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Relative Rota—Baxter Group

Definition

A relative Rota—Baxter group is a quadruple (H, G, ¢, R), where H and G are groups,
¢ : G — Aut(H) a group homomorphism (where ¢(g) is denoted by ¢,) and

R : H — G is a map satisfying the condition

R(h1)R(h2) = R(hidr(n)(h2))

for all hy, h, € H.
The map R is referred as the relative Rota—Baxter operator on H.

We say that the relative Rota—Baxter group (H, G, ¢, R) is trivial if ¢ : G — Aut(H) is
the trivial homomorphism.
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Preliminaries on relative Rota—Baxter Group

Descendent group of relative Rota—Baxter operator

Let (H, G, ¢, R) be a relative Rota—Baxter group. Then the binary operation

hy or hy = hior(n)(h2)

defines a group operation on H. The group H°r) is called the descendent group of R.
Moreover, the map R : H°") — G is a group homomorphism.

It follows that if (H, G, ¢, R) is a relative Rota—Baxter group, then the image R(H) of
H under R is a subgroup of G.
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Skew Left Brace

Definition
A skew left brace is a triple (H, -, o), where (H,-) and (H, o) are groups such that

ao(b-c)=(aob)-alt-(aoc)

holds for all a, b, c € H, where a~! denotes the inverse of a in (H,-).

Given a relative Rota—Baxter group (H, G, ¢, R), we obtain a skew brace (H, -, og).
This is called the induced skew brace of the relative Rota—Baxter group (H, G, ¢, R)
and is denoted by Hg.
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Relative Rota—Baxter Subgroup

Definition

Let (H, G, ¢, R) be a relative Rota—Baxter group, and K < H and L < G be subgroups.
Suppose that ¢,(K) C K for all £ € L and R(K) C L. Then (K, L, ¢|,R|) is a relative
Rota—Baxter group, which we refer as a relative Rota—Baxter subgroup of (H, G, ¢, R)
and write (K, L, ¢|,R|) < (H, G, ¢, R).
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Preliminaries on relative Rota—Baxter Group

|deal of relative Rota—Baxter group

Definition
Let (H, G, ¢, R) be a relative Rota—Baxter group and (K, L, ¢|,R|) < (H, G, ¢, R) its
relative Rota—Baxter subgroup. We say that (K, L, ¢|, R|) is an ideal of (H, G, ¢, R) if
K<H and L<G,
¢g(K) C K forall g € G,
de(hht € Kforallhe Hand £ € L

We write (K, L, ¢|, R|) < (H, G, ¢, R) to denote an ideal of a relative Rota—Baxter
group.
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Preliminaries on relative Rota—Baxter Group

Quotient of relative Rota—Baxter group

Let (H, G, ¢, R) be a relative Rota—Baxter group and (K, L, ¢|, R|) an ideal of
(H, G, ¢, R). Then there are maps ¢ : G/L — Aut(H/K) and R : H/K — G/L defined
by
¢g(h) = dg(h) and  R(h) = R(h)
for all g € G/L and h € H/K, such that (H/K,G/L,$, R) is a relative Rota—Baxter

group.
We write (H, G, ¢, R)/(K, L, ¢|, R|) to denote the quotient relative Rota—Baxter group

(H/K,G/L,$,R).
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Homomorphism of relative Rota—Baxter Groups

Definition
Let (H, G, ¢,R) and (K, L, ¢, S) be two relative Rota—Baxter groups.

