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170 H. Priifer,

z, B, alle inhomogenen linesren ¥charen und die Pavallelprojektionen einer
festen Ebene auf eine zweite zu il parallele Ebene

Eine Menge von Elementen A, B, ... soll cine Schar heillen, wenn
je drei Elementen 4. B, (7 ein viertes Element der Menge, das ich als
das Produkt 4 27°C bezeichne, so zugeordnet ist, dal stets

AR 'B=A
ist, dabB ferner das kommutative Gesetz
AR'C=0B'A

und das sssoziative (Gesetz

(ABT' QD" E=AB (CD"E)
gilt. Dab auch

A{BCT' DY E—{ABTC)DE
wird, ldle sich beweisen,

Wern man will, kann man, ohne Vieldeutigkeiten befiirchten zu
miissen, jede Vertanschung der Faktoren eines Produktes vornehmen, gleiche
Faktoren i Potenzen zusammenfassen und mit diesen nach den gewiha-
lichen Regeln technen. Der Ausdruck [ E', in dem die B, Elemente
einer Schar bedeuten, ist dann und nur dann ecklict, wenn e, =1 ist.

Ist jedes Element der Schar F zugleich Element der Schar 7, so
soll F eine [nterschar von @, G eine Oberachar von F heilen, Ich
schreibe dann F< & und @ = F. Haben die endlich oder unendlich vielen
Unterscharen Fy, Fy, ... einer Schar & liberhaupt gemeinsame Elemente,
g0 bilden diese eine Schar, den Durchechnitt

qljﬂ:-jf,::,i’:s:...
der Scharen F,. Darsus ergibt sich: Zu jeder Menge wvon Scharen
F,,F,,... a8 G gehiirt eine kleinste Schar, welehe alle F, enthilt, die
Vereinigungsschar der F..
Unter dem Produkt

RS RFT L Fo

sus einer ungeraden Anzahl von Unterscharen einer Schar 7 verstehe ich
die Unterschar von &, die von den Elementen

E:'E;Lgsx-u_l o By

gebildet wird, wenn E. alle Elemente von F, durchlioft, Insbesondere
ist F=AA""F fiir jedes Element 4 von & und

P AB'F=AF '"F=FA™'F = FF'F
fiir alle Elemente wvon F.

ang Baer, Zur Binfihrung dev Seharbegrifs.
Setzen wir bier (5) eln, so ergibt aleh:
[ AL AN R el b -] AR R T M
und hieraus folgt wic oben suksessive:
g=—Lyg=+1

RO Al TR
ergibe,
Anbog weiter schliolend arbhlt man!
16) M) = TR
wo et {3 Gy und notwendig m o= 1 und ungerads ist,
Seim o= 20418, 131
Danm st unser Sate bereita fir | = 1 bewioson; sei or auch fie § — 1 bewiesen;
ep st Ji ) =T g n,. wo ale n V. J bereits rationsl und durch Einsetsen avs
#(-) aatgebaat st dann st
T = P Y b B
womit umser Satz bewicsen ist.
Bomarkang: Dad FU-) i apesialien Fillm kein volisibediges Tvarivstorpion i, selgl das
Selgende Beisginl:
O sl Adelseh. wnd warda dureh & mit Al =1 (i~ 1,8,3,4,0) emengt. Dunn wind anch
JIE = R
durch A Bomarph abgebildet; dens die allgerssins Shulichs AbBdung inl:
Fesl - g

a0 daf sich:

alse it
T (00D = T fa Tl B = T B = 8 [Tigl 1L
and J:) bat sicht die Form (5). hrigens gt anser Sats @ auch fir Abelacha Grappes mis Elementen
saimdlich hokar Crdanng.

§ 2. Die Seharen.

Definttion %: Eine Teilmenge & der Gruppe @ heift danr und nur dann cine Schar,
wenn & mit den Elamenten oi = 1,2, 3) slets aueh dae Element ay 0790, enthill,

Satz 3: 1. Eine Schar @ in ® ist dann and sur dann eine Untergruppe von 0, wenn
& die Idensitdn von O enthals *).

2, Eine die Identitar enthaltende Teilmenge © von @ it dann und nur dane eine
Schar, wenn sie cine Uniergruppe von @ ist.

