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Metahamiltonian groups

Let G be a group.

The group G is said to be metahamiltonian if every subgroup of
G is either abelian or normal in G.

Some examples:

@ Dedekind groups (i.e. groups in which every subgroup is
normal);

@ Minimal non-abelian groups;
(*] SL2(3) ~ Z3 > Qg.
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The (scattered) structure of metahamiltonian groups

N.E. Kuzenny! —N.N. Semko: “The structure of solvable nonnilpotent
meta-Hamiltonian groups”, Math. Notes 34 (1983).
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Getting a grip on metahamiltonian groups

Dedekind groups

R. Dedekind - 1897

Every subgroup of a group G is abelian if and only if

(1) G is abelian or

(2) G = Qs x A x B, where A is an elementary abelian 2-group
and B is a torsion abelian group with no element of even

order.
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Getting a grip on metahamiltonian groups

Minimal non-abelian p-groups

L. Redei — 1947

Let G be a minimal non-abelian p-group for some prime p. Then
|G’| =p, G/G’isabelian of rank two and G is one of the following

groups
1) G=(ablaP" =bP" =1, a® = a!™P™"), wherem > 2
andn > 1;

(2) G= (a,blapm =bP" =cP=1,[abl=c[ac=[bc] =
1), where m+n > 2ifp =2;

(3) G~ Qg.
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Minimal non-metacyclic p-groups
N. Blackburn - 1961

(1) G is a group of order p3 and exponent p.

(2) G ~Z5 x Qs.

(3) G has order 2* and G = AB where A ~ Z,4, B ~ Qg and
[A,B] =1.

(4) G has order 3*and G = (c)((b) < (a)) where a’ =b° =1,
a® =a*=ac 3 b° =band a® = ba.

(5) G ={(c)((b) =< (a)), where a* =b* =1, [a,b] = [b,c] = a?,
[a,c] =b%2=c2%in particular, G has order 25 d(G) =3 and
G'=0(G) = Z(G) = Q41(G).

Mattia Brescia The Structure of Metahamiltonian Groups



A roadmap

1) Minimal non-metacyclic p-groups.
2) Preliminaries on metahamiltonian groups.

)
)
3)
)
)
)

Non-soluble metahamiltonian groups.
4

5) Preliminaries on nilpotent metahamiltonian groups.

6) Metahamiltonian p-groups of nilpotency class 2 whose
commutator subgroup...

6a) ... is cyclic.

6b) ... is elementary abelian of rank 2.

6¢) ... is neither elementary abelian nor cyclic.

6d) ... is elementary abelian of rank 3.

Soluble non-nilpotent metahamiltonian groups.

7) Metahamiltonian p-groups of nilpotency class 3.
8) Non-periodic nilpotent metahamiltonian groups.

Mattia Brescia The Structure of Metahamiltonian Groups



Preliminaries on metahamiltonian groups

Let G be a locally finite metahamiltonian p-group. Then

(1) (x)C is either abelian or minimal non-abelian.

Mattia Brescia The Structure of Metahamiltonian Groups 10/38



Preliminaries on metahamiltonian groups

Let G be a locally finite metahamiltonian p-group. Then
(1) (x)C is either abelian or minimal non-abelian.

(2) Gisnilpotent of class at most 3 and in particular G is
metabelian.

Mattia Brescia The Structure of Metahamiltonian Groups

10/38



Preliminaries on metahamiltonian groups

Let G be a locally finite metahamiltonian p-group. Then
(1) (x)C is either abelian or minimal non-abelian.

(2) Gisnilpotent of class at most 3 and in particular G is
metabelian.

(3) G is metahamiltonian if and only if G’ is contained in
every non-abelian subgroup of G.

Mattia Brescia The Structure of Metahamiltonian Groups

10/38



Preliminaries on metahamiltonian groups

Let G be a locally finite metahamiltonian p-group. Then
(1) (x)C is either abelian or minimal non-abelian.

(2) Gisnilpotent of class at most 3 and in particular G is
metabelian.

(3) G is metahamiltonian if and only if G’ is contained in
every non-abelian subgroup of G.

