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Definition
Let p be a prime, G a group and P a p-subgroup of G . A subgroup S is said to be a
p-Sylowizer of P in G if S is maximal in the set of all subgroups of G containing P
as a Sylow p-subgroup.

The Sylowizers were introduced by Gaschütz in 1971.

W. Gaschütz, Sylowisatoren, Math. Z. 122 (1971), 319–320.

• P can have more than one p-Sylowizer. If P = {1}, then every maximal
p′-subgroup is a p-Sylowizer of P in G .

• Every p-subgroup of G has only one p-Sylowizer if and only if G has a normal
Sylow p′-subgroup.
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Theorem (Gaschütz)
Let p be a prime, G a finite soluble group and P a p-subgroup of G . If P is normal in
a Sylow p-subgroup of G , then the p-Sylowizers of P in G are conjugate.

If P = {1}, then the Hall p′-subgroups are conjugate.

In G = GL(2, 3), P =
〈(1 0

0 −1

)〉
has non-conjugate 2-Sylowizers.
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Definition
Let G be a group and U a subgroup of G . U is said to be pronormal in G if U and
Ux are conjugate in ⟨U, Ux ⟩ for each x ∈ G .

The concept of pronormality was introduced by P. Hall in his lectures in Cambridge.

First results on pronormal subgroups appeared in

J.S. Rose, Finite soluble groups with pronormal system normalizers, Proc. London
Math. Soc. 17 (1967), 447–469

• Normal subgroups are pronormal;
• Maximal subgroups are pronormal;
• Sylow p-subgroups in finite groups are pronormal.
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Basic results

Let G be a group and U a pronormal subgroup of G . Then

• If U ◁ ◁ G , then U ◁ G .

• If K ◁ G and U ≤ K , then G = NG(U)K .

Theorem (Gaschütz)
Let G be a group, U a subgroup of G and K ◁ G . Then following are equivalent:

(1) U is pronormal in G ,
(2) UK is pronormal in G and U is pronormal in NG(UK ).
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Definition
Let G be a group and U a subgroup of G . A subgroup R of G is said to be a
pronormalizer of U in G , if R is maximal in set of all subgroups of G containing U as
a pronormal subgroup.

• If U is a p-subgroup, every p-Sylowizer of U in G is contained in a pronormalizer
of U in G .

• U can have more than one pronormalizer.
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G = Sym(4)

R = ⟨(12), (123)⟩ S = ⟨(12), (12)(34), (13)(24)⟩

H = ⟨(12), (12)(34)⟩

U = ⟨(12)⟩
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Remark
Let p be a prime, G a finite group and U a p-subgroup of G . If N is a normal
p′-subgroup of G , then R is a pronormalizer of U in G if and only if R is a
pronormalizer of UN in G .

Remark
Let π be a set of primes, G a finite soluble group and U a π-subgroup of G . If N is a
normal π′-subgroup of G , then R is a pronormalizer of U in G if and only if R is a
pronormalizer of UN in G .
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Let G be a group and U a subgroup of G .

• If U ◁ ◁ G , then NG(U) is the only pronormalizer of U in G .

• If U ≤ K ◁ G , and R is the only pronormalizer of U in K , then NG(U)R is the
only pronormalizer of U in G .

Theorem
Let G be a group, U a subgroup of G and K a normal subgroup of G . Then

(1) If U has only one pronormalizer R in G and U is pronormal in NG(UK ), then R is
the only pronormalizer of UK in G .

(2) If UK has only one pronormalizer L in G and U is pronormal in NL(UK ), then L is
the only pronormalizer of U in G .
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Theorem
Let p be a prime, G a finite soluble group and P a p-subgroup of G . If P has only
one pronormalizer in G , then the p-Sylowizers of P in G are conjugate.

Recall that G is said to be metanilpotent if there exists a normal nilpotent subgroup N
of G such that G/N is nilpotent.

• If G is a finite metanilpotent, then every p-subgroup has only one pronormalizer in
G for each prime p.

Recall that G has a Sylow tower if G has a normal series of Sylow subgroup.

• If G is a finite group with a Sylow tower, then every p-subgroup has only one
pronormalizer in G for each prime p.
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In 1968, J. G. Thompson classified the finite minimal simple groups.

If G is a finite minimal simple group, then G is isomorphic to one of the following:

(i) PSL(2, 2p) where p is a prime number;
(ii) PSL(2, 3p) where p is an odd prime;
(iii) PSL(2, p) where p > 3 is a prime such that 5 divides p2 + 1;
(iv) PSL(3, 3);
(v) Sz(2p) where p is an odd prime.
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Theorem
Let G be a finite minimal simple group. Then there exists an involution of G with at
least two pronormalizers.

Corollary
Let G be finite group in which every 2-subgroup has only one pronormalizer, then G
is soluble.
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Theorem
Let G be a finite metabelian group. Then every subgroup of G has only one
pronormalizer.
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