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Hausdorff dimension in profinite groups

Let G be a countably based profinite group G and let

SZG=G02G12"~

be a filtration of G, that is, a descending chain of open normal subgroups
of G such that N;>1G; = 1.
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Hausdorff dimension in profinite groups

Let G be a countably based profinite group G and let

SZG:GozGlz"-

be a filtration of G, that is, a descending chain of open normal subgroups
of G such that N;>1G; = 1.

The filtration S induces a translation-invariant metric d° on G defined as
d(x,y) =inf{|G: G|t | xy 1 € G},
where x,y € G.

This metric, in turns, defines the Hausdorff dimension function hdim‘g (X)
for any subset X C G with respect to the filtration series S.
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Hausdorff dimension in profinite groups

Theorem (Y. Barnea, A. Shalev)

Let G be a countably based profinite group and let

S:G=Gy> Gy > Gy >--- bea filtration of G. If H is a closed
subgroup of G, then

hdimS (H) = lim inf (€160 * Gl [HGn : Gl

1|.
n—co log |G : Gy €[0.1]
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Hausdorff dimension in profinite groups

Theorem (Y. Barnea, A. Shalev)

Let G be a countably based profinite group and let

S:G=Gy> Gy > Gy >--- bea filtration of G. If H is a closed
subgroup of G, then

hdimS (H) = lim inf (€160 * Gl [HGn : Gl

1|.
n—co log |G : Gy €[0.1]

Let G be a countably based profinite group and S any filtration series of
G. Then:

o hdim&(N) = 1 for every open normal subgroup N of G.
o hdimZ(H) = 0 for every finite subgroup H of G.
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Hausdorff spectrum

It is natural to ask which values can take the Hausdorff dimensions of the
closed subgroups of a profinite group G.
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Hausdorff spectrum

It is natural to ask which values can take the Hausdorff dimensions of the
closed subgroups of a profinite group G.

Definition

Let G be a countably based profinite group and let S be a filtration of G.
The Hausdorff spectrum of G with respect to the filtration S is

hspec® (G) = {hdimg(H) | H <. G} C [0,1].
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Hausdorff spectrum

It is natural to ask which values can take the Hausdorff dimensions of the
closed subgroups of a profinite group G.

Definition

Let G be a countably based profinite group and let S be a filtration of G.
The Hausdorff spectrum of G with respect to the filtration S is

hspec® (G) = {hdimg(H) | H <. G} C [0,1].

By the examples above, {0,1} C hspec®(G) for every filtration S of G.
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The Hausdorff dimension, and hence the Hausdorff spectrum, is sensitive
to the choice of the filtration S.
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Filtration series

The Hausdorff dimension, and hence the Hausdorff spectrum, is sensitive
to the choice of the filtration S.

Example

Let G=Z,®Zp and H=2Z,& {0}. Consider S: G =Gy > G > - --
such that G; = ((p',0), (0, p')) for every i > 0. Then hdimg(H) =1/2,
and hspec®(G) = {0,1/2,1}.
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Let G=Z,®Zp and H=7Z,® {0}.




Let G=Z,®Z, and H=Z,® {0}. Consider §: G = Gy > G > -
such that G; = {(p?,0), (0, p')) for every i > 0.




Example

Let G =Z,®Z, and H=Z,® {0}. Consider §: G = Gy > G > - --
such that G; = ((p?,0), (0, p')) for every i > 0. Then hdimZ(H) =1,
and hspec®(G) = {0,1}.




Example
Let G =Z,®Z, and H=Z,® {0}. Consider §: G = Gy > G > - --
such that G; = ((p?,0), (0, p')) for every i > 0. Then hdimZ(H) =1,
and hspec®(G) = {0,1}.

G/ Gy

v
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Example
Let G =Z,®Z, and H=Z,® {0}. Consider §: G = Gy > G > - --
such that G; = ((p?,0), (0, p')) for every i > 0. Then hdimZ(H) =1,
and hspec®(G) = {0,1}.
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Let G =Z,®Z, and H=Z,® {0}. Consider §: G = Gy > G > - --
such that G; = ((p?,0), (0, p')) for every i > 0. Then hdimZ(H) =1,
and hspec®(G) = {0,1}.
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Let G=2Z,®Z, and H=Z,® {0}. Consider S: G = Gy > Gy >
such that G; = ((p?,0), (0, p')) for every i > 0. Then hdimZ(H) =1,
and hspec®(G) = {0,1}.
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Similarly, if S : G = Gy > Gy > - -+ such that G; = ((p,0), (0, p¥)) for
every i > 0, then hdimg (H) = 0, and hspec®(G) = {0,1}.

v
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Filtration series

Actually, very pathological things may occur.
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Filtration series

Actually, very pathological things may occur.