(4) ®(G’) < Z(G) and G’ is isomorphic to one of the following
groups:

Mattia Brescia The Structure of Metahamiltonian Groups 10/38



Preliminaries on metahamiltonian groups

Let G be a locally finite metahamiltonian p-group. Then
(1) (x)C is either abelian or minimal non-abelian.

(2) Gisnilpotent of class at most 3 and in particular G is
metabelian.

(3) G is metahamiltonian if and only if G’ is contained in
every non-abelian subgroup of G.
(4) ®(G’) < Z(G) and G’ is isomorphic to one of the following
groups:
o ... Zye X Zyn for some non-negative integer n and ¢ € {0, 1};

Mattia Brescia The Structure of Metahamiltonian Groups 10/38



Preliminaries on metahamiltonian groups

Let G be a locally finite metahamiltonian p-group. Then
(1) (x)C is either abelian or minimal non-abelian.

(2) Gisnilpotent of class at most 3 and in particular G is
metabelian.

(3) G is metahamiltonian if and only if G’ is contained in
every non-abelian subgroup of G.
(4) ®(G’) < Z(G) and G’ is isomorphic to one of the following
groups:
o ... Zye X Zyn for some non-negative integer n and ¢ € {0, 1};
0 Ly X Lp X L.

Mattia Brescia The Structure of Metahamiltonian Groups 10/38



Preliminaries on metahamiltonian groups

Let G be a locally finite metahamiltonian p-group. Then
(1) (x)C is either abelian or minimal non-abelian.
(2) Gisnilpotent of class at most 3 and in particular G is
metabelian.
(3) G is metahamiltonian if and only if G’ is contained in
every non-abelian subgroup of G.
(4) ®(G’) < Z(G) and G’ is isomorphic to one of the following
groups:
o ... Zye X Zyn for some non-negative integer n and ¢ € {0, 1};
0 Ly X Lp X L.
Let G be a non-periodic soluble metahamiltonian group. Then

(5) G’ is finite and abelian.
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Preliminaries on metahamiltonian groups

A group G is said to be locally graded if every finitely generated
non-trivial subgroup of G contains a proper subgroup of finite
index.
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Preliminaries on metahamiltonian groups

Let G be a locally finite metahamiltonian p-group. Then
(1) (x)€ is either abelian or minimal non-abelian.

(2) Gisnilpotent of class at most 3 and in particular G is
metabelian.

(3) G is metahamiltonian if and only if G’ is contained in
every non-abelian subgroup of G.

(4) ®(G’) < Z(G) and G’ is isomorphic to one of the following
groups:
o Zy: X Zyn for some non-negative integer n and ¢ € {0,1};
0 Zp X Ly X ZLp.

Let G be a non-periodic soluble metahamiltonian group. Then
(5) G’ is finite and abelian.

Let G be a locally graded metahamiltonian group. Then
(6) G'is finite of prime power order and G” is abelian.
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A roadmap

1) Minimal non-metacyclic p-groups.

2) Preliminaries on metahamiltonian groups.

)
)
3)
)
)
)

Non-soluble metahamiltonian groups.
4

5) Preliminaries on nilpotent metahamiltonian groups.

6) Metahamiltonian p-groups of nilpotency class 2 whose
commutator subgroup...

6a) ... is cyclic.

6b) ... is elementary abelian of rank 2.

6¢) ... is neither elementary abelian nor cyclic.

6d) ... is elementary abelian of rank 3.

Soluble non-nilpotent metahamiltonian groups.

7) Metahamiltonian p-groups of nilpotency class 3.
8) Non-periodic nilpotent metahamiltonian groups.
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Nilpotency class 2 and cyclic commutator subgroup

N.E. Kuzennyi, N.N. Semko — 1987

Letp be a prime and let k be an integer > 1. A group G is a metahamil-
tonian p-group of nilpotency class 2 with G’ cyclic of order p* if and
only if one of the following hold:

(1) G = ((b)(a)) x A, where [a,b] = aP" ", 0(a) = p%, A is abelian
of exponent < p*~2<*1 and o(bG’) > exp(A).

ox—K
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Nilpotency class 2 and cyclic commutator subgroup

N.E. Kuzennyi, N.N. Semko — 1987

Letp be a prime and let k be an integer > 1. A group G is a metahamil-

tonian p-group of nilpotency class 2 with G’ cyclic of order p* if and
only if one of the following hold:

(1) G = ((b)(a)) x A, where [a,b] = aP" ", 0(a) = p%, A is abelian
of exponent < p*~2<*1 and o(bG’) > exp(A).