@ A homomorphism (¢, 1) : (H, G, ¢, R) — (K, L, ¢, S) of relative Rota—Baxter
groups is a pair (¢,n), where ¢p : H— K and n: G — L are group
homomorphisms such that

nR=5¢ and ¢ ¢g=pye) ¢

for all g € G.
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Extensions of RRB Groups

Definition

Let (K,L,a,S) and (A, B, 3, T) be relative Rota—Baxter groups. An extension of
(A,B,3, T) by (K,L,«,S) is a relative Rota—Baxter group (H, G, ¢, R) that fits into
the sequence

£ 1— (K, LaS) ™ (16,6 R ™% (ABAT —1,

where (i1, o) and (71, m2) are morphisms of relative Rota—Baxter groups such that
(i1, i) is an embedding, (71, 7,) is an epimorphism of relative Rota-Baxter groups and

(im(i),im(i2), 6|, R|) = (ker(m1), ker(m2), 4|, R|).
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Cohomology of relative Rota—Baxter Groups

Group Extensions from RRB Group Extensions

Proposition
An extension

£ 1— (K, La,S) 2% (H,6,6.R) ™% (AB,BT)—1
of relative Rota—Baxter groups induces extensions of groups
&: 1—K-SH™SMA—1 and &: 1—L-56"B—1

Furthermore, (K, L, «, S) is an ideal of (H, G, ¢, R) and the quotient relative
Rota—-Baxter group (H, G, ®,R)/(K, L, a, S) is isomorphic to (A, B, 3, T).
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Cohomology of RRB Groups

Let sy and s¢ be set-theoretic sections to £; and &, respectively. The ordered pair
(sH, s¢) will be referred as a set-theoretic section to the extension £. Then each
element h € H and g € G can be uniquely written as h = sy(a) k and g = s¢(b) I for
some ke K,/ €lLandac A be B.

Proposition [-, Rathee, Singh]

Letac A, be B, ke K, and | € L. Then, the following statements hold:

@ The action ¢ is characterized by the equation

bsq(by1(sH(a)k) = su(Bs(a)) p(a, b) Psc(vy(F (I, a)k),

where f : L x A — K is defined as f(/,a) = sy(a) *¢/(su(a)), and p: Ax B — K
is given by p(a, b) := (su(Bs(a))) dss(v)(sH(a)).
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Cohomology of RRB Groups

Proposition...
@ The relative Rota—Baxter operator R is expressed as

R(sn(a)k) = sc(T(a)) x(a) 5(¢;GI(T(3))(k))a

where y : A — K is defined by, x(a) := s¢(T(a))R(su(a)).
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Cohomology of RRB groups

Proposition [-, Rathee, Singh]
Consider the abelian extension

€1 1— (K LaS) " (H,6,0.R) ™% (ABST) —1

of relative Rota—Baxter groups. Then the following hold:
@ The map v : B — Aut(K) defined by

vb(k) = dscv)(k)

for b€ B and k € K, is a homomorphism of groups.
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Cohomology of RRB groups

Proposition...
@ The i : A — Aut(K) defined by

pa(k) = sn(a) ™" ksu(a)

for a€ A and k € K, is an anti-homomorphism of groups.
@ The map o : B — Aut(L) defined by

ob(l) = sg(b) ™t Is(b)

for b€ B and | € K, is an anti-homomorphism of groups.
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Cohomology of RRB groups

Proposition...
Further, all the maps are independent of the choice of a section to £.
@ Themap 7 : AX A— K given by

m1(a1, a2) = sy(a1a2) ‘sy(ar)sw(az)

for a;,a; € Ais a group 2-cocycle with respect to the action p.

@ The map » : B x B — L given by

Ta(b1, o) == sg(b1b2) 'sg(b1)sc(b2)

for by, by € B is a group 2-cocycle with respect to the action o.
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Cohomology of RRB Groups

Definition
A module over a relative Rota—Baxter group (A, B, 3, T) is a trivial relative Rota-Baxter
group (K, L, a, S) such that there exists a quadruple (v, i1, 0, f) (called action) of maps
satisfying the following conditions:
@ The group K is a left B-module and a right A-module with respect to the actions
v:B — Aut(K) and i : A — Aut(K), respectively.
@ The group L is a right B-module with respect to the action o : B — Aut(L).
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Cohomology of RRB Groups

