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Introduction

Let G be an arbitrary group and let G’ and Z(G) respectively
denote the commutator subgroup and the center of G.

We denote by (G) and d(G), respectively, the Frattini
subgroup and the rank of the group G. By Z;(G), where

i > 2, we denote the ith term of the upper central series of G
and Z;(G) is denoted by Z(G), the center of G. By ~;(G),
where i > 2, we denote the ith term of the lower central
series of G and 7,(G) is denoted by G’, the commutator
subgroup of G. For a nilpotent group G, the smallest positive
integer ¢ such that Z.(G) = G (or v.4+1(G) = 1) is called the
nilpotency class of G. For a finite p-group G, let

Q(G) = (g € G| g = 1), where i is a positive integer.
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An automorphism « of G is called a class-preserving

A automorphism if for each x € G, there exists an element
B gx € G such that a(x) = g; 'xg,; and is called an inner
automorphism if for all x € G, there exists a fix element

g € G such that a(x) = g~ 'xg. The group Inn(G) of all inner
automorphisms of G is a normal subgroup of the group

Aut.(G) of all class-preserving automorphisms of G.
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Some A long-standing conjecture asserts that every finite
S non-abelian p-group admits a non-inner automorphism of
order p (see also [?, Problem 4.13]). This conjecture arises
from Gaschutz’s result (1996) that finite p-groups G of order
greater than p possess non-inner automorphisms of
p-power order [15].
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This conjecture was first attacked by Lieback [24] in 1965.
He proved the following result:

A finite p-group G of class 2 has a non-inner automorphism
of order p if p is an odd prime, and of order 2 or 4 ifp = 2.
Moreover, such an automorphism leaving ®(G)
element-wise fixed.
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Sandeep that

Singh

Some

Important Every finite non-abelian p-group G of class 2 has a
non-inner automorphism of order p leaving either ®(G) or
01(Z(G)) element-wise fixed.

In 2013, Abdollahi et al. [6] also proved the conjecture for
finite p-groups of class 3.
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anaeep .
Singh said to be of co-class c.

A In 2014, Fouladi and Orfi [12] proved the conjecture for all
it finite p-groups of co-class 2 with p > 2.
In same year, Abdollahi and Ghoraishi [4] proved the result

for 2-groups also. They proved that:

Let G be a finite 2-group of co-class 2. Then G admits a
non-inner automorphism of order 2 or 4 leaving ®(G)
element-wise fixed.
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Singh In 2016, Ruscitti et al. [27] proved the conjecture for all
non-abelian finite p-groups of co-class 3, where p is a prime
Some g
Important integer such that p # 3.

Definitions

Recently, Komma [23] proved the conjecture for all
non-abelian finite p-groups of co-class 4 and 5, where p is a
prime integer such that p # 5.
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In 2020, Fouladi and Orfi [13] proved the conjecture for all
non-abelian finite d-generator p-groups G with p > 2 and
Important |Z3(G)/Z(G)‘ S pd+1'
Definitions

In 2021, Ghoraishi [21] proved the conjecture for all finite
non-abelian p-groups G with co-class of G is less than or
equal to the minimum number of generators of G.
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Sandeep x,y € G, there exists an element ¢ in the commutator sub-

B Group [(x,), (x,¥)] of (x,y) such that (xy)? = xy7cP.

Some
Important

Definitions In 1980, Schmid [28] proved the conjecture for all regular
p-groups. J

It is well-known that for an odd prime p, every finite p-group
G with cyclic G’ is regular.

It follows that if G is a finite p-group (p > 2) with cyclic G,
then G satisfies the conjecture.
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Let G be a finite non-abelian 2-group such that G’ is cyclic.
Important Then G has a non-inner automorphism of order 2 fixing

Some

Definitions

either ®(G) or Z(G) element-wise.

