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Polinomial identities

1 Introduction

In what follows, fix a field F.
Some notations:

e Alis an associative algebra,
e X :={X;,X,,...}isacountable set,

e F(X) is the free associative algebra over F generated by X.

Definition
An element f(x, ..., xp) of F(X) is a polynomial identity (or a PI) for A if
f(ai,...,an) = Oaforeverya,,...,a, € A.

A is a Pl-algebra if A satisfies a non-trivial polynomial identity f.
Let Id(A) := {f | f € F(X), f PIfor A}.
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Graded polynomial identities

1 Introduction

Some notations:
e Ais an associative superalgebra (i.e. A = A @ A st. ADAUD) C AGH) for every
i,j € Zy),
o Y:={y1,Vs,...}and Z := {z;, 2, ... } are (disjoint) countable sets,

e F(Y U Z) is the free associative algebra over F generated by Y U Z (~ structure of
superalgebra: deg y; = 0, deg z; = 1for everyi > 1).

Definition
Anelement f(ys,...,Ym,21,...,2,) of F(Y U Z) is a Z,-graded polynomial identity or a
superidentity (f = o) for A = A(©) @ A() jf f(a1,...,am,bs, ..., by) = 0a for every
ar,...,am € A® and by, ... b, € AD.
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Graded polynomial identities

1 Introduction

From now on, we shall assume that F is an algebraically closed field with characteristics O.
A central object in the theory is:

Id,(A)
the set of all Z,-graded polynomial identities satisfied by A

Fact

Id,(A) is a T,-ideal (i.e. a two-sided ideal of the free superalgebra stable under every
graded endomorphism of the free superalgebra), completely determined by the
multilinear polynomials it contains.
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Specht problem

2 Historical motivations

One of the main questions in Pl theory is

Specht Problem, 1950
A a Pl-algebra = Id(A) is finetely generated as a T ideal?
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Specht problem

2 Historical motivations

One of the main questions in Pl theory is

Specht Problem, 1950
A a Pl-algebra = Id(A) is finetely generated as a T ideal?

A positive solutions was given by Kemer in 1987.

An important step of the proof is the following

Kemer’s Representability Theorem

Let A be a finitely generated superalgebra over a field F of characteristic zero. Then there
exists a finite-dimensional superalgebra over a field extension of F which has the same
graded polynomial identities of A.
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The role of fundamental superalgebras

2 Historical motivations

One of the main tool to prove Kemer'’s Representability Theorem was the introduction of
the so called fundamental superalgebras. The main reason lies on one of their properties.

Any finite-dimensional superalgebra has the same graded identities as a finite direct sum
of fundamental superalgebras.
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Superindices

3 Fundamental superalgebras

Fix a finite-dimensional superalgebra A.
Wedderburn Malcev Decomposition
A=As+ J(A),

where J(A) is the Jacobson radical (which is a homogeneous nilpotent ideal) and where
Ass is a maximal semisimple subalgebra of A having an induced Z,-grading. Ass can be
written as a direct sum of graded simple algebras: Ass = A, @ ... D A,.
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Superindices

3 Fundamental superalgebras

Fix a finite-dimensional superalgebra A.

Wedderburn Malcev Decomposition

A = Ags + J(A),

where J(A) is the Jacobson radical (which is a homogeneous nilpotent ideal) and where
Ass is a maximal semisimple subalgebra of A having an induced Z,-grading. Ass can be
written as a direct sum of graded simple algebras: Ass = A, @ ... D A,.

Definition
The first algebra superindex of A is the pair (tao,ta1) := (dimg AL dim; A(1)), whereas

SS SS
its second algebra superindex is sx, where s, + 1is the nilpotency index of J(A).

The triple t-s,(A) := (ta 0, ta1; Sa) is said to be the algebra superindex of A.
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Superindices

3 Fundamental superalgebras

If to, t;, v are integers, an element f € F(Y U Z) is said to be v-fold (to, t;)-alternating if,
foralli e [1,v] := {1,2,..., v}, there exist sets of variables Y; C Y and Z; C Z with
|Yi| = to and |Z;| = t, such that f is alternating in each Y; and in each Z;.
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Superindices

3 Fundamental superalgebras

If to, t,, v are integers, an element f € F(Y U Z) is said to be v-fold (t,, t;)-alternating if,
foralli e [1,v] := {1,2,..., v}, there exist sets of variables Y; C Y and Z; C Z with
|Yi| = to and |Z;| = t, such that f is alternating in each Y; and in each Z;.

Definition
The first Kemer superindex of | := Id,(A) is the maximum (if exists), in the lexicographic
order, of the pairs of numbers (to, t;) such that, for all v € N, there is an element
f € F(Y U Z) \ I which is v-fold (to, t)-alternating.
If (to, t1) is the first Kemer superindex of I, its second Kemer superindex is the maximum
integer s = a + b for which, for every integer v, there exists a v-fold (to, t;)-alternating
polynomial f € F(Y U Z) \ I which is a-fold alternating in layers of degree o variables with
to + 1 elements and b-fold alternating in layers of degree 1 variables with t, + 1 elements.
The Kemer superindex of a superalgebra A is the triple Ind,(A) := (to, ti; 5).
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Main Definition

3 Fundamental superalgebras

Fact
Ind,(A) < t-5,(A)
in the lexicographic order.
Definition
A is fundamental if and only if Ind,(A) = t-s,(A).
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Recap on Simple Superalgebras

3 Fundamental superalgebras

A Z,-grading on My is called elementary if there exists an m-tuple (g4, ...,8m) € Z7
such thate; Mfff) if, and only if, g = g; — g;. Equivalently, we can define a map
a: [1,m] — Z, inducing a grading on M, setting the degree of e;; equal to a(i) — a(j).

