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AN INTRODUCTION TO
SKEW BRACES



SKEW BRACES: A MOTIVATION

A skew brace is a structure that combines two group structures
on a specific way.

Many notions from group theory are being translated to the
setting of skew braces.

But also, skew braces play an important role in other topics of
mathematics:

@ The Yang-Baxter equation. @ Ring theory.
@ Hopf-Galois theory. @ A very long etcetera.



Definition (Rump, 2007; Guarnieri-Vendramin, 2017)

A skew (left) brace is a triple (B, -, o), where B is a non-empty
set and -, o are two group laws on B such that

ao(b-c)= (aob)-a_1 -(aoc).

Additive group: (B, -). Brace = (B, -) abelian.
Multiplicative group: (B, o). Size of (B, -,0): |B|.
A first example

f (B,-) is a group, then (B, -, -) is a skew brace, referred to as
the trivial skew brace.



Definition
The A-function of a skew brace (B, -, o) is defined by

@ aob=a-\g(b)foralla,beB.
@ \,op = AgA\pforall a,be B.

~ \: (B,o) — Aut(B,-) is a group homomorphism.



Definition
A homomorphism between skew braces (B, -,0), (B',-/,0") is a
map : B — B’ such that:

@ f(a-b)=f(a)' f(b)forall a,be B.

@ f(aob)=f(a)o f(b)forall a,be B.

Isomorphism: bijective homomorphism.

(B,-,0)and (B',-/, o) are isomorphic if

f: (B,-,0) — (B, 0") isomorphism of skew braces.



COUNTING ISOMORPHISM
CLASSES OF SKEW BRACES



Since iIsomorphic skew braces provide similar information, we
are interested in isomorphism classes of skew braces rather
than skew braces themselves.

b(m) = number of isomorphism classes of braces with size m.

s(m) = number of isomorphism classes of skew braces with
size m.

Problem
Given m € Z, determine b(m) and s(m).




REGULAR SUBGROUPS OF THE
HOLOMORPH

Definition
The holomorph of a finite group N is

Hol(N) = N x Au(N), (&, n)(b, 1) = (an(b), npu).

It can be seen as the normalizer of A\(N) in Perm(N), where

A: N — Perm(N), A(n)(n) =np.



(n,f)-n=nf(n), (n,f)eHol(N), ue N.
G < Hol(N) is regular if it acts simply transitively on N.

Theorem (Guarnieri-Vendramin, 2017)

Let N = (B, -) be a finite group. There is a bijective
correspondence between:

@ The operations o on B such that (B, -, o) is a skew brace.
@ The regular subgroups of Hol(N).

Moreover, a regular subgroup corresponding to o is isomorphic
to (B, o).



¢

Skew braces with
additive group N and
multiplicative group G

Regular subgroups of
Hol(N) isomorphic to G

Bi=B < Gi~G

~ means conjugation in Hol(N) by elements of Aut(N).




¢

Isomorphism classes of Conjugacy classes by

skew braces with elements of Aut(N) of
additive group N and regular subgroups of
multiplicative group G Hol(N) isomorphic to G

> #{Regular subgroups of Hol(/N) up to conjugation by Aut(N)}
[N]

N running through:

@ Representatives of abelian groups of order m~» b(m).
@ Representatives of groups of order m ~ §(m).




COMPUTING SKEW LEFT BRACES OF SMALL ORDERS

VALERIY G. BARDAROV, MIKHAIL V. NESHCHADIM, AND MANOJ k. YADAV

ABSTRACT. We mmprove Algorithm 5.1 of [Math. Comp. 86 (2017), 2519-2534] for
computing all non-1somorphic skew left braces, and enumerate left braces and skew left
braces of orders up to B68 with some exceptions. Using the enumerated data, we state
some conjectures for further research.

@ Refinement of the previous method. v/

@ Determination of b(m) and s(m) for m < 868 with
some gaps. v



~» Gonjectures on the value of:

® s(g°p), p,q primes,p>qg+1>3.v/
@ b(8p) and s(8p), p prime, p > 11.
@ b(12p) and s(12p), p prime, p > 7.

« E. Campedel, A. Caranti, I. Del Corso (2020)
« E. Acri, M. Bonatto (2022)

All these integers are of the form np, n € Z, p prime, p 1 n.



THE PRIME MULTIPLE CASE:
PRODUCTS OF SKEW BRACES



THE SETTING
Let n € Z and let p be an odd prime such that p 1 n.

Assumption
Every group of order np has a normal subgroup of order p.

In particular, this is satisfied when:
@ Nn=8,p>11.
@ n=12,p > /.



THE RESULTS

@ A description of the skew braces of size np.
@ A framework to enumerate all such skew braces.

@ The exact values of b(8p), b(12p) and s(12p).

j T. Crespo, D. Gil-Munoz, A. Rio, M. Vela. Left braces of size 8p. J. Algebra 617 (2023),
4 pages 317-339.

j T. Crespo, D. Gil-Munoz, A. Rio, M. Vela. Inducing braces and Hopf Galois structures. J.
2 Pure Appl. Algebra 227 (2023), 107371.

j T. Crespo, D. Gil-Munoz, A. Rio, M. Vela. Determining skew left braces of size np. To
% appear in Communications in Algebra.




