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Università degli Studi di Napoli Federico II

Advances in Group Theory and Applications 2023
Lecce – 07 June 2023

Mattia Brescia The Structure of Metahamiltonian Groups 1/38



Metahamiltonian groups

Let G be a group.

The group G is said to be metahamiltonian if every subgroup of
G is either abelian or normal in G.

Some examples:
Dedekind groups (i.e. groups in which every subgroup is
normal);
Minimal non-abelian groups;
SL2(3) ≃ Z3 ⋉Q8.
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The (scattered) structure of metahamiltonian groups

N.F. Kuzennyı̆ – N.N. Semko: “The structure of solvable nonnilpotent
meta-Hamiltonian groups”, Math. Notes 34 (1983).

N.F. Kuzennyı̆ – N.N. Semko: “The structure of infinite nilpotent
periodic meta-Hamiltonian groups”, in: The Structure of Groups
and Their Subgroup Characterizations (1984) [Only in Russian]

N.F. Kuzennyı̆ – N.N. Semko: “On the structure of nonperiodic
meta-Hamiltonian groups”, Soviet Math. (Iz. VUZ) 30 (1986).

N.F. Kuzennyı̆ – N.N. Semko: “Structure of periodic metabelian
metahamiltonian groups with a nonelementary commutator
subgroup”, Ukrainian Math. J. 39 (1987)
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The (scattered) structure of metahamiltonian groups

N.F. Kuzennyı̆ – N.N. Semko: “Structure of periodic met-abelian
meta-Hamiltonian groups with elementary commutant of rank
2”, Ukrainian Math. J. 40 (1988/9)

N.F. Kuzennyı̆ – N.N. Semko: “Structure of periodic nonabelian
metahamiltonian groups with an elementary commutator subgroup
of rank three”, Ukrainian Math. J. 41 (1989)

N.F. Kuzennyı̆ – N.N. Semko: “Meta-Hamiltonian groups with
elementary commutant of rank 2”, Ukrainian Math. J. 42 (1990)

A.A. Mahnev: “Finite meta-Hamiltonian groups”, Ural. Gos.
Univ. Mat. Zap. 10 (1976) [Only in Russian]

L. An – Q. Zhang: “Finite metahamiltonian p-groups”, J. Algebra
442 (2015).
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Getting a grip on metahamiltonian groups

Dedekind groups

R. Dedekind – 1897

Every subgroup of a group G is abelian if and only if
(1) G is abelian or
(2) G = Q8 ×A× B, where A is an elementary abelian 2-group

and B is a torsion abelian group with no element of even
order.
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Getting a grip on metahamiltonian groups

Minimal non-abelian p-groups

L. Redei – 1947

Let G be a minimal non-abelian p-group for some prime p. Then
|G ′| = p,G/G ′ is abelian of rank two andG is one of the following
groups

(1) G = ⟨a,b |apm
= bpn

= 1 , ab = a1+pm−1⟩, where m ⩾ 2
and n ⩾ 1;

(2) G = ⟨a,b |apm
= bpn

= cp = 1, [a,b] = c, [a, c] = [b, c] =
1⟩, where m+ n > 2 if p = 2;

(3) G ≃ Q8.
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A roadmap

1) Minimal non-metacyclic p-groups.
2) Preliminaries on metahamiltonian groups.
3) Non-soluble metahamiltonian groups.
4) Soluble non-nilpotent metahamiltonian groups.
5) Preliminaries on nilpotent metahamiltonian groups.
6) Metahamiltonian p-groups of nilpotency class 2 whose

commutator subgroup...
6a) ... is cyclic.
6b) ... is elementary abelian of rank 2.
6c) ... is neither elementary abelian nor cyclic.
6d) ... is elementary abelian of rank 3.