Powerful Group

A finite p-group G is called powerful if G’ < G? (for p > 2)
and G’ < G* (forp =2).

v,

In 2010, Abdollahi [2] proved the conjecture for all finite non-
abelian p-groups G with G/Z(G) is powerful.
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oo H} of G. Let G be a finite p-group and let N be a non-trivial
" proper normal subgroup of G. The pair (G,N) is called a

S Camina pair if xN C x6 for all x € G — N. In 2012, Ghoraishi

Important

Definitions [17] proved the following result:

Let G be a finite p-group, where p is an odd prime, such that
(G,Z(G)) is a Camina pair. Then G has a non-inner
automorphism of order p leaving ®(G) element-wise fixed.
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In the same year, Shabani-Attar [30] proved the conjecture
for all finite non-abelian p-groups of order p” and exponent

Important m—2

Definitions p
Moreover, He proved that if G is a finite p-group of maximal
class, then G has at least p(p — 1) non-inner automorphisms
of order p that fixing ®(G) element-wise.
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p-Groups For a group a finite p-group G with |G| > p if there is a
N maximal subgroup M such that Z(M) C Z(G), then there ex-
ists a non-inner automorphism of G of order p (see, Rotman
A [Lemma 9.108]).
pefinitons In 2002, Deaconescu and Silberberg [10] proved that if the
conjecture is false for a finite p-group G, then Z(G) < Z(M)
for all maximal subgroups M of G. This raises the following
natural question:
Question. Given a finite p-group G with Z(G) < Z(M) for all

maximal subgroups M of G, does the conjecture hold?
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Some Recently in 2024, we have proved that every finite p-group
72 G, (p > 2) of nilpotency class n such that exp(v,-1(G)) = p,

a(G)] = p and Z(Cg(x)) < 71 (G) for all x € 3,_1(G)\Z(G),
has a non-inner automorphism of order p which fixes ®(G)
element-wise.
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Proof Since n = cl(G) > 4 and exp(v,—1(G)) = p, there
exists an element x € ,_1(G) \ Z(G) of order p. Thus [x, G] C
e 72(G), and therefore the order of conjugacy class of x in G is
it p. It follows that M = C¢(x) is @ maximal subgroup of G. Let
g€ G\ M. Then

(gx) = g’ [x, gl P /2 = g,
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- Consider the map $ of G defined as 5(g) = gx and B(m) = m
Singh forallm € M.

Some The map g can be extended to an automorphism of G fixing
mportart ®(G) element-wise and of order p.

We claim that g is a non-inner automorphism of G.

For a contradiction, assume that 3 = 6,, the inner auto-
morphism of G induced by some y € G, which implies that
y € Cg(M). Ify ¢ M, then G = M(y). It follows that y € Z(G),
which is a contradiction.

ep
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Therefore y € Z(M). Since 8 = 6,, we have g~'0,(g) =
[g,y] = x. Now, by the given hypothesis Z(Cg(x)) < 7,—1(G)
forallx € v,-1(G) \ Z(G), we have y € v,_(G). Therefore

Important
Definitions

x =g, € m(G) < Z(G),

which contradicts our choice of x in G. Hence G has a non-
inner automorphism of order p that fixes ®(G) element-wise.
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Sl Let G be a finite p-group such that |Z(G)| = p. Let M be any
p-Groups maximal subgroup of G. Since Z(M) is a characteristic sub-
i group of M and M is a normal subgroup of G, we have Z(M)

’ is @ normal subgroup of G. Thus Z(G) < Z(M) for all max-

A imal subgroups M of G. We obtain the following Corollary

Definitions from above Theorem:

Let G be a finite p-group (p > 2) of class n such that

|Z(G)| = exp(u—1(G)) = p and Z(Cg(x)) < v,—1(G) for all
x € 74—1(G) \ Z(G). Then G has a non-inner automorphism
of order p that fixes ®(G) element-wise.
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Corollary

Let G be a finite 3-group of order 3" and of co-class 3 such
that Z(M) = ~,—4(G) is of exponent 3 for all maximal
subgroups M of G. Then G has a non-inner automorphism
of order 3.

Given that cl(G) = n. It follows that ,(G) < Z(G).
Consequently, |v,(G)| = p. Considering the provided
hypothesis Z(M) = ~,—1(G) is of exponent p for all maximal
subgroups M of G and the proof of Theorem 2.1, we deduce
that Z(Cg(x)) < 7,—1(G) for all x € v,—1(G) \ Z(G). Hence, it
follows from Theorem 2.1 that G possesses a non-inner
automorphism of order p that fixes ®(G) element-wise. [

v
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