3, Eine Teilmenge & von @ ist dann wnd nar dann eine Schar in 0, @enn es eine
Untergruppe ©, besw, © vor @ gilt, so0 daf & rechis: benw, linksseitige Resthlasse nach
& besw. & ist. &, bezw. & sind Merdurch mnd durch & eindewtip bestimmd,

Boweis: 1, Bing Trilmenge S ven @ ist donn und nur dann eine Unbergruppe
von @, wenn sic mit o und b auch o<t und o - b enth&lt; sin anthult olao notwendig
art =1 und mit & b, c soch bt

) Fihrt man din Schasbegril abutrakt wia, wio o Prifee, L o p 39 tul, indem mas wser cimer
Sehar o Eloistopsbee vorstel, is dos | Elemeats o, B, ¢ tindeutic rm viertes 4 b1 ¢ be-
stimsar, 40 G0 L ab—2bm=bi—4a =g, 1 (0544 bbe =@ (he Bt m bt (606 = aB ey,
I #54 GL ab=tt = b sseh jadem des Elemente o, ¥, ¢ aaf mer eine Weisn wefldsbar st — din Lhsbar-
it Qherbaupt WG sich beweksen —, v kann man ven dar Schas jodecseit sar Gruppe Gbegiben, inbers
nan irgeadein Sestca Elomeat & als Einbeit sanseichort and aia Grappeakempesition 0 = au—b snfihit.




A heap is an algebraic system (H,[—,—, —]) consisting of a nonempty set H,

and a ternary operation
[_7_7_]:HXHXH_>H7 (az,y,z)l—>[w,y,z]
satisfying

the heap associativity [[z,v, 2], t,u] = [z, vy, [z, t,u]], = [z, [y, 2, t], u]
Mal'cev identities [z,z,y] = [y, z,z] = vy, # [z, vy, 2]

where x,y,z,t,u € H. A heap (H,[—,—,—]) is abelian, if satisfies
the heap commutativity [z,v, 2] = [z, vy, z],

where z,y,z € H.

A heap homomorphism is a function ¢: (H,[—,—,—,]) — (H,[-,—,—,])

respecting the heap operation

o(lz,y,2]) = [p(x), (), ©(2)],
where z,y,z € H.



Theorem. Let (H,[—,—,—]) be a heap.
(a) For any z,y,z € H,
[y7$7 [Jﬁ,y, Z]] — <, [[xayv Z]7 Zay] — Z.

Indeed,

ly, z, [z, y,2]] = [ly,z,z],y,2] = [y,y,2] = =
and

[[z,y, 2], 2,y] = [z,y, [z, 2,9]] = [z,y,y] = z.




(b) For any z,vy,z,t,u € H,

[z, y, [z, t,ul] = [z, [t, 2, y], u].

Indeed, since
(2, 2, 9], 2, [z, 9, [2, t, u]]] = [[[t, 2z, 9], 2, 2], v, [2, ¢, u]] =

= [[t, z,ul, 9, [z, t,u]] = ([t 2, 9], 9, 2]t u] = [t 8, u] = w
and

[[t, 2z, 9], @, [, [t, 2, ¥], u]] = w,
it follows that

[[t7 Z,y],x, [:'U7y7 ['Z?t? 'U,]]] — [[t7z7 y]7x7 [xﬂ [t,Z, y]?“]]?
and thus

[z, y, [z, t,ul]l = [z, [t, 2, 9], [[t, 2, 0] 2, [z, s [2, 8, w]]]] =

= [z, [t, 2, 9], [[t, 2, ), 2, [z, [, z, 9], ul]] = [=, [E, 2, 9], u].




(c) For any z,y,z € H,
[z, [z, y, 2], 2] = y.

Indeed,

[z, [z, y, 2], 2] = [2,2, [y, 2, z]] = 2, 2,9] = .




(d) (H,[—,—,—]) is an abelian heap iff for any z,vy,z,t,u € H,

[z,y, [z, t,ul] = [z, [y, z, ], ul.

