G, the automizer of H in G is the group 
of all automorphisms of H induced by elements of its normalizer NG(H). 
The subgroup H is said to have small automizer if Auto(H)= lnn(H), i.e. 
if NG(H) = HCG(H). This article is devoted to the study of groups for 
which many subgroups have small automizer. 

1. Introduction. 

Let  G be a group and let H be a subgroup o f  G.  The  elements  of  

the normal izer  NG(H) of  H induce  a group of  au tomorph isms  o f  H ,  

which is called the automizer Auto(H)  of  H in G.  We clearly have 

Inn(H) < AutG(H) < Aut(H).  

The  au tomizer  Auto(H) is called large i f  A u t o ( H ) =  Aut (H)  and 

small i f  Auto(H)  = Inn(H).  The  latter condit ion is clearly equivalent  

to NG(H) = HCo(H) .  

Groups in which all subgroups have large automizers  were called 

MD-groups, and have been studied in [3], [6] and [10]. In [1], finite 
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groups with large automizers of their abelian subgroups were characteri- 
zed, while in [4] it was shown that finite groups with large automizers 
of their non-abelian subgroups are soluble. 

Here, we are interested in the "small" case. This was first consi- 
dered by H. Zassenhaus [11] in his proof of a theorem of MacLagan- 
Wedderburn (see [2] for a short proof and more information). Our main 
result on the embedding of abelian subgroups is: 

THEOREM A. 

(a) Let G be an infinite group having an ascending series with abelian 
factors. If N6(A) = Co(A) for every infinite abelian ascendant 
subgroup A of G, then G is abelian. 

(b) Let G be a group having an ascending series with locally (soluble- 
by-finite) factors. If  NG(A) -= CG(A) for every abelian subgroup A 
of G, then G is abelian. 

Theorem A is an extension of the aforementioned result of  Zas- 
senhaus to infinite groups with certain solubility conditions. In fact, as 
the Tarski groups have small automizers of their abelian subgroups, so- 
me extra hypothesis on G is necessary. It will also be proved that, if G 
is a hyperabelian group whose normal subgroups have small automizers, 
then G is abelian. 

The objective of Section 3 is the investigation of infinite SANS- 
groups, which are defined as the groups in which the automizers of 
all non-abelian subgroups are small (see [2]). Again, the existence of 
Tarski groups shows that we have to introduce some extra assumptions 
on infinite SANS-groups in order to get sensible results. We shall prove 
that, if G is a locally soluble non-abelian group with small automizers of 
its non-abelian subgroups, then G contains an abelian normal subgroup 
of prime index. Moreover, if G is a finitely generated soluble SANS- 
group, then it is finite-by-abelian, and so even central-by-finite. 

For certain classes of groups, we have a complete characterization of 
the property SANS. In particular, it will be proved that a locally nilpotent 
non-abelian group G is SANS if and only if the factor group G/Z(G)  
has order p2, where p is a prime. Moreover, for locally finite groups 
the following theorem holds, which is an extension of results in [2]. 

THEOREM B. Let G be a locally finite non-nilpotent group. Then G 
is an SANS-group if and only if one of the following conditions holds: 
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(a) The Fitting subgroup Fi tG of  G has prime index, and all Sylow 
subgroups of  G are abelian. 

(b) G = A • K where A is abelian and K ~- PSL(2,  p f )  is a simple 
group such t ha t  ( p f  - l ) / h  is a prime where h = (p - 1,2). 

Our last result contains a characterization of all locally soluble SANS- 
groups. In particular, it turns out that every torsion-free locally soluble 
SANS-group is abelian. 

THEOREM C. Let G be a locally soluble non-nilpotent group. Then 
G has the property SANS if and only if it contains an abelian normal 
subgroup A of  prime index and there exists a torsion-free subgroup B 
of Z(G) such that G /B  is a periodic group with all Sylow subgroups 
abelian. 

All notation used in this paper is standard and can be found in [5] 
or [9]. 

We are grateful to the referee for his useful comments. 

2. Small automizers of abelian subgroups. 

Our first lemma deals with the behaviour of hypercentral subgroups 
of  groups whose infinite abelian subgroups have small automizers. 

LEMMA 2.1. Let G be a group such that NG(A) = C6(A) for every 
infinite abelian ascendant subgroup A. Then every infinite hypercentral 
ascendant subgroup of G is contained in the centre of G. 

Proof Let H be an infinite hypercentral ascendant subgroup of 
G, and consider a maximal abelian normal subgroup A of H.  Then 
CH(A) = A, so that A is infinite and hence 

H = NH(A) = CH(A) = A. 