Definition...
@ The map f: L x A— K has the property that f(—,a): L — K is a
homomorphism for all a € A and f(/,—) : A— K is a derivation with respect to
the action  for all / € L.
o S(v7(n(a(K) v7(F(S(K),a))) = o7(2)(S(K)) for all a€ Aand k € K.
® vp(pa(k)) = pp,a)(vs(k)) forallac A, be Band k € K.
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Cohomology of RRB Groups

Let us set

C[gRB = KX (V,uaf) L)
CI%RB = Cl(A7 ) S C1(87 L)7
Cirs = C*(AK)@ C*B,L)® C(Ax B,K)® C(A,L),

C,‘Z’,RB = C3(A, K) & C3(B, L)® C(A X BZ, K)® C(A2 x B,K)® C2(A, L),
where

KXol = {(k, NeKxL | flop(l),a) =f(l,a), vp(k) =k,
or@a)(l) =1 and S(uas(k)) = S(k) for all a € A and b € B}
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Cohomology of RRB Groups
Define 0%5 : Clrg — Chrg by

Ogre (k. 1) = (K, wi),
where ki, : A— K and w; : B — L are defined by

r(a) = pa(k)kH,
w/(b) = O'b(/)/_l,

forke K,l €L, ac Aand b e B. Define Okrg : Chrg — C3rg by
Orre(01,02) = (95(61), 05(62), A1, M),

M (a, b) v (F(02(b), 2)01(3)) (61(Bu(2))) ",
Yo(a) = S(rrfy(@a(a)) (Ga(T(@))
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Cohomology of RRB Groups

Define 025 : Cirg — CRrg by

a,%?RB(Tla T2, P, X) = (82(7_1)7 a§(7_2)7 Y1572, 73)5

vi(a, b1, b2) = p(a, bibe) vy, (f(72(b1, b2), 2)) (p(Br,(a), b)) (e (p(a, 2))) 7
va(a1,a2,b) = plaraz, b) vs(71(a1, 32)) (1py(ar) (P(a1, b))~ (p(a2, b)) (11(Bs(a )5b(32))) Y
(a1, 2) = S(V70ran (a2 T(a1) T1(a1, Br(a(@2)) vr(an (F(x (1), 22))))
(2(T (a1), T(a2))) ™" (5(x)(a1, 22)) ™"

for 1y € C?(A,K), € C*(B,L), pe C(Ax B,K), x € C(A/L), a,a;,a, € A and
b, by, b, € B.
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Cohomology of RRB Groups

Theorem(—,N. Rathee, M. Singh)
im(angB) - ker(all?RB) and im(afl?RB) - ker(a,??RB)'

We define the first and the second cohomology group of A = (A, B, 3, T) with
coefficients in K = (K, L, a, S) by

H}?RB(Av K) = ker(afl?RB)/ im(al%RB)

and
H%?RB('Aa K) = ker(alz?RB)/ im(all?RB)'
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Cohomology of relative Rota—Baxter Groups

Equivalent Extensions of RRB Groups

Theorem(—,N. Rathee, M. Singh)

Let A= (A, B, 3, T) be a relative Rota—Baxter group and K = (K, L, a, S) a trivial
relative Rota-Baxter group, where K and L are abelian groups. Let (v, i1, 0, f) be the
quadruple of actions that makes K into an A-module. Then there is a bijection between
EXt(,,7u7g’f)(A, IC) and H%?RB(A> /C)
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Some Applications

@ Equivalence between the category of bijective relative Rota—Baxter groups and the
category of skew left braces [6].

o Homomorphism from Hzeg(A, ) — H3 (AT, Ks) [7, 1].
@ Schur Multiplier and Schur Cover for relative Rota—Baxter groups [2].

@ Relation between the Schur covers of the relative Rota—Baxter group and the Schur
covers of the skew braces [2].
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Relative Rota—Baxter Groups and Skew Braces

Thank You.
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