Every skew brace of size np can be described as a sort of
product of a skew brace of size n and the trivial brace of size p.

Constructing products of skew braces

Let (By,-,0) and (Bo, -, 0) be skew braces.
How can we define a skew brace structure on By x B5?

@ Direct product: Define - and o on By x Bo componentwise.

@ Semidirect product: Define - componentwise and o as a
semidirect product by a morphism 7: (Bs,0) — Aut(Bj, o).



Proposition

Let o: (Bs.:) — Aut(Bjy. ) be a group morphism. Suppose that
for all a. b € B>, we have:

@ o(aob)=c(b)"@.qg(a).
@ o(b)™(® commutes with ). for all ¢ € B;.

Then we can define - also as a semidirect product by ¢ to
obtain a skew brace structure on By x B,, called the twofold
semidirect product.

It By Is the trivial brace of size p, this condition is just that

og(aob)=oc(a)oc(b), a,be Bj.



From a skew brace of size n and the trivial brace of size p, one
can construct either one or two skew braces of size np.

Moreover, every skew brace of size np arise on this way.
@ (By,-, o) skew brace of size n, Z, trivial brace of size p.

@ 0:(Bp,-,0) — Zp, 7: (Bp,0o) — Zj.

~> (Zp % Bp,-,0) and (Zp x By, -, 0") skew braces of size np,
where:



~> (Zp x Bp,-,0) and (Zp x By, -, 0") skew braces of size np,

where:
(m,a)-(n,b) =(m+ o(a)n,a- b),
(m,a)o(n,b)=(m+7(a)n,aob),
(m, a) o (n,b) = (a(b)m+ r(a)o(a)n, ao b).
Remark

f c =1, o and o’ are the same, so we obtain a unique skew
brace structure, which is the usual semidirect product.
f E := (Bp, -) is abelian, what we obtain is actually a brace.




Suppose that (o, 7) and (o', 7’) provide Z, x B, isomorphic
skew brace structures.

@ o and ¢’ lie in the same orbit of
Aut(Bp) x Hom(By, Zp) — Hom(Bp, Zp).
(9.0) — 0g
@ 7 and 7’ lie in the same orbit of

(Aut(Bp) N L) x Hom(F,Zy) — Hom(F,Zy).
2 . Stabilizer of o.  ®,: Conjugation by g.



@ For each isomorphism class [E] of groups of order n,
determine the conjugacy classes of regular subgroups
F < Hol(E).

@ Determine Hom(Bp,Z;) = {0 € Hom(E,Zp) | m2(F) C %, }.

@ Compute the orbits of the action (g, o) — og, g € Aut(Bp),
o € Hom(Bp, Zp).

@ For each representative o of an orbit, compute the orbits of
the action (g, 7) — 794, g € Aut(B,) N X,
7 € Hom(F,Z}).



Let B, be a skew brace of size n with additive group E and
multiplicative group F.

For a pair (o, 7), we find the conjugacy classes of regular
subgroups of Hol(Z, x, E) isomorphic to Z, x, F.

By Curran,

Aut(Zp Xy E) = { (‘8’ ’j{:) a €T, ic /\ezg}.

vi: E — Zp, vi(@) = i — o(a)i 1-coboundary.



FORMULA FOR THE NUMBER OF
SKEW LEFT BRACES OF SIZE NP

There does not seem to be a general pattern for the numbers
and sizes of orbits for o and 7 in terms of nand p.



THE NUMBER OF
SKEW BRACES OF SIZE 12P



Problem
Given a prime number p, find b(12p) and s(12p).

By computations, one shows b(24) = 96, b(36) = 46,
b(60) = 28, s(24) = 855, s(36) = 400 and s(60) = 418.

If p > 7, then any group of order 12p has a unique normal
subgroup of order p.

The isomorphism classes of groups of order 12 are

Ci2, Cg x Co, Az, Dg, Dicqo.



NUMBER OF SKEW LEFT BRACES
WITH SIZE 12




SOLUTION FOR THE CASE

E=C12, F=D6
@ There are two conjugacy classes F1, > of regular
subgroups of Hol(E). One orbit
\/\ for each
Q@ 0 C HDII](B12,,ZE) — > KEI’({T) — E or Cs.

WN%Zchlg or Zp ><]6012
® 7 € Hom(F;, Zy) = Ker(7) = F;, Cg or Ds.
~ G = Ly X Dg or Zy, X Dg or Z, Xg Dg



@ Orbits of Hom(F;, Z5 ) under Aut(Bj) N X,

Ker(7) = F; Ker(7) = Ceg Ker(7) = D3
F 1 1 1
F> 1 1 2

Number of skew braces with E = Cyo and F = Dg:




Doing this for all combinations of E’'s and F’s we find:

Let p > 5 be a prime number. Then

24 if p=11(mod12),
28 if p=5(mod12),
34 ifp=7(modi12),
40 if p=1(mod12).

b(12p) =

324 if p=11(mod 12).

410 if p=5(mod 12),
S(12P) =\ 606 if p=7(mod12)

782 if p=1(mod12).
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