Indeed, if (H,[—,—,—]) is abelian, then
[z, y, [z, t,u]] = [z, [t, 2,y], u] = [z, [y, 2, t], u].
If for any z,y,z,t,u € H,

[z, y, [2,t,u]] = [z, [y, 2, t],u],

then since also

[x7y7 [Z7t7 U]] - [$7 [t7 Z,y],U],

it follows that

[z, [y, 2, t], u] = [z, [t, 2, y], u],

and thus

[y, 2, t] = [u, [z, [y, z, t], ul, @] = [u, [z, [t, 2, 9], u], 2] = [t, 2, 9] u




Theorem. Given a group (G,o,1), let

[—, —, -]o: GXGxG—=G, [z,y,2]lo  =z0y oz,

where z,y,z € G. Then

(a) (Ga [_7_7_]0) IS a heap-
Indeed, for any x,vy, z,t,u € G,
[[m,y,z]o,t, u]O — (33 o y_l o Z) o t_l U =xo y_l o (Z o t_l o ’Ll,) — [':U7y7 [Z7t7 U]o]o

1

[, 2,9]o =xox toy=y=yoax oz =[yz,zl.

(b) If (G,0,1) is an abelian group, then (G, [—,—, —]o) is an abelian heap.
Indeed, for any z,y,z € G,

1 1

[z,y,2]c =x0y T oz=z20y " ox = [z,y,x]o.

(c) Every group homomorphism ¢: (G,0,1) — (G,o0,1)

is an associated heap homomorphism ¢: (G, [—, —, —]o) — (G, [—, —, =]o).
Indeed, for any x,vy,z € G,

1

o([z,y,2]0) = p(xoy toz) =p(x)op(y) top(z) = [p(x), v(y), v(2)]o.



Theorem. Given a heap (H,[—,—,—]) and e € H, let

oe: Hx H— H, xoey::[waeay]a
where z,y € H. Then

(a) (H,oe,e) is a group, known as a retract of (H,[—,—, —]).
Indeed, for any x,y,z € H,

(xocy)oez = [[x,e,y],e,2] = [x,e, [y, e, z]] =z o0 (yoe2)

eoexr = [e,e,x] =x = [r,e,e] =z o0ce

[e,x,e] oc x = [[e,x,€],e,x] = [e,z,[e,e,z]] = [e,z,2] = e =

— [CU,ZE,G] — [[27,6, 6],£U,€] — [.CU,G, [6,56,6]] — & O¢ [673776]1

so z71 = [e,x,e].

(b) If (H,[—,—,—]) is an abelian heap, then (H,o¢,e) iS an abelian group.
Indeed, for any x,y € H,

ro.y = [x,e,y] = [y,e,2] =yocx.




(c) If : (H,[—,—,-]) = (H,[-,—,—]) is a heap homomorphism,
then for any e € H, € € H, the functions

@ (H,oe,€) = (H,o0z€), x> [p(x),0(e), e

3°: (H,0c,€) = (H,05€), x> [ o(e), p(x)]

are associated group homomorphisms.

Indeed, for any x,y € H,

P(zocy) = [p(zocy), p(e), €] = [p([z,e,y]), ple),e] =
= [[p(x), p(e), p(y)], p(e), e] = [p(=), p(e), [¢(y), p(e),e]] =
= [e(z), p(e), p(y)] = [p(x), p(e), [e, e, p(y)]] =
= [[p(z), ¢(e), el, e, 6(y)] = [p(z), e, p(y)] = o(x) oz p(y).

In a similar manner, @°(z oc y) = @°(x) o~ @°(y). []




Corollary. Given a heap (H,[—,—,—]) and e, f € H,
let (H,o¢,e) and (H,oy, f) be the groups associated to the heap (H,[—,—,—]).

Then the function
rd: (H,oe,e) = (Hyop, ), x+ [z,e, f]

IS an associated group isomorphism with the inverse (Téf)—l — T]%.
Indeed, the function
rl i=idg: (H,oc,e) = (H,op, f), s [idp(z),idr(e), f] = [z, e, f]

is a group isomorphism. ]




A group (G,o,1)

J
The heap (G,[—, —, —]o) associated to the group (G,o,1),
where [z,y,2]o ;== zoy Loz
Y
Ve € G, The group (G, oe,e) associated to the heap (G, [—, —, —]o),

where zoecy := [x,e,ylo = roe 1 oy




A heap (H,[—,—,—])

U
Ve € H, The group (H, ce,e) associated to the heap (H,[—,—, —]),
where x oy 1= [z, e, y]

U

The heap (H,[—,—, —]o.) associated to the group (H,oe,e),

1

Oe & — [[:'E7 67 y_1]7e7 Z] — [[337 67 [67 y? e]]7€7 Z]

where [x,y, z]o, == T 0y~




Theorem. Given a group (G,o,1) and e € G,

let (G, [—, —,—]o) be the heap associated to the group (G,o,1),
let (G, ce,€e) be the group associated to the heap (G, [—, —, —]o).
Then (G,o0,1) = (G, 0e,e) as groups.

