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Theorem (Dedekind, Baer)

A group G is Dedekind if and only if G is abelian or
G = Qg x A x E, where

o (g is the quaternion group of order 8;

o A is an abelian group in which all elements have odd order;

o E is an elementary abelian 2-group.




v: Nilpotency of Dedekind Groups

This theorem also tells us that Dedekind groups are always nil-
potent, which means there is a finite chain of normal subgroups

{1} =Ho<H1<--<Hp-1<H, =G

such that for all i =0,...,n—1,

i1 G
— < Z|—.
Hi — (H,-)

T




Nilpotency of Dedekind Groups

This theorem also tells us that Dedekind groups are always nil-
potent, which means there is a finite chain of normal subgroups

{1} =Ho<H1<--<Hp-1<H, =G
such that for all i =0,...,n—1,
Hi1 G
<Z[|-—]).
Hi — (H,-)

The smallest length of a chain of this type is called the nilpotency
class.




v: Nilpotency of Dedekind Groups

This theorem also tells us that Dedekind groups are always nil-
potent, which means there is a finite chain of normal subgroups

{1} =Ho<H1<--<Hp-1<H, =G
such that for all i =0,...,n—1,
Hi1 G
<Z[|-—]).
Hi — (H,-)

The smallest length of a chain of this type is called the nilpotency
class.

The nilpotency class of a Dedekind group is at most 2. \
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The following function plays an important role in the study of
skew braces:

Aia€(B,o)— A, € Aut(B,+)

where A,(b) = —a+ao b, for all b € B.
If (G,-) is a group, then (G, -,-) is a skew brace, called trivial.
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Substructures in Skew Braces

Let (B, +,0) be a skew brace. A subset X of B is said to be:
© a sub-skew brace if it is a subgroup of both (B,+) and
(B, 0);
@ a left-ideal if it is a subgroup of (B,+) and A\;(X) = X,
for all a € B;

@ an ideal if it is a left-ideal that is normal in both (B, +)
and (B, o); in this case B/l is a skew brace with induced
operations.

¢((B) = Z(B,+) Nker(A) N Z(B, o), which is called the center
of the skew brace, is always an ideal.
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Definition
A skew brace is called Dedekind if all its sub-skew braces are

ideals.

If (G, ) is a Dedekind group, (G, -,-) and (G, -, -°P) are Dedekind
skew braces, where a-°° b= b - a.




v: Example

A non trivial example of a Dedekind skew brace is
B = SmallSkewbrace(8,39),

in which (B, +) ~ (Qg,+) and (B,0) ~ (Cs,-).
In this case ker(\) = (—1) and

Ajti— g A= —j A 2= —i
Jr =i Jri j—=—j
k— k k — k k— k
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If B is a finite Dedekind skew brace in which (B, +) is abelian,
then B is centrally nilpotent.
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What does central nilpotency mean? There is a finite chain of
ideals

{0}:/0<1/1<1"'<]/n_1<l/,,:B
such that for all i =0,...,n—1,

The smallest length of a chain of this type is called the central
nilpotency class.
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for an ordinal n, Z,11(G) is the normal subgroup such that

Zie ~2(zw)

instead, if o is a limit ordinal

Z.(6) = | Zs(6).

B<a

Definition

A group G is called hypercentral if and only if there exists an
ordinal o such that Z,(G) = G.
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Definition

A skew brace B is called hypercentral if and only if there exists
an ordinal « such that (,(B) = B.
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With this definition, we can generalize the theorem.

Every locally finite Dedekind skew brace is hypercentral. \
Every finite Dedekind skew brace is centrally nilpotent. \




Central nilpotency class

Unfortunately, we cannot define a bound for the central nilpo-
tency class.




Central nilpotency class

Unfortunately, we cannot define a bound for the central nilpo-
tency class.

Let (B,+) = (Zan,+) and define

aob=a+(-1)%b,
for all a,b € B.




v: Central nilpotency class

Unfortunately, we cannot define a bound for the central nilpo-
tency class.

Let (B,+) = (Zan,+) and define
aob=a+(-1)%b,
for all a,b € B.

(B,+,0) is a skew brace such that (B, o) is isomorphic to the
dihedral group of order 2" and the central nilpotency class of
this brace is always n — 1.
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v: Skew Braces of Cyclic Type

To identify Dedekind skew braces, one needs to consider hyper-
central groups.

Let (B,+,0) be a finite skew brace such that either (B,+) or
(B, o) is cyclic and the other nilpotent. Then B is Dedekind.

Let (B,+,0) be a skew brace such that either (B,+) or (B, o)
is infinite cyclic. Then following conditions are equivalent:

(1) B is trivial.
(2) B is Dedekind.
(3) (B,+) and (B, o) are nilpotent.




v: Braces of locally cyclic type and ker(\) # 0

Let (B, +, o) be a non-trivial skew brace in which (B, +) is locally
cyclic and torsion-free and K = Ker(\) # 0. Then |B/K| = 2
and

aob=a+ (—1)¥+tKp

for all a,b € B, where ¢ : (B/K,+) — Zy is an isomorphism.
Thus, (B, o) is isomorphic to the dihedral group 7, x (B, +) and
B is not Dedekind.

V.




v: Converse of the theorem

Let (X,+) be any subgroup of (Q,+) containing the rational
number 1. If 2X < X, then we can define a group (X, o) by
putting

xoy =x+ (—1)px+2X),

for every x,y € X, where ¢ : X/2X — Zp is an iso-
morphism.  Then (X,4+,0) defines a skew brace such that
Ker(A) = 2X # {0}.

V.




v: Braces of locally cyclic type and ker(\) =0

Let (B, +,0) be a non-trivial skew brace in which (B, +) is locally
cyclic and torsion-free and Ker(\) = 0. Then (B, o) is abelian
and there is a rational number 0 # % € B such that for all
a,beB
aob=a+b—ab+ Lab.
my

In this case, (B, +) is actually isomorphic to a sub-ring of (Q, +).
Moreover, B is not Dedekind.

V.




Converse of the second theorem

Let (X,+) be any subgroup of (Q,+) containing the rational
number 1. If X is a sub-ring of Q for which there exists a non-
zero rational number % for which the operation

m
xoy:x—i—y—xy—i-#xy (x,y € X)
p)

defines an abelian group (X, o), then (X,+,0) is a skew brace
with Ker(X) = {0}.

V.
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If (B,+,0) is a skew brace such that (B,+) ~ (Q,+), then B
is trivial.
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