7) Metahamiltonian p-groups of nilpotency class 3.
8) Non-periodic nilpotent metahamiltonian groups.
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Minimal non-metacyclic p-groups

N. Blackburn – 1961

(1) G is a group of order p3 and exponent p.
(2) G ≃ Z2 ×Q8.
(3) G has order 24 and G = AB where A ≃ Z4, B ≃ Q8 and

[A,B] = 1.
(4) G has order 34 and G = ⟨c⟩

(
⟨b⟩ ⋉ ⟨a⟩

)
where a9 = b3 = 1,

ab = a4 = ac−3, bc = b and ac = ba.
(5) G = ⟨c⟩

(
⟨b⟩ ⋉ ⟨a⟩

)
, where a4 = b4 = 1, [a,b] = [b, c] = a2,

[a, c] = b2 = c2; in particular, G has order 25, d(G) = 3 and
G ′ = Φ(G) = Z(G) = Ω1(G).
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Preliminaries on metahamiltonian groups

Let G be a locally finite metahamiltonian p-group. Then
(1) ⟨x⟩G is either abelian or minimal non-abelian.
(2) G is nilpotent of class at most 3 and in particular G is

metabelian.
(3) G is metahamiltonian if and only if G ′ is contained in

every non-abelian subgroup of G.
(4) Φ(G ′) ⩽ Z(G) and G ′ is isomorphic to one of the following

groups:
... Zpε ×Zpn for some non-negative integer n and ε ∈ {0, 1};
Zp ×Zp ×Zp.

Let G be a non-periodic soluble metahamiltonian group. Then
(5) G ′ is finite and abelian.
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Preliminaries on metahamiltonian groups

A group G is said to be locally graded if every finitely generated
non-trivial subgroup of G contains a proper subgroup of finite
index.
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Nilpotency class 2 and cyclic commutator subgroup

N.F. Kuzennyı̆ , N.N. Semko – 1987

Let p be a prime and let κ be an integer > 1. A group G is a metahamil-
tonian p-group of nilpotency class 2 with G ′ cyclic of order pκ if and
only if one of the following hold:

(1) G =
(
⟨b⟩⟨a⟩

)
×A, where [a,b] = apα−κ

, o(a) = pα, A is abelian
of exponent ⩽ pα−2κ+1 and o(bG ′) ⩾ exp(A).

(2) G =
(
B ⋉ ⟨a⟩

)
×A, where B = ⟨b⟩ × ⟨b1⟩ × . . . × ⟨bt⟩, o(a) = pα,

pα−κ ⩾ o(b) = pβ ⩾ o(b1) = pβ1 ⩾ . . . ⩾ o(bt) = pβt ,
[a,b] = apα−κ

, [a,bi] = apα−κi for 1 ⩽ i ⩽ t,
0 < κt < . . . < κ1 < min{κ,α− κ− β+ 2},
β− κ > β1 − κ1 > . . . > βt − κt and A is abelian of exponent
⩽ pα−2κ+1.
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Nilpotency class 2 and cyclic commutator subgroup

N.F. Kuzennyı̆ , N.N. Semko... M.B., M. Ferrara, M. Trombetti – 1987-2021

Let p be a prime and let κ be an integer > 1. A group G is a metahamil-
tonian p-group of nilpotency class 2 with G ′ cyclic of order pκ if and
only if one of the following non-isomorphic conditions hold:

(1) G =
(
⟨b⟩⟨a⟩

)
×A, where [a,b] = apα−κ

, o(a) = pα, A is abelian
of exponent ⩽ pα−2κ+1 and o(bG ′) ⩾ exp(A); distinct
isomorphism types for A and ⟨a,b⟩ give rise to distinct
isomorphism types for G.