In particular, o = oq.
Indeed, let ¢: (G,0,1) — (G,0¢,e), x+ xzoe. Then for any x,y € G,
p(zoy) = (woy)oe=(zoe)oeclo(yoe) =
= p(x) oe o p(y) = [p(x), e, 0(y)]o = p(x) 0c (y).
Hence ¢ is a group isomorphism with the inverse ¢~ !: (G, o.,e) = (G,0,1), z+— xoe L.

zoy=zxzol loy=1z,1,ylo=xz01y. []




Corollary (see slide 11). Given a group (G,o0,1) and e, f € G,
let (G, [—,—,—]o) be the heap associated to the group (G,o,1),
let (G, oe,e) and (G, oy, f) be the groups associated to the heap (G, [—, —, —]o).

Then the function
Téf: (G, 0¢,e) = (G,Of,f), af;l—>af;oe_10f

IS an associated group isomorphism with the inverse (TJ)—l — TJ‘%.

Indeed,
let 0: (G,0,1) — (G,0¢,e), x> TOE
and ¢: (G,0,1) = (G,04,f), z+—xo f.

Then 77 = 1. [




Theorem. Given a heap (H,[—,—,—]) and e € H,

let (H,oe,e) be the group associated to the heap (H,[—,—, —]),
let (H,[—,—,—]o.) be the heap associated to the group (H,o¢,e).
Then [_7 ) _] — [_7 T _]Oe'

Indeed, for any x,y,z € H,
[z,y, 2] = [z, y, [e; e, 2]] = [[z,y, €], e, 2] =
= [[[x,e,el,y,el, e, 2] = [[z,e,[e,y,el], e, 2] =

1OeZ: [CU,y,Z]oe- |:|

— [[CE‘, €, y_l]a €, Z] — X O¢ y_




A Hopf heap is an algebraic system (C, A, e,[—,—,—]) consisting of
a vector space C over the field F, and linear maps

A C—-0C, z—>11Qx>

e: C—F

[—,—,—-]: CRC°RC - C, z2RyQzw— [z,v,z],

such that




(C,A,¢e) is a coalgebra
YA(z1) Q=271 @ A(22) =X 71 Q2 Q23
>e(z)zo = Y xre(an) = 7,
[—,—,—]: C®C°®C — C is a coalgebra map
A(lz,y,2]) = Xlz1, 92, 21] ® [22, 91, 22]
e(lz,y,2]) = e(z)e(y)e(z),
satisfying
the heap associativity [[x,vy, 2], t,u] = [z, v, [z, t, u]]
Mal'cev identities > [z1,z2,y] = Y [y, x1, 0] = e(x)y,

where x,y,z,t,u € C.

18



A homomorphism of Hopf heaps (C,A,e,[—, —,—,]) — (D, A,e,[—,—,—,]) isS
a coalgebra map ¢: (C,A,e) — (D, A,¢e)
A(p(z)) =X e(2)1 @ ()2 = X 0(r1) ® p(x2)

e(p(z)) = e(x)

respecting the heap operation

o([z,y,2]) = [e(x), (y), (2)],

where z,y,z € C.




A Grunspan map for a Hopf heap (C,A,e,[—,—,—]) is

a coalgebra map 6: (C,A,e) — (C,A,e) such that
[z, y,0(2)], ¢, u]l = [z, [t, 2, y], ul,
where z,y,z,t,u € C.

If it exists, the Grunspan map for a Hopf heap (C,A, e, [—, —, —])

IS given by the formula

0: (Ca Avg) — (Ca A,&“), T = Z[xla [$4,$3,332],$5],
where x € C, and thus necessarily is unique.