Theorem (B. Klopsch, A. Thillaisundaram, A. Zugadi-Reizabal)

Let G=Z,DZp, and let S: G = Gy > G; > - - - be a filtration of G
such that

Gi = ((p™,ip™), (0, p™)),
where ag = b = 0 and a;j = p', bj = p' + 1 for i > 1. Then,

[Y/p+1,P=1/p+1] C hspec® (G).
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Filtration series

Is the Hausdorff spectrum bounded among the filtrations that give finite
Hausdorff spectrum?
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Filtration series

Is the Hausdorff spectrum bounded among the filtrations that give finite
Hausdorff spectrum?

Theorem (IH, B. Klopsch, A. Thillaisundaram)

Let G =Z,®Zp, and let | C [0, 1] be finite with 0,1 € |. Then there
exists a filtration S of G such that

hspec® (G) = 1.
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Filtration series

Is the Hausdorff spectrum bounded among the filtrations that give finite
Hausdorff spectrum?

Theorem (IH, B. Klopsch, A. Thillaisundaram)

Let G =Z,®Zp, and let | C [0, 1] be finite with 0,1 € |. Then there
exists a filtration S of G such that

hspec® (G) = 1.

We need to restrict our attention to specific filtration series.
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Filtration series

Standard filtration series for finitely generated pro-p groups:
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Filtration series

Standard filtration series for finitely generated pro-p groups:

o The lower p-series L: P1(G) = G and
P,(G) = P,'_1<G)p[P,'_1(G), G] for i 2 2,
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Standard filtration series for finitely generated pro-p groups:
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Filtration series

Standard filtration series for finitely generated pro-p groups:

o The lower p-series L: P1(G) = G and
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o The dimension subgroup series D:  D1(G) = G and
Di(G) = Drisp (G)? [ T1;;[Di(G), Di-j(G)] for i =2

lker de las Heras Hausdorff dimension in profinite groups June 2023 9/34



Filtration series

Standard filtration series for finitely generated pro-p groups:

o The lower p-series L: P1(G) = G and
P,(G) = Pi_l(G)p[P,'_l(G), G] for i 2 2,

o The dimension subgroup series D:  D1(G) = G and
Di(G) = Drisp (G)? [ T1;;[Di(G), Di-j(G)] for i =2

o The p-power series P:

lker de las Heras Hausdorff dimension in profinite groups June 2023 9/34



Filtration series

Standard filtration series for finitely generated pro-p groups:
o The lower p-series L: P1(G) = G and
P,(G) = Pi_l(G)p[P,'_l(G), G] for i 2 2,
o The dimension subgroup series D:  D1(G) = G and
Di(G) = Drisp (G)? [ T1;;[Di(G), Di-j(G)] for i =2
o The p-power series P:
7 (G) =GP = (gP' | g € G) for i > 0.

lker de las Heras Hausdorff dimension in profinite groups June 2023 9/34



Filtration series

Standard filtration series for finitely generated pro-p groups:

o The lower p-series L: P1(G) = G and
P,(G) = Pi_l(G)p[P,'_l(G), G] for i 2 2,

o The dimension subgroup series D:  D1(G) = G and
Di(G) = Drisp (G)? [ T1;;[Di(G), Di-j(G)] for i =2

o The p-power series P:
7 (G) =GP = (gP' | g € G) for i > 0.

o The iterated p-power series 1:
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Filtration series

Standard filtration series for finitely generated pro-p groups:

o The lower p-series L: P1(G) = G and

P,(G) = Pi_l(G)p[P,'_l(G), G] for i 2 2,
o The dimension subgroup series D:  D1(G) = G and
Di(G) = Drisp (G)? [ T1;;[Di(G), Di-j(G)] for i =2
o The p-power series P:
7 (G) =GP = (gP' | g € G) for i > 0.
o The iterated p-power series : 15(G) = G and

i (G) = j_1(G)P for i > 1,

1
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Filtration series

Standard filtration series for finitely generated pro-p groups:

o The lower p-series L: P1(G) = G and
P,(G) = Pi_l(G)p[P,'_l(G), G] for i 2 2,

(*]

The dimension subgroup series D:  D;(G) = G and
Di(G) = Drisp (G)? [ T1;;[Di(G), Di-j(G)] for i =2

The p-power series P:
7 (G) =GP = (gP' | g € G) for i > 0.