(2) G = (Bx(a)) x A, where B = (b) x <b1> x (by), o(a) = p*
p* > o0(b) =pP >o(by)) =pfr>...> o(by) = pPt,
[a,b] = aP™ ", [a,bi] = aP™ " for 1 i<t,
0<ky<...<ky <min{k,x — kK — +2},

B —Kk>P1—K >...> Pt — ke and A is abelian of exponent
g .pCX72K+1.

7
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Nilpotency class 2 and cyclic commutator sub

N.F. Kuzennyi, N.N. Semko

Let P be a prime and let k be an inte

<b1> . X <bt>/ O(Cl) = pcx,
.z O(bt) pPe,
" for 1 i<t,
;X —K— [3 + 2}/
.. > Bt — k¢ and A is abelian of exponent
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Nilpotency class 2 and cyclic commutator subgroup

N.F. Kuzennyi, N.N. Semko... M.B., M. Ferrara, M. Trombetti — 1987-2021

Letp be a prime and let k be an integer > 1. A group G is a metahamil-
tonian p-group of nilpotency class 2 with G’ cyclic of order p* if and
only if one of the following non—isomorphic conditions hold:

(1) G = ((b){(a)) x A, where [a,b] =aP" ", 0(a) = p%, A is abelian

()

Mattia Brescia

of exponent < p*~2<*1 and o(bG’) > exp(A); distinct
isomorphism types for A and (a, b) give rise to distinct
isomorphism types for G.

G = (B (a)) x A, where B = (b) x (by) x ... x (by), 0o(a) =p%,
p¥ < >o0(b) =pP > o(by) =pF1 >... > o(by) = pPr,
[a,bl=aP” 5, [a,bil=aP” " forl1 <i<t,

0< kg <...<ky <min{k,x—k—p +2},

f—Kk>P1—K >...> Pt — ke and A is abelian of exponent

< p*2%*1; distinct isomorphism types for A and distinct values
of the parameters «, 3, B1,..., Bt, K, K1, ..., K¢, t define distinct
isomorphism types for G.
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A roadmap

1) Minimal non-metacyclic p-groups.
2) Preliminaries on metahamiltonian groups.

)

)

3) Non-soluble metahamiltonian groups.

4)

5) Preliminaries on nilpotent metahamiltonian groups.
)

6) Metahamiltonian p-groups of nilpotency class 2 whose
commutator subgroup...

6a) ... is cyclic.

6b) ... is elementary abelian of rank 2.

6¢) ... is neither elementary abelian nor cyclic.

6d) ... is elementary abelian of rank 3.

Soluble non-nilpotent metahamiltonian groups.

7) Metahamiltonian p-groups of nilpotency class 3.
8) Non-periodic nilpotent metahamiltonian groups.
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Nilpotency class 2 and G’ ~ Z,, x Z,

N.F. Kuzennyi, N.N. Semko — 1998-1990

Let p be a prime and let G be a p-group of nilpotency class 2 where G is elementary abelian of order p2. Then G is
metahamiltonian if and only if G = H x A, where H and A satisfy the following conditions

(1) A is an abelian p-group with exponent smaller than that of any minimal non-abelian subgroup of H.

(2) IfH’ = Qq(H), then
(2a) H = (c)((b) =< (a)), where at=b%*=1,1[abl=[bc]l=d? [ac]=0b2=c?
(2b) H=(d)({c)({b) x (a))), where a*=b*=[a,d]=1,[a,bl=[b,c]=[c, d]=a?,
la,c]=b2=c?=d?, [b,d]=a?b?.