Therefore the subgroup H is abelian. Let 

H = Ho < HI < . . .  < H~ < Hu+I < . . .  < Hr = G 

be an ascending series, and let ol < r be an ordinal such that H is 
contained in Z(H~) for every /3 < or. If ot is a limit ordinal, it follows 
immediately that H is also contained in Z(H,) .  Suppose that a is not 
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a limit ordinal, so that H lies in Z ( H ~ - I ) .  Since the abelian subgroup 
Z(H~_I )  is ascendant in G, we have N c ( Z ( H , , _ I ) )  = CG(Z(H~,_I)) ,  

and hence H < Z(H~_I)  < Z(H~) .  Therefore the subgroup H is also 
contained in Z ( G ) .  [] 

Recall that the Gruenberg radical of a group G is the subgroup 
generated by all abelian ascendant subgroups of G. It is easy to show 
that if G is an infinite group having an ascending series with abelian 
factors, then also the Gruenberg radical of  G is infinite. 

Proof  o f  Theorem A - (a) Assume that the group G is not abelian, 
so that the factor group G / Z ( G )  contains an abelian non-trivial ascen- 
dant subgroup A / Z ( G ) .  Then A is a hypercentral ascendant subgroup 
of G, and Lemma 2.1 yields that A is finite. Therefore also the centre 
Z ( G )  of G is finite, and it follows from the same lemma that every abe- 
lian ascendant subgroup of G is finite. In particular, the Gruenberg ra- 
dical K of G is periodic and satisfies the minimal condition on abelian 
ascendant subgroups. Then K is a Cernikov group (see [7], Theorem E), 
and hence it is finite, so that also G is finite. This contradiction proves 
that the group G is abelian. 

(b) Suppose first that G is locally (soluble-by-finite), so that without 
loss of generality it can be assumed that G is finitely generated, and 
hence soluble-by-finite. Let S be the largest soluble normal subgroup of 
G, and let N be any nilpotent normal subgroup of S. If A is a maximal 
abelian normal subgroup of N, then 

N = NN(A)  -= CN(A)  = A, 

so t h a t  N is abelian. It follows that the Fitting subgroup F of S is 
abelian, and hence 

S = N s ( F )  = C s ( F )  = F 

is also abelian. Thus 

G = NG(S) = C o ( S ) ,  

so that S is the centre of G and G / Z ( G )  is finite. In particular, the 
commutator subgroup G' of G is finite (see [8] Part 1, Theorem 4.12), 
and hence it is abelian (see [11]). Thus G is soluble, and so abelian. 
In the general case, it follows from the first part of the proof that the 
Gruenberg radical K of G is abelian and contains every locally (soluble- 
by-finite) ascendant subgroup of G. Then the factor group G / K  does 
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not contain locally (soluble-by-finite) non-trivial ascendant subgroups, and 
hence by hypothesis G = K is an abelian group. [] 

It can be observed that statement (a) of  Theorem A cannot be exten- 
ded to radical groups (i.e. groups with an ascending series whose factors 
are locally nilpotent), even if the condition of having small automizer is 
imposed to every abelian ascendant subgroup. In fact, there exists an in- 
finite locally finite p-group (p prime) with trivial Gruenberg radical (see 
[8] Part 2, p.29). 

PROPOSITION 2.2. Let G be a hyperabelian group such that G = 
HCG(H) for every normal subgroup H of G. Then G is abelian. 

Proof Clearly every abelian normal subgroup of  G is contained in 
the centre Z(G) ,  and since the hypotheses are inherited by homomorphic 
images, it follows that the group G is hypercentral. If A is a maximal 
abelian normal subgroup of G, then Co(A) = A, and hence G = A is 
abelian. [] 

3. Small automizers of non-abelian subgroups. 

We begin this section characterizing locally nilpotent groups with the 
property SANS .  

THEOREM 3.1. Let G be a locally nilpotent non-abelian group. Then 
G is an SANS-group if and only if the factor group G / Z ( G )  has order 
p2 for some prime number p. 

Proof Suppose first that G is an SANS-group, and let E be any 
finitely generated subgroup of G. Then E is residually finite, and all its 
finite homomorphic images are SANS-groups, so that they have nilpo- 
tency class at most 2 (see [2]). It follows that E has nilpotency class at 
most 2, and hence also G is a nilpotent group of class 2. Let A be a 
maximal abelian normal subgroup of G, and let H be any subgroup of 
G properly containing A. Then H is a non-abelian normal subgroup of 
G, and so G -= HCG(H).  On the other hand, 

C(~(H) < CG(A) = A, 

so that G = H and the factor group G / A  must have prime order p. 
Let x be an element of the set G\A ,  and consider a maximal abelian 
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normal subgroup B of G containing x. The above argument shows that 
G / B  has prime order q. Since A N B is contained in Z(G),  it follows 
that G / Z ( G )  is an abelian group of order pq.  Therefore p = q and 
G / Z ( G )  has order p2. 