(2) G =
(
B ⋉ ⟨a⟩

)
×A, where B = ⟨b⟩ × ⟨b1⟩ × . . . × ⟨bt⟩, o(a) = pα,

pα−κ ⩾ o(b) = pβ ⩾ o(b1) = pβ1 ⩾ . . . ⩾ o(bt) = pβt ,
[a,b] = apα−κ

, [a,bi] = apα−κi for 1 ⩽ i ⩽ t,
0 < κt < . . . < κ1 < min{κ,α− κ− β+ 2},
β− κ > β1 − κ1 > . . . > βt − κt and A is abelian of exponent
⩽ pα−2κ+1; distinct isomorphism types for A and distinct values
of the parameters α,β,β1, . . . ,βt, κ, κ1, . . . ,κt, t define distinct
isomorphism types for G.
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Nilpotency class 2 and G ′ ≃ Zp ×Zp

N.F. Kuzennyı̆ , N.N. Semko – 1998-1990

Let p be a prime and let G be a p-group of nilpotency class 2 where G′ is elementary abelian of order p2 . Then G is
metahamiltonian if and only if G = H×A, where H and A satisfy the following conditions

(1) A is an abelian p-group with exponent smaller than that of any minimal non-abelian subgroup of H.

(2) If H′ = Ω1(H), then

(2a) H = ⟨c⟩
(
⟨b⟩ ⋉ ⟨a⟩

)
, where a4 = b4 = 1, [a,b] = [b,c] = a2 , [a,c] = b2 = c2 ;

(2b) H=⟨d⟩
(
⟨c⟩

(
⟨b⟩ ⋉ ⟨a⟩

))
, where a4 =b4 =[a,d]=1, [a,b]=[b,c]=[c,d]=a2 ,

[a,c]=b2 =c2 =d2 , [b,d]=a2b2 .

(3) If H′ < Ω1(H), then H = ⟨c⟩ ⋉
(
⟨b⟩ ⋉ ⟨a⟩

)
, where o(a) = pα > p, o(b) = pβ > p and

o(c) = pγ > 1 and one of the following alternatives holds:

(3a) γ ⩾ α = β+ 1, [a,b] = 1, [a,c] = bpβ−1
, [b,c] = aspα−1

, s = 1, . . . ,p− 1;

(3b) γ ⩾ α = β, [a,b] = 1, [a,c] = bpβ−1
, [b,c] = aspα−1

btpβ−1
, n2 − tn− s .p 0,

s,n = 1, . . . ,p− 1, t = 0, . . . ,p− 1;

(3c) γ < α = β, [a,b] = apα−1
, [a,c] = bpβ−1

, [b,c] = aspα−1
btpβ−1

,
n2 − tn− s .p 0, s,n = 1, . . . ,p− 1, t = 0, . . . ,p− 1;

(3d) γ < α ⩾ β, p > 2 when α = β = 2, [a,b] = apα−1
, [a,c] = bpβ−1

, [b,c] = 1;

(3e) α = β+ 1, γ < α, [a,b] = apα−1
, [a,c] = bpβ−1

, [b,c] = aspα−1
, s = 1, . . . ,p− 1.
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Nilpotency class 2 and G ′ ≃ Zp ×Zp

N.F. Kuzennyı̆ , N.N. Semko... M.B., M. Ferrara, M. Trombetti – 1998,1990-2021

Let p be a prime and let G be a p-group of nilpotency class 2 where G′ is elementary abelian of order p2 . Then G is
metahamiltonian if and only if G = H×A, where H and A satisfy the following conditions

(1) A is an abelian p-group with exponent smaller than that of any minimal non-abelian subgroup of H.

(2) If H′ = Ω1(H), then

(2a) H = ⟨c⟩
(
⟨b⟩ ⋉ ⟨a⟩

)
, where a4 = b4 = 1, [a,b] = [b,c] = a2 , [a,c] = b2 = c2 ;

(2b) H=⟨d⟩
(
⟨c⟩

(
⟨b⟩ ⋉ ⟨a⟩

))
, where a4 =b4 =[a,d]=1, [a,b]=[b,c]=[c,d]=a2 ,

[a,c]=b2 =c2 =d2 , [b,d]=a2b2 .

