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G = finite group, A = abelian group.

An A-fibered G-set is a G X A-set with finitely many orbits on which the action of A is free.
A morphism of A-fibered G-sets is a map f : X — Y commuting with the actions.

gseth = category of A-fibered G-sets.

Monoidal operations. For all X, Y € gset?,
® Disjoint union: X LI Y € gset’.

® Tensor product: A ~ X X Y,a- (x,y) := (a”'x, ay). Then
X®a Y :=XXVY/A € gset’.
Distributive laws: For all X, Y, Z € gset?, there are natural isomorphisms
X® (YUZ) = (X®Y)U (X®a2),

(YUZ) @4 X = (Y@ X)L (Z®4 X).



The A-fibered Burnside ring of G, denoted by B*(G), is defined as the Grothendieck ring
of gset” with respect to LI and product induced by ®4. More precisely,

BA(G) := Z(GSGtA/E)/<[X] +[Y] = [XUY] | X,Y € gset?).

Let
MG = {(K, ¢) | K <G, ¢ € Hom(K,A)}

be the set of A-monomial pairs of G, on which G acts by conjugation. Then

e = P zikole ()
(K,p)e[ MZ]

as rings, where [K, ¢l := G - (K, ¢), and

(K @lellyls = D [KNL Plersi®Ylkrols. 2)
ge[K\G/L]
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1. INTRODUCTION
Let G be a finite group and A a finite abelian group, on which G acts from
the right: (a, g)+> a’ (a€ 4, g€ G). A(G, A)-set S is a finite set, on which

the semidirect product G X A acts by permutations from the left, such that
ACG x 4 acts freelv. (We assume 4 and G to be imbedded in G x 4.

Examples:
* 87(6) = B(6);
* 85°(6) = (6);
e BA(G) has finite rank & Torexp(6)(A) ={a€A] a®P(6) = 1} is finite.
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From now on, we assume that Torey, () (A) is finite. Let
D2 = {(K, @) | kK < G,® € Hom(K,A)*}
on which G acts by conjugation. Each pair (K, ®@) induces a map

sew B0 — ClLylem Y @ (gl). @)

gelG/L],
K<9L

The following holds:

o SOA

KD is a ring homomorphism,

. Im( a ) C Z[¢] for ¢ = e, n = exp(Torexp(c) (4)),

GA

® s/o —s |fand only if (K, ®) = (L, P).
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If R is a commutative ring, we set B4 (G) := R ® BA(G).

Let K C C be a subfield containing a root of 1 of order exp (Torexp(G) (A)). Then the map
GA .
1_[ sy BR(6) — 1_[ K )
(K,®)e[DE] (k@) e[ DE]

obtained by scalar extension is an isomorphism of K-algebras. Moreover, for each
(K, @) € DA, there is a primitive idempotent eg’g € B&(G) satisfying

SGA (eG,A ) _ {1 if (L, V) =¢ (K, ®),

LY \"k.® o else.
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The primitive idempotents of B(G) are in bijection with conjugacy classes of perfect
subgroups of G (Dress 1969, Yoshida 1983). We have a commutative diagram

B(G)——— BA(G)

BQ[(] (G);> Ba[(] (6)

Let H < G be a perfect subgroup. Then

G _ G,A
ey = Z ek € Bayc) (©) )
(k@) e[ D],
0°(K)=gH

lies in BA(G). Furthermore, these idempotents account for all blocks of B*(G).
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If H < G is a perfect subgroup, we have

G _ G
Bl = P ZIK pleel,,. (6)
(K,¢)e[ME],
0° (K)=gH
In particular,

B©ef, = P zZikgle &)

(K,¢) e[ MZ],

K is solvable

G is solvable if and only if 1 is primitive in B*(G).
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