Conversely, suppose that the factor group G / Z ( G )  has order p2, 
where p is a prime, and Jet H be a non-abelian subgroup of G. Clearly 
G' has order p, so that H '  = G', and H is normal in G. Moreover 
Z(G) is contained in Cc,(H), and 

HCc,(H)/Cc~(H) "~ H / Z ( H )  

has order p2. Therefore G = HCc,(H),  and so G is an SANS-group.[] 

LEMMA 3.2. Let G be a locally soluble non-abelian SANS-group. 
Then G contains an abelian normal subgroup of  prime index. In parti- 
cular, G is metabelian. 

Proof Suppose that the group G is soluble, and let F be the Fitting 
subgroup of G. If F is not abelian, then G = FCc;(F) = F, and hence 
G is locally nilpotent. In this case, it follows from Theorem 3.1 that 
G / Z ( G )  has order p2, where p is a prime number, so that G contains 
an abelian normal subgroup of index p. Suppose now that F is abelian, 
and let H be any normal subgroup of G properly containing F.  Then H 
is not abelian and Cc;(H) < Cc~(F) = F, so that G = H C ~ ( H )  =- H. 
Therefore G / F  is a simple group, and hence has prime order. In the 
general case, it follows from the first part of  the proof that every finitely 
generated subgroup of G is metabelian, so that G itself is metabelian. 
The lemma is proved. [] 

LEMMA 3.3. Let G be a group, and let K be a subgroup of  G 
such that G ----- KZ(G) .  I f  K is an SANS-group,  then also G is an 
SANS-group. 

Proof Consider first a non-abelian subgroup H of G containing 
Z(G).  Clearly 

H = H n K Z ( G )  ---- Z ( G ) ( H  n K), 

and H N K is not abelian, so that 

NK(H n K) = (H N K ) C x ( H  n K). 
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Then 

N o ( H )  = N c ( H  N K) = Z ( G ) N K ( H  n K) 

= Z ( G ) ( H  N K)CK(H n K) = HCG(H n K) = HCG(H).  

Suppose now that H is an arbitrary non-abelian subgroup of  G. It fol- 
lows from the first part of  the proof  that 

NG(HZ(G))  = H Z ( G ) C G ( H Z ( G ) )  = HCG(H).  

As NG(H) < NG(HZ(G)) ,  we obtain that NG(H) = HCG(H),  and G 
is an SANS-group.  [] 

It was proved in [2] that, if G = A • B is a finite SANS-group 
and A is not abelian, then B must be abelian. The proof  of  this result 
actually works replacing the condition that G is finite with any property 
suitable to obtain an extension of  the theorem of Zassenhaus. In parti- 
cular, it follows from Theorem A that this is true in the case of locally 
finite groups. 

Proof o f  Theorem B Suppose that G is an SANS-group,  and assu- 
me first that it is also locally soluble, so that G contains an abelian nor- 
mal subgroup A of prime index by Lemma 3.2. Obviously A = Fi t  G, 
and hence G / F i t  G has prime order p.  Then G ---= --,P x K, where K 
is an abelian normal p ' -subgroup of  G and P is any Sylow p-subgroup 
of G. Assume that P is not abelian, so that P / Z ( P )  has order p2 by 
Theorem 3.1, and hence there exists a maximal abelian subgroup B of 
P such that V = K B ~ A .  As G is not nilpotent, the normal subgroup 
V of G is not abelian, so that G = VCG(V),  and there exists an ele- 
ment x of  CG(V) such that G = K B ( x ) .  Clearly B(x) is abelian, so 
that also P -~ G / K  is an abelian group. This contradiction proves that 
all Sylow subgroups of  G are abelian. 

Suppose now that G is not locally soluble, so that it contains a 
finite non-soluble subgroup E. Let 12 be the set o f  all finite subgroups of  
G containing E.  If  H is any element of  12, then H is a finite non-soluble 
SANS-group,  so that H = H ' •  Z ( H )  and H '  is a simple non-abelian 
group (see [2]). Consider the normal subgroup 

K = (H'IH ~ 12) 

of G. Then {H'IH ~ 12} is a local system of K consisting of  sim- 
ple non-abelian groups, so that also K is a simple non-abelian group. 
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Therefore G = KCG(K) and K N C a ( K )  = Z(K) = 1, so that G = 
K x Ca(K), and since K is not abelian, the subgroup A = C6(K) must 
be abelian. It follows from results in [2] and the list given by Dickson of 
subgroups of projective special linear groups (see [5], Hauptsatz 2.8.27) 
that chains of length 2 of finite simple non-abelian SANS-groups do not 
exist. Therefore K is finite, and it satisfies the condition of statement (b) 
by [2]. 