The Grunspan map commutes with every homomorphism of Hopf heaps,
that It! If 90: (Ca A,EI, [_7 ) _]) — (Da A,€, [_7 ) _])
IS a homomorphism of Hopf heaps with respective Grunspan maps

Oc: (C,A,e) — (C,A,e) and O0p: (D,A,e) — (D, A,e), then

pbc = Opep.

Indeed, for any = € C,
pc(z) = (3 [x1, [24, 73, 2], 25)] = ) _[w(21), [p(24), p(23), p(22)], p(z1)] =

= > [e(@)1, [¢(x)a, p(x)3, e(x)2], p(x)s] = Opp(x).




Theorem. Every Hopf heap (C,A,e,[—,—,—]) admits the Grunspan map
0: (C,A,e) — (C,A,¢).

See [Tomasz Brzezinski, MH, Translation Hopf algebras and Hopf heaps,

arXiv: 2303.13154v1, Corollary 3.9]. []




Theorem. Given a Hopf algebra (H, A,e,S), let
[—, —, —Je: HR H®R® H, [x,y,z]le . =x-S(y)-=z
0: H— H, 0(z):=S%x),
where z,y,z € H. Then
(a) (H,A,e,[—,—,—]e) is @ Hopf heap with the Grunspan map

0: (H,A,e) - (H,A,e).

Indeed, for any x,vy, z,t,u € H,

A([z,y,z]e) = A(z - S(y) - 2) = A(z) - A(S(W)) - A(z) =
=) (z1®z2) - (S(¥)1®S(y)2) - (21 ® 22) =
=Y (z1®x2) - (S(y2) ® S(y1)) - (21 ® 22) =

=> x1-SW2) 21 Q@x2-S(y1) - 22 = ) _[x1,¥2, 21] ® [22, Y1, 22]

23



e([z,y,z]e) = e(z- S(y) - 2) = e(2)e(S(y))e(z) = e(x)e(y)e(z)
[[ZU,y,Z].,t,’LL]. — (33 ’ S(y) ’ Z) ) S(t) U = T S(y) ) (Z ’ S(t) ) u) — [Qf,y, [Z,y,’LL].].
Dz, 22,yle =) @1 S(x2) y =e(z)y =Yy S(z1) - @2 = ) _[y, z1, z2]e

[[m,y,@(z)],,t, ’U,]. — - S(y) : SQ(Z) : S(t) U — T - S(t : S(Z) : y) U — [.CU, [tazay]Oau]O'
(b) Every homomorphism of Hopf algebras ¢: (H, A,e,Sy) — (ﬁ,A,e,Sﬁ)
IS a homomorphism of associated Hopf heaps

90: (H,A,&‘, [_7 _7_].) — (EaAa‘S? [_7 _7_].)'
Indeed, for any x,y,z € H,
o([z,y,2]e) = p(x- S(y) - 2) = (x) - p(Su(y)) - w(2) =

= @(z) - S5(e(y)) - p(2) = [p(z), p(y), p(2)]e. L]




Theorem. Given a Hopf heap (C,A,s,[—,—, —])
and a group-like element e € G(C), let

e CRC, x-ey:.:=I|x, eyl

Se: C — C, Se(x) :=[e,x,¢€]
where z,y € C. Then

(a) (C,A,e,-¢,e,Se) is a Hopf algebra denoted by He(C).
Indeed, for any z,y,z € C,
(CC e y) e & — [[$767y]767 Z] — [ZL’,G, [y,G,Z]] — T e (y e Z)

eex=|e,e,x] =z =[x, e,e] =x-ce




A(.’,U e y) — A([w767y]) — Z[x1767 yl] & [%2,6,3,/2] —
=D T1ey1 ®x2cy2 = ) (21 Q@ x2) e (y1 ®y2) = A(x) -« A(y)

Ale) =e®e
e(x-cy) =e([z,e,y]) = e(z)e(e)e(y) = e(z)e(y)
e(e) =1

Y Se(x1) e w2 =D [[e,x1,€],e,x2] = D [e,x1, [e, e, z2]] = D [e,x1,x2] = e(x)e
zwl e 56(332) — Z[x1767 [67m27e]] - Z[[Cbl,e, 6]737276] - 2[331,5132,6] — 5(33)6-




(b) If p: (C,A,e,[—,—,—]) = (D,A,e,[—,—,—]) is a homomorphism of Hopf
heaps, then for any e € G(C) and f € G(D), the functions

9/5: (He(C),A,é‘, '676) — (Hf(D)7A>€7 'faf)a T [QO(LU),QO(G),]C]
QBO: (H6(0)7A7€7 '676) — (Hf(D)7A7€7 'f7f)7 T [f,go(e),go(:c)]

are associated bialgebra homomorphisms.