(3) If H′ < Ω1(H), then H = ⟨c⟩ ⋉
(
⟨b⟩ ⋉ ⟨a⟩

)
, where o(a) = pα > p, o(b) = pβ > p and

o(c) = pγ > 1 and one of the following non-isomorphic alternatives holds:

(3a) [a,b] = 1, α = β, [a,c] = b2α−1
, [b,c] = a2α−1

b2α−1
; moreover, if α = 2, then γ = 1;

(3b) [a,b] = 1, p > 2, α = β, [a,c] = bpα−1
, [b,c] = aνpα−1

and ν is the smallest positive
integer which is a quadratic non-residue modulo p;

(3c)δ [a,b] = 1, p > 2, α = β, [a,c] = bpα−1
and [b,c] = aδpα−1

bpα−1
, for 1 ⩽ δ ⩽ p− 1

such that 1 + 4δ is a quadratic non-residue modulo p;

(3d) [a,b] = 1, α = β+ 1, [a,c] = bpβ−1
and [b,c] = apα−1

;

(3e) [a,b] = 1, α = β+ 1, [a,c] = bpβ−1
, [b,c] = aνpα−1

and ν is the smallest positive integer
which is a quadratic non-residue modulo p;

(3f) [a,b] = apα−1
, γ < α, γ ⩽ β ⩽ α, [a,c] = bpβ−1

and [b,c] = 1; moreover, if α = β = 2,
then p > 2.

Distinct isomorphism classes for A and H give rise to distinct isomorphism classes for G.
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Nilpotency class 2 and G ′ ≃ Zp ×Zp

N.F. Kuzennyı̆ , N.N. Semko... M.B., M. Ferrara, M. Trombetti – 1998,1990-2021
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, where o(a) = pα > p, o(b) = pβ > p and

o(c) = pγ > 1 and one of the following non-isomorphic alternatives holds:

(3a) [a,b] = 1, α = β, [a,c] = b2α−1
, [b,c] = a2α−1

b2α−1
; moreover, if α = 2, then γ = 1;

(3b) [a,b] = 1, p > 2, α = β, [a,c] = bpα−1
, [b,c] = aνpα−1

and ν is the smallest positive
integer which is a quadratic non-residue modulo p;

(3c)δ [a,b] = 1, p > 2, α = β, [a,c] = bpα−1
and [b,c] = aδpα−1

bpα−1
, for 1 ⩽ δ ⩽ p− 1

such that 1 + 4δ is a quadratic non-residue modulo p;

(3d) [a,b] = 1, α = β+ 1, [a,c] = bpβ−1
and [b,c] = apα−1

;

(3e) [a,b] = 1, α = β+ 1, [a,c] = bpβ−1
, [b,c] = aνpα−1

and ν is the smallest positive integer
which is a quadratic non-residue modulo p;

(3f) [a,b] = apα−1
, γ < α, γ ⩽ β ⩽ α, [a,c] = bpβ−1

and [b,c] = 1; moreover, if α = β = 2,
then p > 2.

Distinct isomorphism classes for A and H give rise to distinct isomorphism classes for G.
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Nilpotency class 2 and G ′ ≃ Zp ×Zp

N.F. Kuzennyı̆ , N.N. Semko... M.B., M. Ferrara, M. Trombetti – 1998,1990-2021

Let p be a prime and let G be a p-group of nilpotency class 2 where G′ is elementary abelian of order p2 . Then G is
metahamiltonian if and only if G = H×A, where H and A satisfy the following conditions

(1) A is an abelian p-group with exponent smaller than that of any minimal non-abelian subgroup of H.

(2) If H′ = Ω1(H), then

(2a) H = ⟨c⟩
(
⟨b⟩ ⋉ ⟨a⟩

)
, where a4 = b4 = 1, [a,b] = [b,c] = a2 , [a,c] = b2 = c2 ;

(2b) H=⟨d⟩
(
⟨c⟩

(
⟨b⟩ ⋉ ⟨a⟩

))
, where a4 =b4 =[a,d]=1, [a,b]=[b,c]=[c,d]=a2 ,

[a,c]=b2 =c2 =d2 , [b,d]=a2b2 .