Conversely, suppose first that the Fitting subgroup F of G has pri- 
me index p, and that all Sylow subgroups of  G are abelian. Then 
G = P ~< K, where P is a Sylow p-subgroup and K is an abelian 
normal p'-subgroup of G. Let E be a finite subgroup of P such that 
P = E(P N F). Then 

K = CK(E) x [K, El 

(see for instance [9], 10.1.6), and so also 

K = CK(P) x [K, P], 

since P G F is a subgroup of Z(G). As CK(P) is contained in Z(G), 
we obtain that 

F =  PK N F  = K ( P N F )  

lies in G'Z(G), and hence F = G'Z(G). If H is any non-abelian 
subgroup of G, the normalizer NG(H) inherits the structure of  G, and 
hence without loss of generality it can be assumed that H is normal in 
G. Since F is abelian, H is not contained in F and G = F(x) for 
some element x of H.  Then G ' =  [ F , x ]  is contained in H,  and so 

G = f ( x )  = a ' z (a ) ( x )  = HCG(H). 

Therefore G is an SANS-group. Assume now that G = A x K, where A 
is abelian and K ~_ PSL(2, pf)  is a simple group such that ( p $ -  1)/h 
is a prime where h = ( p -  1,2). Then K is an SANS-group (see [2]), 
and hence also G is an SANS-group by Lemma 3.3. [] 

LEMMA 3.4. Let G be a locally soluble SANS-group. Then the 
commutator subgroup G' of G is periodic. 

Proof Since every subgroup of an SANS-group is likewise an 
SANS-group, it can be assumed without loss of generality that G is a 
finitely generated soluble non-abelian group. Then G is polycyclic, as by 
Lemma 3.2 it contains an abelian normal subgroup A of prime index p. 
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Clearly the torsion subgroup T of  A is finite, and G / T  is residually 
a finite p-group.  Since nilpotent SANS-groups have class at most  2, it 
follows that G / T  is nilpotent, and hence finite-by-abelian by Theorem 
3.1. Therefore the commutator  subgroup G' of G is finite. [] 

LEMMA 3.5. Let G be a group with periodic commutator subgroup, 
and let H be a subgroup of finite index of G. If  H / Z ( H )  is periodic, 
then also the factor group G/Z(G) is periodic. 

Proof Obviously it can be assumed that the subgroup H is normal 
in G. Let X be a transversal to H in G, and let z be any element 
of Z(H). As G' is periodic, there exists a positive integer n such that 
[z,x] n = 1 for every element x of  X. Then [z n , x ] =  1 for all x 6 X, 
and hence z" belongs to Z(G). Therefore the factor group G/Z(G) is 
periodic. [] 

LEMMA 3.6. Let G be a periodic non-abelian group containing an 
abelian normal subgroup A of prime index. If all Sylow subgroups of G 
are abelian, then A = G'Z(G). 

Proof Clearly, A is the Fitting subgroup of G, and hence contains 
G'Z(G). Let x be an element of G such that G = A(x), and let y be 
an element of  A such that [x, y] :~l .  If a is any element  of  A, the finite 
normal subgroup N = (a, x p, y)C,, of G is the Fitting subgroup of N(x), 
and hence 

N = (N(x)) 'Z(N(x))  

(see [5], Satz 6.14.7). Moreover, Z(N(x)) is contained in the centre 
of G, so that N < G'Z(G). Thus A = G'Z(G), and the lemma is 
proved. [] 

Proof of Theorem C Suppose first that G is an SANS-group, so 
that by Lemma 3.2 it contains an abelian normal subgroup of prime in- 
dex. Moreover, the commutator  subgroup G' of G is periodic by Lemma 
3.4, and applying Lemma 3.5 we obtain that also G/Z(G) is a periodic 
group. Let B be a maximal torsion-free subgroup of Z(G), so that G/B 
is a periodic non-nilpotent group, and all Sylow subgroups of G/B are 
abelian by Theorem B(a). 

Conversely, suppose that G contains an abelian normal subgroup A 
of prime index and a central torsion-free subgroup B such that G/B is 
periodic and all its S'ylow subgroups are abelian. Since G is not nilpo- 
tent, A/B  is the Fitting subgroup of G/B. Moreover, the commutator  
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subgroup of G is periodic (see [8] Part 1, Corollary to Theorem 4.12), 
so that Z ( G / B )  = Z ( G ) / B  and hence G ' Z ( G )  = A by Lemma 3.6. 
Let H be any non-abelian subgroup of G. As the hypotheses on G are 
inherited by all subgroups, it can be assumed without loss of generality 
that H is normal in G. Let x be an element of H \ A .  Then G = A(x)  

and 

G ' =  [A,x]  < (x) 6 < H. 

Therefore G = (x, G', Z (G) )  = H C G ( H ) ,  and G is an S A N S -  
group. [] 
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