©

©

The iterated p-power series Z: 15(G) = G and
i (G) = j_1(G)P for i > 1,

1

The Frattini series F:

©
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Filtration series

Standard filtration series for finitely generated pro-p groups:

o The lower p-series L: P1(G) = G and
P,(G) = P,‘_l(G)p[P,‘_]_(G), G] for i 2 2,

(*]

The dimension subgroup series D:  D;(G) = G and
Di(G) = Drisp (G)? [ T1;;[Di(G), Di-j(G)] for i =2

The p-power series P:
7 (G) =GP = (gP' | g € G) for i > 0.

©

©

The iterated p-power series Z: 15(G) = G and
i (G) = j_1(G)P for i > 1,

1

©

The Frattini series F: ®o(G) = G and
cD,(G) = (I),'_l(G)p[CD,'_l(G),CD,'_l(G)] for i Z 1.
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p-adic analytic group

p-adic analytic pro-p groups have many characterisations.
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p-adic analytic group

p-adic analytic pro-p groups have many characterisations. For instance, a
pro-p group G is p-adic analytic if and only if one of the following follows:

o G has finite rank.
o G is finitely generated and virtually powerful.

o G is finitely generated and virtually uniform.
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p-adic analytic group

p-adic analytic pro-p groups have many characterisations. For instance, a
pro-p group G is p-adic analytic if and only if one of the following follows:

o G has finite rank.

o G is finitely generated and virtually powerful.

©

G is finitely generated and virtually uniform.

©

G has polynomial subgroup growth.
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p-adic analytic group

p-adic analytic pro-p groups have many characterisations. For instance, a
pro-p group G is p-adic analytic if and only if one of the following follows:

o G has finite rank.

o G is finitely generated and virtually powerful.

©

G is finitely generated and virtually uniform.

©

G has polynomial subgroup growth.
G is finitely generated and D;(G) = D;;1(G) for some i > 1.

©
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p-adic analytic group

p-adic analytic pro-p groups have many characterisations. For instance, a
pro-p group G is p-adic analytic if and only if one of the following follows:

o G has finite rank.

o G is finitely generated and virtually powerful.

©

G is finitely generated and virtually uniform.

©

G has polynomial subgroup growth.
G is finitely generated and D;(G) = Dj;1(G) for some i > 1.
G is the product of finitely many procyclic subgroups.

©

©
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p-adic analytic group

p-adic analytic pro-p groups have many characterisations. For instance, a
pro-p group G is p-adic analytic if and only if one of the following follows:

o G has finite rank.

o G is finitely generated and virtually powerful.

©

G is finitely generated and virtually uniform.

©

G has polynomial subgroup growth.
G is finitely generated and D;(G) = Dj;1(G) for some i > 1.
G is the product of finitely many procyclic subgroups.

©

©

o Etc.
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p-adic analytic groups

A finitely generated pro-p group U is uniform if U’ < U?P and if it is
torsion free.
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p-adic analytic groups

A finitely generated pro-p group U is uniform if U’ < U?P and if it is
torsion free.

To each uniform pro-p group U one can give the structure of a free Z,-Lie
algebra L such that:
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algebra L such that:

o UP is equal to p'L.

o If U= <X1,...,Xd>, then L = <X1,...,Xd>zp.

lker de las Heras Hausdorff dimension in profinite groups June 2023 11/34



p-adic analytic groups

A finitely generated pro-p group U is uniform if U’ < U?P and if it is
torsion free.

To each uniform pro-p group U one can give the structure of a free Z,-Lie
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p-adic analytic groups

A finitely generated pro-p group U is uniform if U’ < U?P and if it is
torsion free.

To each uniform pro-p group U one can give the structure of a free Z,-Lie
algebra L such that:

o UP is equal to p'L.
o If U= <X1,...,Xd>, then L = <X1,...,Xd>zp.
o Aut(U) is a linear group over Z,,.

Let G be a p-adic analytic group and let U be a uniform open normal
subgroup of G.
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p-adic analytic groups

A finitely generated pro-p group U is uniform if U’ < U?P and if it is
torsion free.

To each uniform pro-p group U one can give the structure of a free Z,-Lie
algebra L such that:

o UP is equal to p'L.
o If U= <X1,...,Xd>, then L = <X1,...,Xd>zp.
o Aut(U) is a linear group over Z,,.