(3) If H′ < Ω1(H), then H = ⟨c⟩ ⋉
(
⟨b⟩ ⋉ ⟨a⟩

)
, where o(a) = pα > p, o(b) = pβ > p and

o(c) = pγ > 1 and one of the following non-isomorphic alternatives holds:

(3a) [a,b] = 1, α = β, [a,c] = b2α−1
, [b,c] = a2α−1

b2α−1
; moreover, if α = 2, then γ = 1;

(3b) [a,b] = 1, p > 2, α = β, [a,c] = bpα−1
, [b,c] = aνpα−1

and ν is the smallest positive
integer which is a quadratic non-residue modulo p;

(3c)δ [a,b] = 1, p > 2, α = β, [a,c] = bpα−1
and [b,c] = aδpα−1

bpα−1
, for 1 ⩽ δ ⩽ p− 1

such that 1 + 4δ is a quadratic non-residue modulo p;

(3d) [a,b] = 1, α = β+ 1, [a,c] = bpβ−1
and [b,c] = apα−1

;

(3e) [a,b] = 1, α = β+ 1, [a,c] = bpβ−1
, [b,c] = aνpα−1

and ν is the smallest positive integer
which is a quadratic non-residue modulo p;

(3f) [a,b] = apα−1
, γ < α, γ ⩽ β ⩽ α, [a,c] = bpβ−1

and [b,c] = 1; moreover, if α = β = 2,
then p > 2.

Distinct isomorphism classes for A and H give rise to distinct isomorphism classes for G.
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Metahamiltonian groups - a problem

Sufficient conditions for theorems on metahamiltonian groups
are

not obvious

although someone states the contrary.
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A roadmap

1) Minimal non-metacyclic p-groups.
2) Preliminaries on metahamiltonian groups.
3) Non-soluble metahamiltonian groups.
4) Soluble non-nilpotent metahamiltonian groups.
5) Preliminaries on nilpotent metahamiltonian groups.
6) Metahamiltonian p-groups of nilpotency class 2 whose

commutator subgroup...
6a) ... is cyclic.
6b) ... is elementary abelian of rank 2.
6c) ... is neither elementary abelian nor cyclic.
6d) ... is elementary abelian of rank 3.

7) Metahamiltonian p-groups of nilpotency class 3.
8) Non-periodic nilpotent metahamiltonian groups.
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A roadmap

1) Minimal non-metacyclic p-groups.
2) Preliminaries on metahamiltonian groups.
3) Non-soluble metahamiltonian groups.
4) Soluble non-nilpotent metahamiltonian groups.
5) Preliminaries on nilpotent metahamiltonian groups.
6) Metahamiltonian p-groups of nilpotency class 2 whose

commutator subgroup...
6a) ... is cyclic.
6b) ... is elementary abelian of rank 2.
6c) ... is neither elementary abelian nor cyclic.
6d) ... is elementary abelian of rank 3.

7) Metahamiltonian p-groups of nilpotency class 3.
8) Non-periodic nilpotent metahamiltonian groups.
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Nilpotency class 2 and G ′ ≃ Zp ×Zp ×Zp

N.F. Kuzennyı̆ , N.N. Semko – 1989

A group G is a locally finite metahamiltonian p-group with nilpotency class 2 with G ′

of rank 3 if and only if G = H × C, where C is abelian and exp(C) ⩽ pγ−1 and H
satisfies the following conditions.

(1) H =
(
⟨a⟩ ⋉

(
⟨b⟩ × ⟨cpγ−1⟩

))
⟨c⟩, where

pα = o(a) ⩾ pβ = o(b) ⩾ pγ = o(c) ⩾ p2,
Z(H) = Φ(H) = ⟨ap⟩ × ⟨bp⟩ × ⟨cp⟩,
H ′ = ⟨apα−1⟩ × ⟨bpβ−1⟩ × ⟨cpγ−1⟩ = Ω1(H) and [b,a] = cpγ−1

.