Let A be a simple superalgebra. A is (isomorphic to) a superalgebra of the following type
(a) My := M4 withk > 1 > o, k # 0, endowed with the grading induced by the
(k+ I)-tuple (0,...,0,1,...,1);
——— ——
k times I times

(b) Mpm + tMp,, where t? = 1, with grading (Mp,, tMp,). It can be realized as the

2 > } of the full matrix algebra M,,, with the

grading induced by the (2m)-tuple (o,...,0,1,...,1).
—— N —

homogeneous subalgebra { < g

m times __m times
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Examples of Fundamental Superalgebras

3 Fundamental superalgebras

Proposition
Every finite-dimensional simple superalgebra is fundamental.

Why? Just to have an idea, let us look an example.
Consider M, + tM,. It is clear that t-s,(M, + tM,) = (4, 4; 0).

€1,1€1,1€1,1€1,2€2 2€5 2€5 2€3 181 1 . . . €1 1t€q 14 1te; 2e5 rte, ,e; Htes seq ...,

where we have used this notation: X, ... Xn 1= > s (—1)7Xg(1) - - - Xo(n) (OF With other
fancy symbols).

From this product,which is obvious non-zero ( equal to e, ;), it can be built a graded
polynomial, v-fold (4, 4)-alternating, outside Id,(M, + tM,) with this non-zero
evaluation.
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Upper block triangular matrix algebras

4 New results

Let ((A1, ) ..., (An, an)) be a sequence of simple superalgebras.
s - kj + lj if Aj = Mkjv’i’ S — kj if Aj = Mij].,
P e A My M, (wesaythatje )T T T |y ifA 2 My + My,
and set 1o := 0, nj = 21}21 sjand Blj = [?7]'_1 +1, 77j]
Let
U= {(aij)i,jeh,n] | aj € Mg x5 if 1<i<j<nand a; = OMq, 5 otherwise}
be the the upper block triangular matrix algebra of size s,, .. ., 5.
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Upper block triangular matrix algebras

4 New results

Finally, let us define

C D
UT(Ar,..., An) == {(aij) cU | ag = (

o ) C,D e My Vk e F1}.Let
a:[1,m] — Za, i — ouli — M=)

and, for any n-tuple § := (84,...,8n) € Z3,
ag: [1,mn] — Zs, i — gk + afi),

where k € [1, n] is the (unique) integer such that i € Bl.
Denote any such a Z,-graded algebra (regardless of 3 ) by UTz, (A4, ..., Ap).

Theorem
The superalgebras UTz, (A, . .., A,) are fundamental.
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Upper block triangular matrix algebras with identification

4 New results

Let (A, ..., An) be a sequence of simple superalgebras for which there exist1 < i< j<n
such that A; = A;. Consider the superalgebra B := UTy, (A, ..., An) with grading defined

by the map a3, and its subalgebra, A := UTg;j)(A17 ...,Ap), obtained from B by identifying
A; and Aj.
Note that J(A) = J(B), whereas dimg Ass = dimg Bss — dimg A;.

Theorem
The superalgebra A is fundamental if, and only if,

1. eitherj # i+ 1;
2. orj=i+1and A = My, + tMp;
3. 0rj=i+1A =M and gitq = gi + 1.
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Cocharacters

4 New results

Let P2= is the space of multilinear polynomials of degree n of F(Y U Z) in the variables
Yi,- -3 Yny 215+ - -5 Zn.

Facts

e The hyperoctahedral group H, = 7, S,, (namely the wreath product of Z, and the
symmetric group S,) acts on P%2

o PZ2n Id;(A) is invariant under this action,

pLe
Pszd (A)
x22(A), is called the n-th Z,-graded cocharacter of A,

e the space P22(A) := has a structure of left H,-module, whose character,

o {irreducible H,-representations}/~ «— {(A\, ), A\Fr,utn—r,re[o,n]}.
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A characterization through cocharacters

4 New results

So, by the previous facts, it makes sense to write:

n

X%Z(A) - Z Z M X\ -

r=0 Akr
pEn—r

Theorem

Let A be a finite-dimensional superalgebra with algebra superindex (do, d;; s). Then A'is
fundamental if, and only if, for any n large enough, there exist r € [0, n],

A=Ay .., ) Frand poi= (g, ..., o) En—rwith \g,4q + -+ At = aand
Mdy4a - -+ + py = bsuchthata 4+ b = sand my , # 0iin x2(A).
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Work in Progress

4 New results

I'm working with A. Giambruno and D. La Mattina on a similar project in the context of
algebras with involutions.
In particular,

e We also introduced a notion of fundamental x-algebra;
e We developed a theory for these x-algebras.
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