Let G be a p-adic analytic group and let U be a uniform open normal
subgroup of G. Then, L is a Z,G-module.

lker de las Heras Hausdorff dimension in profinite groups June 2023 11/34



Finite Hausdorff spectra and p-adic analytic groups
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Finite Hausdorff spectra and p-adic analytic groups

Problem 1

Let G be a finitely generated pro-p group and let S € {L,D,P,Z, F}. If
G is p-adic analytic, does it follow that hspec® (G) is finite?
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Finite Hausdorff spectra and p-adic analytic groups

Problem 1

Let G be a finitely generated pro-p group and let S € {L,D,P,Z, F}. If
G is p-adic analytic, does it follow that hspec® (G) is finite?

Problem 2

Let G be a finitely generated pro-p group and let S € {L,D,P,Z, F}. If
hspec® (G) is finite, does it follow that G is p-adic analytic?
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Partial answer to Problem 1
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Partial answer to Problem 1

Theorem (Y. Barnea, A. Shalev; B. Klopsch, A. Thillaisundaram, A.

Zugadi-Reizabal)

Let G be a p-adic analytic pro-p group and H a closed subgroup of G.
Then, for S € {D,P,Z,F}, we have

_dim(H)

hdimg (H) = dim(G)’

where dim(H) and dim(G) stand for the analytic dimension of H and G
respectively.
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Partial answer to Problem 1

Theorem (Y. Barnea, A. Shalev; B. Klopsch, A. Thillaisundaram, A.

Zugadi-Reizabal)

Let G be a p-adic analytic pro-p group and H a closed subgroup of G.
Then, for S € {D,P,Z,F}, we have

_dim(H)

hdimg (H) = dim(G)’

where dim(H) and dim(G) stand for the analytic dimension of H and G
respectively.

In particular, if G is a p-adic analytic pro-p group, then

1 dim(G) — 1
hSpeCS(G) g {O,dirn(G,),...,dirn(G,),l}
forany S € {D,P,Z, F}.
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Complete answer to Problem 1
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Complete answer to Problem 1

Let G be a p-adic analytic pro-p group. Is hspec”(G) finite?
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Complete answer to Problem 1

Problem
Let G be a p-adic analytic pro-p group. Is hspec”(G) finite?

There exists a family of p-adic analytic pro-p groups G(m, d), where
m,d > 0, such that

|hspec£(G(m, d))|

1
dim(G(m. d)) —d+1 as m— oo,

which is unbounded as d tends to infinity.
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Complete answer to Problem 1

Theorem (IH, B. Klopsch, A. Thillaisundaram)

Let G be a p-adic analytic pro-p group of dimension d. Then there exist
{1,---,0q € [0,1] N Q such that

€1§1+"'+€dgd
hspect C e €101
"pee _{ C1+---+Cq | { }}
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Complete answer to Problem 1

Theorem (IH, B. Klopsch, A. Thillaisundaram)

Let G be a p-adic analytic pro-p group of dimension d. Then there exist
{1,---,0q € [0,1] N Q such that

€101+ -+ €qly
hspect C e €101
"pee _{ C1+---+Cq | { }}

In particular, | hspec”(G)| < 29. (This bound can be improved)
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Explicit description of L for p-adic analytic groups

Definition

Let L be a Z,-module. Two filtrations S: L = Lo > L; > --- and
S*:L=L§>L]>--- aresaid to be equivalent if there exists b € IN
such that [L; + L7 : Ly L}| < b for every i € N.
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Explicit description of L for p-adic analytic groups

Definition
Let L be a Z,-module. Two filtrations S: L = Lo > L; > --- and

S*:L=L§> L] >--- aresaid to be equivalent if there exists b € IN
such that [L; + L7 : Ly L}| < b for every i € N.

Definition

| \

Let L be a free Z,-module of dimension d, and let {xi,...,xq} be a
Zp-basis for L. We say that a filtration S : L = Lo > Ly > --- is a split
filtration with respect to {xi,..., x4} with growth rates {1, ..., Ca € (0,1]
if it is equivalent to the filtration $* : L = L§ > L] > -- -, where

Lt = (pllx, plitlg, ..., plalxy)z,

for every i € INg.

v
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Explicit description of L for p-adic analytic groups

What does L} = (plittlxy, plitelxy, ..., pUngxd>Zp mean?



Explicit description of L for p-adic analytic groups

What does L} = <pU§1Jx1,pL"§2sz, ..
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Explicit description of L for p-adic analytic groups

Definition

Let G be a group acting on a Z,-module L. The lower p-series of L with
respect to G, is the series

LF:PE(L)y=1L and PF(L)=pPF (L) +[PE:(L),G] fori>1.
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Explicit description of L for p-adic analytic groups

Definition

Let G be a group acting on a Z,-module L. The lower p-series of L with
respect to G, is the series

LF:PE(L)y=1L and PF(L)=pPF (L) +[PE:(L),G] fori>1.