(3) IfH’ < Q(H), then H = (c) x ((b) x (a)), whereo(a) = p* > p,o(b) = pP > pand
o(c) =pY > 1and one of the following alternatives holds:

(3a) y2Lx:|3+1,[a,b]:l,[a,c]:bpﬁil,[b,c]:a”’ail,s:l p—1

@) vy>a=plabl=1lacd=bP" " be=aP* otPP T 02 _tn_s2,0,
sm=1...,p—1,t=0,...,p—1;

(Be) Yy<a=8, [a,b]:ap‘x*l,[a,c]:bpﬁil,[b,c]:a”"xilbtpﬁil,
n2—tn—s#, 0,s,n=1...,p—1,t=0,...,p—1;

Bd) y<az=pB,p >2whenoc:B:Z,[a,b]:apfxil,[a,c]:bpﬁil,[b,c]:l;

Be) a=R+1v<wlab]l= apo‘il, [a,c] :bpﬁil, [b,c] = a5p0‘71,s =
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Nilpotency class 2 and G’ ~ Z,, x Z,

N.E. Kuzennyi, N.N. Semko — 19982299

Let p be a prime and let G be a p-group of nilpotency class 2 where G 7 ig
metahamiltonian if and only if G = H x A, where Hand A s,

(2) IfH’ =Qq(H), then
(2a) H = (c)((b) = (a
(2b) H=(d)({c)((b) =

Jla, el =bPP T b,e] —asp S Tpte P
pOsn=1...,p—1Lt=0,...,.p—1

>B,p>2whenax=p =2, [a,b]l= aptxil,[a,c] :bpﬁil,[b,c] =1;
I B+1y<olabl=aP* ' lac=bPP " b =a?* 521
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Nilpotency class 2 and G’ ~ Z,, x Z,

Let p be a prime and let G be a p-group of nilpotency class 2 where G is elementary abelian of order p2. Then G is
metahamiltonian if and only if G = H x A, where H and A satisfy the following conditions

(1) A is an abelian p-group with exponent smaller than that of any minimal non-abelian subgroup of H.

(2 IfH/ =

N.F. Kuzennyi, N.N. Semko — 1998-1990

Qq(H), then

(2a) H = (c)((b) =< (a)), where at=b%*=1,1[abl=[bc]l=d? [ac]=0b2=c?
(2b) H=(d)({c)({b) x (a))), where a*=b*=[a,d]=1,[a,bl=[b,c]=[c, d]=a?,

(3) IfH’ < Q(H), then H = (c) x ((b) x (a)), whereo(a) = p* > p,o(b) =pP >pand

[a,c]=b2=c2=d? [b,d]=a?b2

o(c) =pY > 1and one of the following alternatives holds:

(3a)
(3b)

(B0

(Bd)
(3e)

Mattia Brescia

—1 —1
y>a=p+1labl=11lac=bP" " be=a?* ! 521

y>a=plabl=1lac=bP" " e =aP* ptPP T 02 n_sz,0

sm=1...,p—1,t=0,...,p—1;

p—1

y<oa=plabl=a?™ " (acd=bPP " [bc=aP* ptrP T

n2—tn—s#, 0,s,n=1...,p—1,t=0,...,p—1;

y<a>B,p>2whena=p=2labl=aP* ' lac=b"" " be =1

a=B+1Ly<alabl=a?* " (ac=bP" " [bc]=asP™T
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Nilpotency class 2 and G’ ~ Z,, x Z,

N.E. Kuzenny?, N.N. Semko... M.B., M. Ferrara, M. Trombetti — 1998,1990-2021

Let p be a prime and let G be a p-group of nilpotency class 2 where G’ is elementary abelian of order p2. Then G is
metahamiltonian if and only if G = H x A, where H and A satisfy the following conditions

(1) A is an abelian p-group with exponent smaller than that of any minimal non-abelian subgroup of H.

(2) IfH’ =Q;(H), then
(2a) H = (c)((b) =< (a)), where at=b%*=1,[ab]l=[bc]l=d?[a.c]l=b2=c?
(2b) H=(d)({c)((b) x (a))), where a*=b*=[a,d]=1,[a,bl=[b,c]=[c,d]=a?,
la,c]=b2=c2=a2 [b,d]=a?b2.