(2) And one of the following alternatives holds:

(2a) [a,c] = bkpβ−1
, [b,c] = aspα−1

btpβ−1
, α− 1 = β− 1 = γ,

n2 − tn− ks .p 0, k,s,n = 1, . . . ,p− 1, t = 0, . . . ,p− 1;
(2b) [a,c] = bkpβ−1

c∆pγ−1
, [b,c] = aspα−1

, α− 1 = β = γ,
n2 −∆n− k .p 0, k,s,n = 1, . . . ,p− 1, ∆ = 0, . . . ,p− 1;

(2c) p = α = β = γ = 2, [a,c] = b2c2, [b,c] = a2b2;
(2d) p = 2, α = β = γ > 2, [a,c] = bpβ−1

cpγ−1
,

[b,c] = apα−1
bpβ−1

cpγ−1
;

(2e) p > 2, α = β = γ, [a,c] = bkpβ−1
c∆pγ−1

,
[b,c] = aspα−1

btpβ−1
clpγ−1

, n2
1 −∆n1 −k .p 0, n2

2 −tn2 −ks .p 0,
n2

3 − ln3 − s .p 0, k,s,n1,n2,n3 = 1, . . . ,p− 1, ∆, t, l = 0, . . . ,p− 1.
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Nilpotency class 2 and G ′ ≃ Zp ×Zp ×Zp

N.F. Kuzennyı̆ , N.N. Semko – 1989

A group G is a locally finite metahamiltonian p-group with nilpotency class 2 with G ′

of rank 3 if and only if G = H × C, where C is abelian and exp(C) ⩽ pγ−1 and H
satisfies the following conditions.

(1) H =
(
⟨a⟩ ⋉

(
⟨b⟩ × ⟨cpγ−1⟩

))
⟨c⟩, where

pα = o(a) ⩾ pβ = o(b) ⩾ pγ = o(c) ⩾ p2,
Z(H) = Φ(H) = ⟨ap⟩ × ⟨bp⟩ × ⟨cp⟩,
H ′ = ⟨apα−1⟩ × ⟨bpβ−1⟩ × ⟨cpγ−1⟩ = Ω1(H) and [b,a] = cpγ−1

.

(2) And one of the following alternatives holds:

(2a) [a,c] = bkpβ−1
, [b,c] = aspα−1

btpβ−1
, α− 1 = β− 1 = γ,

n2 − tn− ks .p 0, k,s,n = 1, . . . ,p− 1, t = 0, . . . ,p− 1;
(2b) [a,c] = bkpβ−1

c∆pγ−1
, [b,c] = aspα−1

, α− 1 = β = γ,
n2 −∆n− k .p 0, k,s,n = 1, . . . ,p− 1, ∆ = 0, . . . ,p− 1;

(2c) p = α = β = γ = 2, [a,c] = b2c2, [b,c] = a2b2;
(2d) p = 2, α = β = γ > 2, [a,c] = bpβ−1

cpγ−1
,

[b,c] = apα−1
bpβ−1

cpγ−1
;

(2e) p > 2, α = β = γ, [a,c] = bkpβ−1
c∆pγ−1

,
[b,c] = aspα−1

btpβ−1
clpγ−1

, n2
1 −∆n1 −k .p 0, n2

2 −tn2 −ks .p 0,
n2

3 − ln3 − s .p 0, k,s,n1,n2,n3 = 1, . . . ,p− 1, ∆, t, l = 0, . . . ,p− 1.
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Nilpotency class 2 and G ′ ≃ Zp ×Zp ×Zp

N.F. Kuzennyı̆ , N.N. Semko... M.B., M. Ferrara, M. Trombetti – 1989-2021

Let p be a prime and let G be a locally finite metahamiltonian p-group of nilpotency class 2 with G′ of rank 3. Then
G = H×C, where H and C satisfy the following conditions.

