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The set-theoretic Yang-Baxter equation

Definition
Amapr: X x X — X x X is a solution of set-theoretic
Yang-Baxter equation if

(r xid)(id x r)(r x id) = (id x r)(r x id)(id x r).

» For x,y € X, we write r(x,y) = (A\s(b), pp(a)).

» We say r is involutive if r? = id.

» We say that r is left (right) non-degenerate if for all a € X
Aa(—=)  (pa(—)) is a bijection



Skew braces

Definition
A skew brace is a triple (B, +,0), where (B, +) and (B,0) are
groups, and for all a, b, c € B,

ao(b+c)=aob—a+aoc

Definition
A right distributor of a skew brace B is a set

D/(B)={aeB|(b+c)oa=boa—a+coaVb,ce B}

» Fix(B) ={ac B| \(a) = —x+xo0a=aVx € B} CD,(B),
» Z(B,o) C D,(B).



Examples of distributors

Example
Let (B, +,0) be the brace on (Z,0) = (g ) with
k I kH(=1)k1 . :
g +tg =g ,forall k.l € Z. Then, if k, |,z € Z, since

_1\k
(gk +g’) 0g? = gk+z+( )%

gk o gz o gz + g/ o gz _ gk+z+(—1)k(/+22)

it follows that D, (B) is trivial.

Example

Let us consider the skew brace (B, +, o) with trivial distributor and
the brace Ug := (U (Z/2°Z) ,+1,0), with a+1b=2a—1+ b and
aob=ab, forall a,b € U(Z/2°Z), with the usual operations in
the ring modulo 2°. Then, Ug x B is a left skew brace such that
Dr(Ug X B) = Ug X {0}



Solutions from skew braces

Theorem
Let B be a skew brace and z € D,(B), then the following maps

¥(a, b) := (A2(b), ¥#(a)) = (aocb—aoz+z,(acb—aoz+z) toaob)

r;(a,b) :=(—aoz+aoboz,(—aoz+aoboz)loaoh)

are non-degenerate solutions of the set-theoretic Yang-Baxter
equation.

Remark

(Fl)il = Izt



What next

We can go further and extend this connection for the following two
cases:

» Unital near-trusses

» Dual weak braces



Near-trusses

Definition
A unital near-truss is a triple (T, +,-), such that (T,+) is a
group, (T,-,1) is a monoid and for all a,b,c € T,

a(b+c)=ab—a+ ac.
Definition
A homomorphism of unital near-trussesisamap f: T — S
such that f(1) =1, f(a+ b) = f(a) + f(b) and f(ab) = f(a)f(b).

Remark
If f: T — S isahomomorphism of unital near-trusses, then

kery(f) :=f}(1)={ac T | f(a) =1}

is a unital near-truss and ker;(f) C T.



Sequences

» B is a near-truss

> for any near-truss T, we can define X2(b) := ab — az + z, but
it is not invertible.

» for any homomorphism of near-trusses f : T — S,

v

F(X2(b)) = X2 (£(b)).

If we consider the following sequence:
T—— Bt .1}, (1)
¥

In this case, by exactness we understand t~1(1) = Im(7) and
7wy = idg, that is 7 is surjective and ~ is injective.



Theorem

Let T be a unital near-truss and B a skew brace. Let z € T such
that m(z) € D,(B) and suppose there exist two homomorphisms of
unital near-trusses m: T — B and v : B — T such that 7y = idg.
Then, the map 7 := ym A gives rise to the solution

F#: T xT— Tx T defined by

(2, b) = (E(b). (F(6) ™ ab).

foralla,be T.



Remarks

Remark
For every unital near-truss T, there exists the solution
#,(a, b) = (17, ab), given by B = {1}, a+> 1 and (1) = 17.

Remark

The restriction of 72 : T x T — T x T to %|y(B)x~(8) gives an
equivalent solution to the solution ¥*(?) on B via the bijection
7ly(B)-

Remark

Let T be a unital near-truss and a,z € T. Themap %2 : T — T is
injective if and only if 7 : T — B is a bijection.