(3) IfH’ < Qq(H), then H = {c) = ({(b) = (a)), whereo(a) = p* > p,o(b) = pP > pand
o(c) =pY > 1and one of the following non-isomorphic alternatives holds:

3a) [a,b]l=1,a=8,lac]l= bzcxil, [b,c] = az‘xil bz‘x*l; moreover, if « =2, theny = 1;

(3b) la,bl=1,p>2 a=p,[ac]=DbP ‘xil, [b,c] =aVP a1 and v is the smallest positive
integer which is a quadratic non-residue modulo p;

Bo)s la,bl=1p>2a=p,[ac]= l)r‘mi1 and [b,c] = a®P ™

such that 1 4 45 is a quadratic non-residue modulo p;

3d) labl=1a=p+1[ac =bP" Tand[bcl = aP™ ;

(3e) [a,b]l=10=p+1[ac]=DbP ﬁil, [b,c] =aVP ot and v is the smallest positive integer
which is a quadratic non-residue modulo p;

3f) [a,b]l = apail,y <av<B<Lxlacl= bpﬁil and [b, ¢] = 1; moreover, if x = 3 =2,
thenp > 2.

Ter T for1<s<p—1

Distinct isomorphism classes for A and H give rise to distinct isomorphism classes for G.
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Nilpotency class 2 and G’ ~ Z,, x Z,

(Y]

(2) IfH’ = Qg (H), then
(2a) H = (c)((b) =
(2b) H=(a)({c)((b

[u,c]=b2=cz=

<

(3) IfH’' < Qq(H), | . =pP >pand

ic alternatives holds:

) . )
T 2% moreover, if o = 2, theny = 1;

—1 —1
bl=1,a=p+1[ac]=DbP B ,[b,c] =aYP* " and v is the smallest positive integer
nich is a quadratic non-residue modulo p;
—1 p—1
abl=aP® vy <ay<B<alacl= vP P " and [b,c] = 1; moreover, if x = 3 =2,
thenp > 2.

Distinct isomorphism classes for A and H give rise to distinct isomorphism classes for G.

Mattia Brescia The Structure of Metahamiltonian Groups 26/38



Nilpotency class 2 and G’ ~ Z,, x Z,

N.E. Kuzenny?, N.N. Semko... M.B., M. Ferrara, M. Trombetti — 1998,1990-2021

Let p be a prime and let G be a p-group of nilpotency class 2 where G’ is elementary abelian of order p2. Then G is
metahamiltonian if and only if G = H x A, where H and A satisfy the following conditions

(1) A is an abelian p-group with exponent smaller than that of any minimal non-abelian subgroup of H.

(2) IfH’ =Q;(H), then
(2a) H = (c)((b) =< (a)), where at=b%*=1,[ab]l=[bc]l=d?[a.c]l=b2=c?
(2b) H=(d)({c)((b) x (a))), where a*=b*=[a,d]=1,[a,bl=[b,c]=[c,d]=a?,
la,c]=b2=c2=a2 [b,d]=a?b2.

(3) IfH’ < Qq(H), then H = {c) = ({(b) = (a)), whereo(a) = p* > p,o(b) = pP > pand
o(c) =pY > 1and one of the following non-isomorphic alternatives holds:

3a) [a,b]l=1,a=8,lac]l= bzcxil, [b,c] = az‘xil bz‘x*l; moreover, if « =2, theny = 1;

(3b) la,bl=1,p>2 a=p,[ac]=DbP ‘xil, [b,c] =aVP a1 and v is the smallest positive
integer which is a quadratic non-residue modulo p;

Bo)s la,bl=1p>2a=p,[ac]= l)r‘mi1 and [b,c] = a®P ™

such that 1 4 45 is a quadratic non-residue modulo p;

3d) labl=1a=p+1[ac =bP" Tand[bcl = aP™ ;

(3e) [a,b]l=10=p+1[ac]=DbP ﬁil, [b,c] =aVP ot and v is the smallest positive integer
which is a quadratic non-residue modulo p;

3f) [a,b]l = apail,y <av<B<Lxlacl= bpﬁil and [b, ¢] = 1; moreover, if x = 3 =2,
thenp > 2.

Ter T for1<s<p—1

Distinct isomorphism classes for A and H give rise to distinct isomorphism classes for G.

Mattia Brescia The Structure of Metahamiltonian Groups

27/38



Metahamiltonian groups - a problem

Sufficient conditions for theorems on metahamiltonian groups
are

not obvious

although someone states the contrary.
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A roadmap

1) Minimal non-metacyclic p-groups.

2) Preliminaries on metahamiltonian groups.

)
)
3)
)
)
)

Non-soluble metahamiltonian groups.
4

5) Preliminaries on nilpotent metahamiltonian groups.