Theorem (IH, B. Klopsch, A. Thillaisundaram)

Let G be a p-adic analytic group acting on a free Z,-Lie algebra L. Then
the series £LG is equivalent to a split filtration of L.
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Explicit description of L for p-adic analytic groups

Corollary (IH, B. Klopsch, A. Thillaisundaram)

Let G be a p-adic analytic pro-p group of dimension d and let U be a

uniform pro-p subgroup of G of finite index. Then there exist b, c € Ny,

X1y, xg €U andy,..., Ca € (0,1] N Q such that
lit1]+b litg)+b

<Xp > .. < P

[i¢1]—b [iTgl—b
] xBTS Peyi(G) < (PN ) (BT,

for every i € Ny, with

Ligy J+b Ligg)+b Lig1)=b Li¢g)=b
GE ) ) and () (k)

normal subgroups of G.
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Explicit description of L for p-adic analytic groups

Pc+

1

(G) is similar to (x{ ) - - (x,
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Finite Hausdorff spectra and p-adic analytic groups

Problem 1

Let G be a finitely generated pro-p group and let S € {L,D,P,Z, F}. If
G is p-adic analytic, does it follow that hspec® (G) is finite?

Problem 2

Let G be a finitely generated pro-p group and let S € {L,D,P,Z, F}. If
hspec® (G) is finite, does it follow that G is p-adic analytic?
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Partial answer to Problem 2

There exists a partial solution to this problem.
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Partial answer to Problem 2

There exists a partial solution to this problem.

Theorem (B. Klopsch, A. Thillaisundaram, A. Zugadi-Reizabal)

Let G be a finitely generated solvable pro-p group, and let
S € {D, P, F}. If G is not p-adic analytic, then the Hausdorff spectrum
hspec® (G) with respect to S contains an infinite real interval.
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Partial answer to Problem 2

There exists a partial solution to this problem.

Theorem (B. Klopsch, A. Thillaisundaram, A. Zugadi-Reizabal)

Let G be a finitely generated solvable pro-p group, and let
S € {D, P, F}. If G is not p-adic analytic, then the Hausdorff spectrum
hspec® (G) with respect to S contains an infinite real interval.

Corollary

| A\

Let G be a finitely generated solvable pro-p group and let S € {D, P, F}.
Then, G is p-adic analytic if and only if hspec® (G) is finite.

v
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Finite Hausdorff spectra and p-adic analytic group

In general, we also have some structural results.
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Finite Hausdorff spectra and p-adic analytic group

In general, we also have some structural results.

Theorem (B. Klopsch, A. Thillaisundaram, A. Zugadi-Reizabal)

Let G be a finitely generated pro-p group, and let S € {D,P,Z, F}.
Then the following are equivalent:

@ The group G is p-adic analytic.
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Finite Hausdorff spectra and p-adic analytic group

In general, we also have some structural results.

Theorem (B. Klopsch, A. Thillaisundaram, A. Zugadi-Reizabal)

Let G be a finitely generated pro-p group, and let S € {D,P,Z, F}.
Then the following are equivalent:

@ The group G is p-adic analytic.

@ There exists a constant ¢ € (0, 1] such that every infinite closed
subgroup H < G satisfies hdim%(H) > c.
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Finite Hausdorff spectra and p-adic analytic group

In general, we also have some structural results.

Theorem (B. Klopsch, A. Thillaisundaram, A. Zugadi-Reizabal)

Let G be a finitely generated pro-p group, and let S € {D,P,Z, F}.
Then the following are equivalent:

@ The group G is p-adic analytic.
@ There exists a constant ¢ € (0, 1] such that every infinite closed
subgroup H < G satisfies hdim%(H) > c.

@ Every infinite closed subgroup H < G satisfies hdimZ(H) > 0.
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Finite Hausdorff spectra and p-adic analytic group

In general, we also have some structural results.

Theorem (B. Klopsch, A. Thillaisundaram, A. Zugadi-Reizabal)

Let G be a finitely generated pro-p group, and let S € {D,P,Z, F}.
Then the following are equivalent:

@ The group G is p-adic analytic.
@ There exists a constant ¢ € (0, 1] such that every infinite closed
subgroup H < G satisfies hdim%(H) > c.

@ Every infinite closed subgroup H < G satisfies hdimZ(H) > 0.