Example

Let us consider the brace (U (Z/8Z),+1,0) on the units of the
ring of integers modulo 8, U (Z/8Z), endowed with sandwich
addition a+1 b:=a—1+ b, for all a,b € U(Z/8Z), and with the
modulo multiplication. Let us consider the unital near-truss

78 .= T(U(Z/8Z)) x Z, m : Z8 — U(Z/8Z), (k, n) — k,

v : U(Z/8Z) — 78, k — (k,1), and z = (3, p) for some fixed

p € Z. Then, the map r(3P) : 78 x 78 — 78 x 78 defined by

r3P)((k, n), (I, m)) = ((k/ — 3k +3,1), (kI — 3k + 3) "k, nm))

is a deformed solution on Z8.



Dual weak braces

Definition

Let S be a set endowed with two binary operations + and o such
that (S,+) and (S, o) are inverse semigroups. Then, (S,+,0) is
said to be a weak (left) brace if the following relations

ao(b+c)=aob—a+aoc & aoca =-—-a+a

are satisfied, for all a, b,c € S, where —a and a~ denote the
inverses of a with respect to + and o, respectively. Moreover, a
weak brace (S, +,0) is said to be a dual weak brace if (S,0) is a
Clifford semigroup.

In any weak brace the sets of idempotents E (S,+) and E (S,0)
coincide, thus we simply denote them by E (S). More in general,
any idempotent e € E (S) satisfies the following

eta=eoa= N\ (a), (2)

for every a € S.



Examples

Example

Let (S, A) be a semilattice, {By, +a,%a }acs be a family of skew
braces and let for all a < 3 exist o 3 € Hom(Bg, Bar). Then we
say that [S, By, 1] is a strong semilattice of skew braces if

» for all « € By pla,q = ida,
> forall o < B < pa,ghsy = Hay-
If [S, Ba, 14] is a strong semilattice, then the triple

B(S) := (Uaes Bas+,0) is a dual weak brace, where for all
a€ B,and be Bg

a+ b= pansala) +ans tans,s(b)
a0 b= fiapng,a(a) 0ang tang,s(b)



Solutions again

Theorem
Let S be a dual weak brace and z € S. Then, the map
r;:S5x85—5xS given by

r.(a, b) = (—aoz—i—aoboz,(—aoz—l—aoboz)_oaob),

for all a,b € S, is a solution if and only if z € D,(S). We call such
a map r, solution associated to S deformed by z.



Solutions again

Proposition

Let (S, +,0) be a dual weak brace and z € S. Then, the function
A% 1 (S,0) — Map(S) is a homomorphism if and only if
aoz=2z+a, forevery a € S.

In the case of a dual weak brace S, even if A* : (S,0) — Map(S)
is a homomorphism, in general, AZ does not coincide with A,, since
A2(b) = Aa(b) + z o z™. In the study of deformed solutions, the
following question arises.



Equivalence

Question 1
Let (S,+,0) be a dual weak brace. For which parameters
z,w € S, are the deformed solutions r, and r,, equivalent?



Equivalence

The following example shows that in the case of dual weak braces,
even deformed solutions by idempotents are not equivalent in
general.

Example

Let X = {e, x,y} and (S, o) the commutative inverse monoid on
X with identity e satisfying the relations x o x =y oy = x and

x oy =y. Note that a~ = a, for every a € S. Consider the trivial
weak braces on S, namely a+ b=ao b, forall a,b € S. Then, we
have two solutions re = r and r, related to the two idempotents e
and x, respectively, for which the maps A€ and A\* are explicitly
given by \$ (b) = A\, (b) + e = A;(b) =acaoband

AS(b) =Xa(b) +x=—a+aob+x=aocaobox. If the two
solutions ry and r. were equivalent via a bijection ¢ : 5§ — 5, then,
in particular, we would have that
p(acaobox)=¢(a)oyp(a)oy(b), forall a,be S. Thus, if
a=b=e we have that ¢ (x) = ¢ (e)op(e)op(e) =p(e), a
contradiction.



Equivalence

Proposition

Let (B, +,0) be a two-sided skew brace and z, w € B belonging to
the same conjugacy class in (B, o). Then, the deformed solutions
r, and r, are equivalent.

Remark

Note that the converse of is not true. To show this, it is enough to
consider the trivial brace (B, +, +) on the cyclic group Z/2Z.
Then, the solution ry coincides with the solution r; but 0 and 1
trivially belong to different conjugacy classes.



Summary:

» Right distributor is an interesting subset of a skew
brace/near-truss.

> Solutions can be extended to near-trusses, although we loose
invertibility and somehow trivialise part of a solution.

» The idea of a solution with a parameter can be extended to
Dual weak braces.

» For which parameters solutions are equivalent?

Thank you