(1) H =
(
⟨a⟩ ⋉

(
⟨b⟩ × ⟨cpγ−1 ⟩

))
⟨c⟩, where

(1a) pα = o(a) ⩾ pβ = o(b) ⩾ pγ = o(c) ⩾ p2 ,
(1b) Z(H) = Φ(H) = ⟨ap⟩ × ⟨bp⟩ × ⟨cp⟩,

(1c) H′ = ⟨apα−1 ⟩ × ⟨bpβ−1 ⟩ × ⟨cpγ−1 ⟩ = Ω1(H),

(1d) [b,a] = cp
γ−1

and either β = γ or β = γ+ 1.

(2) If β = γ+ 1, then α = β and one of the following non-isomorphic alternatives hold:

(2a) p = 2, [a,c] = bpα−1
and [c,b] = apα−1

bpα−1
;

(2b) p ≡4 3, [a,c] = bpα−1
and [c,b] = apα−1

;

(2c) p ≡4 1, [a,c] = bεpα−1
and [c,b] = apα−1

(0 < ε < p is non-square modulo p);

(2d)δ p > 2, 0 < δ < p, [a,c] = bδpα−1
, [c,b] = apα−1

b−δpα−1
and δ2 − 4δ is a quadratic

non-residue modulo p.

(3) If β = γ, then either α = β or α = β+ 1, and one of the following non-isomorphic alternatives hold:

(3a) If α = β, then α = p = 2, [a,c] = b2c2 and [c,b] = a2b2 ;

• If α = β+ 1, then:

(3b) p = 2, then [a,c] = bpβ−1
cp

γ−1
and [c,b] = apα−1

;

(3c) p ≡4 3, [a,c] = bpβ−1
and [c,b] = apα−1

;

(3d) p ≡4 1, [a,c] = bεpβ−1
and [c,b] = aεpα−1

(0 < ε < p is non-square modulo p);

(3e)δ p > 2, 0 < δ < p, [a,c] = bδpβ−1
cδpγ−1

, [c,b] = aδpα−1
and δ2 − 4δ is a quadratic

non-residue modulo p.

(4) C is abelian and exp(C) ⩽ pγ−1 . + Converse and iso.
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A roadmap

1) Minimal non-metacyclic p-groups.
2) Preliminaries on metahamiltonian groups.
3) Non-soluble metahamiltonian groups.
4) Soluble non-nilpotent metahamiltonian groups.
5) Preliminaries on nilpotent metahamiltonian groups.
6) Metahamiltonian p-groups of nilpotency class 2 whose

commutator subgroup...
6a) ... is cyclic.
6b) ... is elementary abelian of rank 2.
6c) ... is neither elementary abelian nor cyclic.
6d) ... is elementary abelian of rank 3.

7) Metahamiltonian p-groups of nilpotency class 3.
8) Non-periodic nilpotent metahamiltonian groups.
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Nilpotency class 3 (p odd)

A.A. Mahnev – 1976
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Nilpotency class 3 (p odd)

M.B., M. Ferrara, M. Trombetti – 2021

Let p be an odd prime and let G be a p-group of nilpotency class
3. Then G is metahamiltonian if and only if it satisfies one of the
following conditions:

...
(2) G = ⟨g⟩

(
⟨x⟩⋉ (⟨y⟩× ⟨z⟩)

)
where [y,g] = x, [x,y] = z, o(y) =

o(g) = p2, o(x) = o(z) = p, |G| = p5, Z(G) = ⟨z, [x,g]⟩,
G ′ = ⟨[x,g]⟩×⟨z⟩×⟨x⟩ is elementary abelian of order p3 and
one of the following non-isomorphic alternatives holds:
(2a) p = 3, g3 = z, [x,g] = y3;
(2b) [x,g] = yp, gp = zν, where ν is the smallest positive integer

which is a quadratic non-residue mod p;
(2c)δ p > 3, [x,g] = yδp, gp = ypz, where 1 ⩽ δ < p and 1 + 4δ is

a quadratic non-residue mod p.
...
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Beware!
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Thank you for your attention
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