@ The group G is finite, or there exists a closed subgroup H < G such
that H = Z,, and hdimZ(H) > 0.
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Infinite Hausdorff spectra
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Infinite Hausdorff spectra

Does there exist a finitely generated pro-p group with infinite Hausdorff
spectra?
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Infinite Hausdorff spectra

Does there exist a finitely generated pro-p group with infinite Hausdorff
spectra? Yes.
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Infinite Hausdorff spectra

Does there exist a finitely generated pro-p group with infinite Hausdorff
spectra? Yes.

=EINES
v
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Infinite Hausdorff spectra

Does there exist a finitely generated pro-p group with infinite Hausdorff
spectra? Yes.

=EINES

o (B. Klopsch, A. Thillaisundaram) The group
W=ClZ,= lim Cp 2 Cpn with respect to the five standard
filtration series.
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Infinite Hausdorff spectra

Does there exist a finitely generated pro-p group with infinite Hausdorff
spectra? Yes.

=EINES

o (B. Klopsch, A. Thillaisundaram) The group
W=ClZ,= lim Cp 2 Cpr with respect to the five standard
filtration series.

o (B. Klopsch) Finitely generated branch groups with respect to the
congruence subgroup filtration.
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Infinite Hausdorff spectra

Does there exist a finitely generated pro-p group with infinite Hausdorff
spectra? Yes.

=EINES

o (B. Klopsch, A. Thillaisundaram) The group
W=ClZ,= lim Cp 2 Cpr with respect to the five standard

filtration series.

o (B. Klopsch) Finitely generated branch groups with respect to the
congruence subgroup filtration.

o (O. Garaialde Ocafa, A. Garrido, B. Klopsch) Finitely generated
non-abelian free pro-p groups with respect to D, L and F.

lker de las Heras Hausdorff dimension in profinite groups June 2023 24 /34



Infinite Hausdorff spectra

Does there exist a finitely generated pro-p group with infinite Hausdorff
spectra? Yes.

=EINES

o (B. Klopsch, A. Thillaisundaram) The group
W=ClZ,= lim Cp 2 Cpr with respect to the five standard
filtration series.

o (B. Klopsch) Finitely generated branch groups with respect to the
congruence subgroup filtration.

o (O. Garaialde Ocafa, A. Garrido, B. Klopsch) Finitely generated
non-abelian free pro-p groups with respect to D, L and F.

o (IH, B. Klopsch, A. Thillaisundaram) Finitely generated non-abelian
free pro-p groups with respect to L.
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Infinite Hausdorff spectra

Does there exist a finitely generated pro-p group with infinite Hausdorff
spectra? Yes.

=EINES

o (B. Klopsch, A. Thillaisundaram) The group
W=ClZ,= lim Cp 2 Cpr with respect to the five standard
filtration series.

o (B. Klopsch) Finitely generated branch groups with respect to the
congruence subgroup filtration.

o (O. Garaialde Ocafa, A. Garrido, B. Klopsch) Finitely generated
non-abelian free pro-p groups with respect to D, L and F.

o (IH, B. Klopsch, A. Thillaisundaram) Finitely generated non-abelian
free pro-p groups with respect to L.

Most of the spectra of these groups cover the full interval [0, 1].
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Normal Hausdorff spectrum

Similarly, it is also natural to consider normal closed subgroups.
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Normal Hausdorff spectrum

Similarly, it is also natural to consider normal closed subgroups.

Definition

Let G be a countably based profinite group and let S be a filtration of G.
The normal Hausdorff spectrum of G with respect to the filtration S is

hspecS(G) = {hdimZ(H) | H <. G} C [0,1].
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Normal Hausdorff spectrum

Similarly, it is also natural to consider normal closed subgroups.

Definition

Let G be a countably based profinite group and let S be a filtration of G.
The normal Hausdorff spectrum of G with respect to the filtration S is

hspecS(G) = {hdimZ(H) | H <. G} C [0,1].

° hspecg(W) = hspecg(W) = hspecé(W) = hspecg(W) ={0,1},
and hspec5(W) = {0,1/2,1}.
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Normal Hausdorff spectrum

Similarly, it is also natural to consider normal closed subgroups.

Definition

Let G be a countably based profinite group and let S be a filtration of G.
The normal Hausdorff spectrum of G with respect to the filtration S is

hspecS(G) = {hdimZ(H) | H <. G} C [0,1].

° hspecg(W) = hspecg(W) = hspecé(W) = hspecg(W) ={0,1},
and hspec5(W) = {0,1/2,1}.

° hspecg(F) = hspecé(F) = hspecg(F) ={0,1}.
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Infinite normal Hausdorff spectrum
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Infinite normal Hausdorff spectrum

Problem

Does there exist a finitely generated pro-p group with infinite normal
Hausdorff spectra?
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Infinite normal Hausdorff spectrum

Does there exist a finitely generated pro-p group with infinite normal
Hausdorff spectra?