6) Metahamiltonian p-groups of nilpotency class 2 whose
commutator subgroup...

6a) ... is cyclic.

6b) ... is elementary abelian of rank 2.

6¢c) ... is neither elementary abelian nor cyclic.

6d) ... is elementary abelian of rank 3.

Soluble non-nilpotent metahamiltonian groups.

7) Metahamiltonian p-groups of nilpotency class 3.
8) Non-periodic nilpotent metahamiltonian groups.
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A roadmap

1) Minimal non-metacyclic p-groups.
2) Preliminaries on metahamiltonian groups.
3

)
)
) Non-soluble metahamiltonian groups.
4) Soluble non-nilpotent metahamiltonian groups.
)
)

5) Preliminaries on nilpotent metahamiltonian groups.
6) Metahamiltonian p-groups of nilpotency class 2 whose
commutator subgroup...
6a) ... is cyclic.
6b) ... is elementary abelian of rank 2.
6¢) ... is neither elementary abelian nor cyclic.
6d) ... is elementary abelian of rank 3.

7) Metahamiltonian p-groups of nilpotency class 3.
8) Non-periodic nilpotent metahamiltonian groups.
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Mattia

Nilpotency class 2 and G’ ~ Z, x Z,, x Z,

N.E. Kuzennyi, N.N. Semko — 1989

A group G is a locally finite metahamiltonian p-group with nilpotency class 2 with G’
of rank 3 if and only if G = H x C, where C is abelian and exp(C) < p¥~! and H
satisfies the following conditions.
(1) H=((a) = ((b) x (cP")))(c), where
o p*=o(a) > pﬁ—o(b» (c) >
® Z(H) = ®(H) = (a?) x (b7) x ("),
o H/ = (aP" 1> x (bPP 1y x (cPY ) =
(2) And one of the following alternatives holds:
(2a) [a,c] =b*" " [bc] = a®?" B a—1=B 1=,
n? —tn —ks # 0 k,s,n=1,...,p—1,t=0,...,p—1,
(2b) [a,c] =" AP [bel = aPt T a—1=B =,
n2—An—k#,0,ksn=1...p—1,A=0,....p—1;
(20) p=a=B=v=2la,c]=0b%c? [bc] = a’b?
d) p=2,a=B=v>2ac)=bP" ‘P’
b,c] = aP* PP lerr
(2e) p>2,x=p=v,la,cl= pkpP T cApY 1,
[b,c] = aSPailbtpﬁilclpvil,n% —An;—k#, 0,n3—tny; —ks %, 0,
n3—1Ing—s#,0,ks,n,nyn3=1...,p—1,4At1=0,...,p—1

Q (H)and [b,a] = e’
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Nilpotency class 2 and G’ ~ Z, x Z,, x Z,

N.E. Kuzennyi, N.N. Semko — 1989

A group G is a locally finite metahamiltonian p-group with nilpotency class 2 with G’
of rank 3 if and-erty if G = H x C, where C is abelian and exp(C) < p¥~! and H
satisfies the following conditions.

(1) H=({a)= ((b) x (cP” ) )))(c), where
° p*=o(a)> PB—O(b)>pY—0(C)
© Z(H) = ®(H) = (aP) x (bP) X (cP),
o H/ = (aP™ ')y x (bP" 1y x (cP” 1>:
(2) And one of the following alternatives holds:
(2a) [a,c] =b** " [b,c] = asP* BT a—1=p 1=,
nz—tn—ks$pO,k,s,nzl,.,.,p—1,t:0,...,'p—1;
(2b) [a,c] =b*P TeAPY T b el —aP* T a—1=p =,
n2—An—k#,0,ksn=1...p—1,A=0,....p—1;
(20) p=a=p =v=2[ac]=0b%c? [b,c] = a’b%

I e L
o —1 Iy

[b_c] D o cP

Q (H)and [b,a] = e’

;
B—1 v—1
(2e ,la,c] =bkP" T cAPY

— k%, 0,nZ—tn,—ks %, 0,
Lk, s,n,mp,n3 =1,...,p — LA 4 p—1L
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Nilpotency class 2 and G’ ~ Z, x Z,, x Z,

N.E. Kuzennyi, N.N. Semko... M.B., M. Ferrara, M. Trombetti — 1989-2021

Let p be a prime and let G be a locally finite metahamiltonian p-group of nilpotency class 2 with G’ of rank 3. Then
G = H x C, where H and C satisfy the following conditions.