Indeed, for any z,y € C,

p(z-cy) = o([z, e, y]) = [(lz, e, 9]), ple), f1 = [lp(z), p(e), p(y)], p(e), fl =
= [p(2), p(e), [¢(y), ¢(e), fll = [p(z),¢(e), p(y)] =

= [e(x), ¢(e), IS, f, (]l = [lw(=), 0(e), f1, f, ()] = [o(=), f, o(x)] = &(z) -f &(y)

Since ¢: (C,A,e) — (D,A,¢) is a coalgebra map and e € G(C) is a group-like element, it
follows that

Ap(e)) =) ple)1@¢p(e)2 = p(e) ®p(e), e(p(e)) =e(e) = 1r.




This means that p(e) € G(D) is a group-like element, and hence
p(e) = [p(e), ple), fl = f
A(p(z)) = > p(x)1 ®p(x)2 =

= > [e(x), p(e), fl1 @ [p(z), p(e), flo =

= ) lp(x)1, p(e)2, f1 ® [p(x)2, p(e)1, f] =

=) _[e(z1),0(e), [l ® [@(x2), (e), [l = > o(x1) @ p(x2)

e(@(z)) = e(le(z), p(e), f1) = e(p(z))e(p(e))e(f) = e(x).




(c) If both the Hopf heaps (C,A,e,[—,—,—]) and (D, A,e,[—, —,—]) admit
the Grunspan maps 0¢-: (C,A,e) — (C,A,e) and 0p: (D,A,e) — (D, A, e),
then both the maps

@1 (He(C), A e,0e,¢) = (Hp(D),Ave, -5, ), @ [o(x), p(e), [l

%1 (He(C), g, eie) = (Hp(D),Ae,7, f), x> [f,0(e), p(x)]

are homomorphisms of associated Hopf algebras.
Indeed, for any x € C,
Si(e(z)) = [f, o(z), f1 = [f, [e(z), p(e), f], f]1 =
= [[f, f,0p(p(e))], p(z), f1 = [0p(v(e)), (), f] =
= [p(0c(e)), p(z), f] = [p(e), p(z), f] =
= [p(e), p(z), [p(e), p(e), f]] = [lp(e), p(z), p(e)], ple), f1 =

= [e(le,z,e]), p(e), f]1 = @(le, z, €]) = P(Se(z)). u




Corollary. Given a Hopf heap (C,A,e,[—, —, —])

and a group-like elements e, f € G(C),

let (He(C), A g, ¢,¢,5¢) and (H¢(C),A,e, ¢, f,Sf) be the Hopf algebras
associated to the Hopf heap (C, A, [—, —, —]).

Then the function
Téf: (He(C),A,EI, '676) — (Hf(C)7A7€7 'f7f)7 T +— [xaea f]

IS an associated bialgebra isomorphism with the inverse (Tef)_l = T]i%.
If the Hopf heap (C,A,s,[—,—,—]) admits
the Grunspan map 0: (C,A,e) — (C, A, ),

then this function is an isomorphism of associated Hopf algebras.




Indeed, the function
] i=1do: (HA(C), A e, e €) = (Hp, Dy, g, f), x> [ide(),ide(e), f]1 = [z,e, f]

is a bialgebra isomorphism. ]




A Hopf algebra (H, A, ¢, S)
4
The Hopf heap (H,A,e,[—, —, —]es) associated to
the Hopf algebra (H, A, ¢, S),
where [z,y,z]e ;=2 - S(y) - 2
4
Ve € G(H), The Hopf algebra (He(H), A, e, -¢,e,Se) associated to
the Hopf heap (H,A,e,[—, —, —]e),
where x -cy := [z,¢e,yle = x - S(e) -y

Se(x) ;.= [e,z,e]le = €-S(x) - €
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A Hopf heap (C,A,s,[—,—,—])

Y
Ve € G(C), The Hopf algebra (He(C), A, e, -¢,e,Se) associated to
the Hopf heap (C, A, ¢, [—, —, —]),
where z ¢y 1= [z, e, 1]