Theorem (B. Klopsch, A. Thillaisundaram)

There exists a 2-generator pro-p group G, such that hspec‘%(G ) contains
an infinite interval, where S € {L, D, P, F}.
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Infinite normal Hausdorff spectrum

Does there exist a finitely generated pro-p group with infinite normal
Hausdorff spectra?

Theorem (B. Klopsch, A. Thillaisundaram)

There exists a 2-generator pro-p group G, such that hspec‘%(G ) contains
an infinite interval, where S € {L, D, P, F}.

Problem

Does there exist a finitely generated pro-p group with full normal
Hausdorff spectra?
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Full normal Hausdorff spectra

Theorem (I.H., B. Klopsch)

There exists a 2-generator pro-p group &(p), with p odd, such that

hspec (& (p)) = [0, 1],
where S is any of the five standard filtrations series.
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Full normal Hausdorff spectra

Theorem (I.H., B. Klopsch)

There exists a 2-generator pro-p group &(p), with p odd, such that

hspec (& (p)) = [0, 1],
where S is any of the five standard filtrations series.

Theorem (I.H., A. Thillaisundaram)

There exists a 2-generator pro-2 group &(2) such that
hspec? (&(2)) = [0, 1],

where S is any of the five standard filtrations series.
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Construction of a finitely generated pro-p group with full

normal Hausdorff spectra
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Construction of a finitely generated pro-p group with full
normal Hausdorff spectra

Let G be a countably based profinite group, and let
S:G =Gy > Gy > --- be a filtration series of G.
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Construction of a finitely generated pro-p group with full
normal Hausdorff spectra

Let G be a countably based profinite group, and let
S:G =Gy > Gy > --- be a filtration series of G. Let Z < G be a closed

subgroup such that hdim‘é(Z ) is given by a proper limit (has strong
Hausdorff dimension), that is

log, |ZG; : G|
hdimg (Z) = lim —2 "
ime(Z) s log,, |G : Gi
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Construction of a finitely generated pro-p group with full
normal Hausdorff spectra

Lemma

Let G be a countably based profinite group, and let

S:G =Gy > Gy > --- be a filtration series of G. Let Z < G be a closed
subgroup such that hdim‘é(Z ) is given by a proper limit (has strong
Hausdorff dimension), that is

log, |ZG; : G|
hdim$(Z) = lim —2-"—— .
ime(Z) s log,, |G : Gi

LetS|z:Z=2y> 2y > -+, where Z; = ZN G; for i € Ny, denote the
induced filtration series of Z.
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Construction of a finitely generated pro-p group with full
normal Hausdorff spectra

Let G be a countably based profinite group, and let

S:G =Gy > Gy > --- be a filtration series of G. Let Z < G be a closed
subgroup such that hdim‘é(Z ) is given by a proper limit (has strong
Hausdorff dimension), that is

log, |ZG; : G|
hdim$(Z) = lim —2-"—— .
ime(Z) s log,, |G : Gi

LetS|z:Z=2y> 2y > -+, where Z; = ZN G; for i € Ny, denote the
induced filtration series of Z. Then for every K < Z,

hdim$ (K) = hdim$(Z) - hdim3? (K).
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Construction of a finitely generated pro-p group with full

normal Hausdorff spectra



Construction of a finitely generated pro-p group with full

normal Hausdorff spectra
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Construction of a finitely generated pro-p group with full

normal Hausdorff spectra
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Construction of a finitely generated pro-p group with full

normal Hausdorff spectra

= CRo
F=(x.7) TG
free pro-p group
on 2 generators
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Construction of a finitely generated pro-p group with full

normal Hausdorff spectra

= CRo
F=(x.7) TG
free pro-p group
on 2 generators

p:F— W
X — X
y—y
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Construction of a finitely generated pro-p group with full

normal Hausdorff spectra

R P
W=C,12, w <«—— F
= (x,y)
= CRo
F=(%7) -

free pro-p group
on 2 generators

p:F— W
X — X
y—y
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Construction of a finitely generated pro-p group with full

normal Hausdorff spectra

W = pﬁzp W «<— F
= (x.y)
= NO f— -1
F = <)~<,}7> B CP Y ¢ (B)
free pro-p group
on 2 generators

p:F— W
X — X
y—y
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Construction of a finitely generated pro-p group with full

normal Hausdorff spectra

. P

W=C,12, w <«—— F

= (x.y)

e No = -1
F = <)~<,}7> B CP Y ¢ (B)
free pro-p group
on 2 generators
R = ker(¢)

p:F— W

S N =R, F]YP

yr—y
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Construction of a finitely generated pro-p group with full
normal Hausdorff spectra