(1) H=({a)x ((b) x (P 1)) (c), where
(1a) p* =o(a)>pP =o(b) >pY =o(c) > p?
(1) Z(H) = @(H) = (aP) x {bP) x (cP),
(19 H =(@P* ) x PP P = 0y (n),
(1d) [b,al = prfl and either B =yor =y +1.
(2) If B =v +1, then x = 3 and one of the following non-isomorphic alternatives hold:
(2a) p=2, [a/c]:bp‘xi1 and [c,b]:up‘xilbpo‘il;
(2b) p =43 lacl= bpai1 and [c,b] = apail;
(2c) p=41,lacl= b”’m*1 and [c,b] = tlp‘Xi1 (0 < € < p is non-square modulo p);
2d)s p>20<d<p, lacl= bépail, [c,b] = apo‘ilbfépo‘i1 and 82 — 45 is a quadratic
non-residue modulo p.
(3) If B =y, then either x = 3 or & = 3 + 1, and one of the following non-isomorphic alternatives hold:
(Ba) Ifax=p,thenax=p =2, [a,cl= b2c2 and [c,b] = a?bZ;
o Ifx=p+1,then:
(3b) p =2, then[a,c] = bpﬁilcpyil and [c,b] = apmil;
(3c) p =43 Iacl — PP 1 and [c,b]:upail;
(Bd) p=41lac]=0bcP et and [c,b] = (1”’0(71 (0 < & < p is non-square modulo p);
(3e)s p>20<8<p,lacl= bépﬁilcépyil, [c,b] = a®P ! and 52 — 45 is a quadratic
non-residue modulo p.

(4) Cisabelianand exp(C) < pY L + Converse al’ld iso.
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A roadmap

1) Minimal non-metacyclic p-groups.

2) Preliminaries on metahamiltonian groups.

3) Non-soluble metahamiltonian groups.

4)
)
)

5) Preliminaries on nilpotent metahamiltonian groups.

6) Metahamiltonian p-groups of nilpotency class 2 whose
commutator subgroup...

6a) ... is cyclic.

6b) ... is elementary abelian of rank 2.

6¢) ... is neither elementary abelian nor cyclic.

6d) ... is elementary abelian of rank 3.

Soluble non-nilpotent metahamiltonian groups.

7) Metahamiltonian p-groups of nilpotency class 3.
8) Non-periodic nilpotent metahamiltonian groups.
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Mattia Brescia

Nilpotency class 3 (p odd)

A.A. Mahnev - 1976
TeopewMa 3. fpp P> 2 cnezyomé IpynnH, H ?oni-
Ko OHN ABIADTON MeTaTaMWIBTOKOBHMU P ~-rpynnas4 Kiacca 00nb-

i (a) G - MSTAaUMKIUYECKAR TPYMna, &P @Hy=2W@ONG.

(6) G'=LTFIXLT>xGD, Je @),
«Pu 3T of=3tx,

A= (KoY X CTY) A LML,
£y, 01=3.

Em‘gjsé, t&,é]’tq
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Nilpotency class 3 (p odd)

M.B., M. Ferrara, M. Trombetti — 2021

Let p be an odd prime and let G be a p-group of nilpotency class
3. Then G is metahamiltonian if and only if it satisfies one of the
following conditions:

(2) G =(g)((x) < ((y) x (2))) where [y, g] =x, [x,yl =z, 0(y) =
o(g) = p? o(x) = olz) = p, G| = p°, Z(G) = (z| x,9l),
G’ = ([, g]) x (z) x (x) is elementary abelian of order p* and
one of the following non-isomorphic alternatives holds:
(2a) p=3,9° =2z [x, gl =y’
(2b) [x, gl =yP, gP =z, where v is the smallest positive integer
which is a quadratic non-residue mod p;
(20)s p>3,[x,g] =y°P, g°P =yPz, wherel1 < 6 <pand1+45is
a quadratic non-residue mod p.
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Beware!
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Thank you for your attention
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