Se(x) 1= [e, x, €]

Y
The heap (He(C),A,e,[—,—, —]e.) associated to
the Hopf algebra (H.(C), A, €, ¢, e, Se),

where [CU,y,Z].e =T e S(y) e & — [[CU, €, S(y)]7€7 Z] — [[33,6, [e,y,e]],e,z]
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Theorem. Given a Hopf algebra (H, A,e,S) and a group-like element e € G(H),
let (H,A,es,[—,—,—]e) be the Hopf heap associated to

the Hopf algebra (H, A, ¢, S),

let (He(H), A, e, -¢,e,S:) be the Hopf algebra associated to

the Hopf heap (H,A,e,[—, —, —]e).

Then (H,A,e,5) = (He(H),A,e,-¢,e,Se) as Hopf algebras.

In particular - = 1.

Indeed, let ¢p: H — H.(H), x+ x-e. Then for any x,y € H,

plz-y)=(z-y)-e=(x-e)-e - (y-e) =) S(e) p(y) = [p(x), e, p(x]e = () -e p(y)
p(l)=1-e=ce

Alp(x)) =A(x-e) =A(z) - Ale) = > (z1Q@x2) - (eQRe) =>.z1-eQRua-e =Y. o(z1) ® p(x2)
e(p(z)) = e(z-e) = e(x)e(e) = e(x)
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o(S(zx)) =8(x) - e=e-e1-S(x)-e=e-S(e) -S(z) e=
=e-S(x-e)-e=e-(p(x)) e=le,p(z),ele = Se(p(z)).

Hence ¢ is an isomorphism of Hopf algebrs with the inverse o= 1: (H.(H), A, €, c,e,S.) —
(H,N\,e,S), z+—zoe L.

r-y=x-1-y=x-S(1) -y=[x,1,yle =2x-1y. []




Theorem. Given a Hopf heap (H,A,&,[—, —,—])

and a group-like element e € G(C),

let (He(C), A e, -¢,e,Se) be the Hopf algebra associated to
the Hopf heap (C, A, ¢, [—, —, -],

let (He(C),A,e,[—,—,—]e.) be the Hopf heap associated to
the Hopf algebra (He(C), A, e, ¢, €, Se).

Then [_7 Ty _] — [_7 R _].e'
Indeed, for any z,y,z € C,
[z,y,2] = [z,y,[e, e, 2]] = [[z,y,€l,e,2] =

= [llz,e el y, el e, 2] = [lz,e,[e,y, €]l e, 2] =

— [[CB,G,S(y)],G,Z] — L e S(y) e & — [xaya z]%' D




[Tomasz Brzezinski, MH, Translation Hopf algebras and Hopf heaps,
arXiv: 2303.13154v1]
Definition 2.4. Let (C,A,¢e,[—,—,—]) be a Hopf heap.

For any a,b € C, the linear map
73: C—C, zw—[x,6a,b]

is called a right (a,b)-translation.

The space spanned by all right (a,b)-translations is denoted by Tn(C), that
IS,

Tn(C) :=F(r° | a,b e C).
Symmetrically, linear maps
02: C—C, xw~lab,x]

are called left (a,b)-translations

and the space spanned by all of them is denoted by Tn(C).
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Theorem 2.6. Let (C,[—,—,—]) be a Hopf heap. Then
(a) The space Tn(C) is a bialgebra with multiplication given by

the opposite composition, with comultiplication

. b 2
A(Tg) = ZTQ% ® 7'31
and counit

e(10) 1= e(a)e(b).

(b) If (C[—, —,—]) admits the Grunspan map 6,

then Tn(C) is a Hopf algebra with the antipode




(c) If f: C — D is a homomorphism of Hopf heaps, then the function
Tn(f): Tn(C) = Tn(D), 70 71
IS a bialgebra map,

hence a Hopf algebra homomorphism whenever the Grunspan map exists.

(d) The assignment
C— Tn(C), f—Tn(f)

defines a functor from the category of Hopf heaps (with Grunspan maps)

to the category of bialgebras (resp. Hopf algebras).




Corollary 3.9. Every Hopf heap admits the Grunspan map.




Thank you very much for your attention!

La ringrazio molto per |'attenzione!

41