= NO — -1 =
F— (%) B=¢, Y =¢ '(B) H=Y/N
free pro-p group
on 2 generators
1 R = ker(¢) Z=R/N
p:F— W
X x N=I[RF]YP 1

yy
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Construction of a finitely generated pro-p group with full
normal Hausdorff spectra

= Ro =1 -
F— (%) B=¢, Y =¢ '(B) H=Y/N
free pro-p group
on 2 generators
1 R = ker(¢) Z=R/N

p:F— W

XX N=I[RF]YP 1

yr—y

In the group &(p), the subgroup Z has strong Hausdorff dimension < 1.
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Construction of a finitely generated pro-p group with full
normal Hausdorff spectra

= Ro =1 -
F— (%) B=¢, Y =¢ '(B) H=Y/N
free pro-p group
on 2 generators
1 R = ker(¢) Z=R/N

p:F— W

X X N=I[RY]YP 1

yr—y

In the group &(p), the subgroup Z has strong Hausdorff dimension 1.
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Finitely generated Hausdorff spectrum
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Finitely generated Hausdorff spectrum

Definition

Let G be a countably based profinite group and let S be a filtration of G.
The finitely generated Hausdorff spectrum of G with respect to the
filtration S is

hspec‘fgg(G) = {hdim&(H) | H <. G and H is finitely generated} C [0, 1]

v
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Finitely generated Hausdorff spectrum

Does there exist a pro-p group with infinite finitely generated Hausdorff
spectrum?
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Finitely generated Hausdorff spectrum

Does there exist a pro-p group with infinite finitely generated Hausdorff
spectrum? Yes.

lker de las Heras Hausdorff dimension in profinite groups June 2023 31/34



Finitely generated Hausdorff spectrum

Does there exist a pro-p group with infinite finitely generated Hausdorff
spectrum? Yes.

Theorem (M. Abért, B. Virag)

Let G = Aut(T) be the group of automorphisms of the p-adic rooted tree
T. Then,

hspec‘fg(G) = [0, 1],

where S is the congruence subgroups filtration.
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Finitely generated Hausdorff spectrum

Does there exist a pro-p group with infinite finitely generated Hausdorff
spectrum? Yes.

Theorem (M. Abért, B. Virdg)

Let G = Aut(T) be the group of automorphisms of the p-adic rooted tree
T. Then,
hspec‘fg(G) = [0, 1],

where S is the congruence subgroups filtration.

Actually, this spectrum can be covered just using 3-geneator closed
subgroups.
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Finitely generated Hausdorff spectrum

Does there exists a finitely generated pro-p group with infinite finitely
generated Hausdorff spectrum?
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Finitely generated Hausdorff spectrum

Does there exists a finitely generated pro-p group with infinite finitely
generated Hausdorff spectrum? Yes.
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Finitely generated Hausdorff spectrum

Does there exists a finitely generated pro-p group with infinite finitely
generated Hausdorff spectrum? Yes.

o (B. Klopsch, A. Thillaisundaram) The pro-p group W = C, ! Z,
satisfies

hspecZ(W) = hspecg(W) = hspecg(W)
= {m/p" | n € No,0 < m < p"},
hspecé(W) ={0}U{Y/24+m/2p" | n € Np,0 < m < p"}.
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Finitely generated Hausdorff spectrum

Problem

Let G be a finitely generated pro-p group and let S € {L,D,P,Z, F}. Is
the finitely generated Hausdorff spectrum of G with respect to the
filtration S discrete?
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Finitely generated Hausdorff spectrum

Problem

Let G be a finitely generated pro-p group and let S € {L,D,P,Z, F}. Is
the finitely generated Hausdorff spectrum of G with respect to the
filtration S discrete?

Theorem (I.H., A. Thillaisundaram)

The groups &(p) satisfy
hspecg, (&(p)) = {d?/2% |0 < d < 2',1 € No},

where S € {L,D,P,ZI,F}.
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Finitely generated Hausdorff spectrum

Problem

Let G be a finitely generated pro-p group and let S € {L,D,P,Z, F}. Is
the finitely generated Hausdorff spectrum of G with respect to the
filtration S discrete?

Theorem (I.H., A. Thillaisundaram)

The groups &(p) satisfy
hspecg, (&(p)) = {d?/2% |0 < d < 2',1 € No},

where S € {L,D,P,ZI,F}.

So we do not know.
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Eskerrik asko!
Grazie mille!
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