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Definition

A polynomial identity of an algebra A is a polynomial in non-commuting
indeterminates vanishing under all evaluations in A.
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Definition
A polynomial identity of an algebra A is a polynomial in non-commuting
indeterminates vanishing under all evaluations in A.

xy — yx is a polynomial identity for any commutative algebra.
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- Dehn, M.: Uber die Grundlagen der projektiven Geometrie und
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Positive answer to the Kurosh problem for PI-algebras
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Positive answer to the Kurosh problem for PI-algebras

Kurosh problem, 1941: Is every finitely generated algebraic algebra finite
dimensional?

Counterexamples: Golod-Shafarevich, 1964.
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Theorem (Amitsur, Levitzki, 1950)
The standard polynomial of degree 2n

St2n(x1,...,x2n)

CESy,
matrices.

Y (sgnG)xg1) -+ X (2m)

is a polynomial identity of minimal degree for M, (F) the algebra of n x n
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F(X) = the free associative algebra on a countable set X = {x,x»,...} over a
field F of characteristic zero
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F(X) = the free associative algebra on a countable set X = {x,x»,...} over a
field F of characteristic zero

A = associative F-algebra

Id(A) ={f € F(X) | f =0in A} = the T-ideal of F(X) of polynomial identities
of A

Specht Problem (1950): Is every proper T-ideal of the free associative algebra
finitely generated?

Kemer (1987): Positive answer to the Specht problem.
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o Id(F) = ([x1,x2])T, where [x1,x2] = x1x2 — x2X1;
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o Id(F) = ([x1,x2])T, where [x1,x2] = x1x2 — x2X1;

@ M;(F) = the algebra of 2 x 2 matrices over F,

Id(Mz(F)) = ([[x1,xz]z,x3],St4(x1,x2,x3,x4)>T.
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If char F = 0, Id(A) is completely determined by its multilinear polynomials.
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If char F = 0, Id(A) is completely determined by its multilinear polynomials.
Foreveryn > 1, let

P, = SpanF{xG(l) " Xo(n) ‘ oc Sn}

be the vector space of multilinear polynomials in xy, ..., x;,.
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If char F = 0, Id(A) is completely determined by its multilinear polynomials.
Foreveryn > 1, let

P, = SpanF{xG(l) " Xo(n) ‘ oc Sn}

be the vector space of multilinear polynomials in xy, ..., x;,.

Id(A) is generated by P, N1d(A), n > 1.
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Definition
The non-negative integer

cn(A) = dimp n>1

P
P,NId(A)" ~ —
is called the n-th codimension of A. The sequence {c,(A) },>1 is the
codimension sequence of A.
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Definition
The non-negative integer

cn(A) = dimp n>1

P
P,NId(A)" ~ —
is called the n-th codimension of A. The sequence {c,(A) },>1 is the
codimension sequence of A.

Regev (1972) If A is a Pl-algebra , then there exists d > 1 such that
cn(A) < d", for all n.
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e ¢,(F)=1,foralln>1;
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e ¢,(F)=1,foralln>1;

o ¢y(Mi(F)) ~ Cn~2® =1k with C a constant (Regev, 1984).
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In the 1980’s two main conjectures were made:
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In the 1980’s two main conjectures were made:

Amitsur’s conjecture: For any Pl-algebra A, lim,,_,. {/c,(A) exists and is a
non-negative integer.

Regev’s conjecture: For any Pl-algebra A, there exist a constant C, a
semi-integer ¢ and an integer d > 0 such that

cn(A) ~ Cnid".
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Giambruno-Zaicev (1999):
such that

For a PI-algebra A, there exist constants ¢; > 0, ¢, k1, kp, and an integer d > 0

e d" < cn(A) < cnfed".
Hence exp(A) = lim,,_, \/c,(A) exists and is a non-negative integer called
the exponent of A.
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ZEZZ.

Berele-Regev (2008): For any Pl-algebra A with 1, ¢,(A) ~ Cn'exp(A)", with
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Berele-Regev (2008): For any Pl-algebra A with 1, ¢,(A) ~ Cn'exp(A)", with
1
te QZ‘

Giambruno-Zaicev(2014): A = PI-algebra. Then the sequence c,(A) is
eventually non decreasing, i.e., ¢,4+1(A) > ¢, (A), for n large enough.

For any PI-algebra A

1
Cin'exp(A)" < ¢, (A) < Con'exp(A)", t€ EZ.

Definition

. . Cn (A)
t=pol(A) = }1_r>1°1°10gn )

=} ) = £ A
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A is an algebra with G-action where G = (), is an automorphism or
antiautomorphism of A of order < 2.
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A =Ag’ @A;”, where
Al ={acA|a®=a}and AV ={acA|a®=—a}.

if ¢ is an antiautomorphism (involution)

Ag’ =A" and A‘f = A" are the subspaces of symmetric and skew elements,
respectively.

if @ is an automorphism = A is a Z,-graded algebra (superalgebra) with
grading (A, AM), where A©) =Ag) and AV =A(1P.

=} =2 = = £ A
14/26



A is an algebra with G-action where G = (), is an automorphism or
antiautomorphism of A of order < 2.

A =Ag’ @A;”, where
Al ={acA|a®=a}and AV ={acA|a®=—a}.

if ¢ is an antiautomorphism (involution)

Ag) =A" and A;P = A" are the subspaces of symmetric and skew elements,
respectively.

if @ is an automorphism = A is a Z,-graded algebra (superalgebra) with
grading (A, AM), where A©) =Ag) and AV =A(1P.
A is called a ¢-algebra

=} =2 = = £ A
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F(X,p) =F(x| ,x?,xz,xg ,...) = the free associative algebra on X with
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F(X,p) =F(x| ,x?,xz,xg ,...) = the free associative algebra on X with
G-action.

Id?(A)= the set of @-identities of A= T?-ideal of F(X, ¢).

For every n > 1, the non negative integer

Py

?(A) = dimp —5—1——
) " P N1de(A)

is called the n-th ¢-codimension of A, where P? is the vector space of

multilinear polynomials of degree n in x| ,x‘lp, . ,x,,,x,(f .

Giambruno-Regev (1985) If A is a Pl-algebra then ¢y (A), n=1,2,..., is
exponentially bounded.
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Amitsur’s conjecture: For any PI-¢@-algebra A, lim,,_,.
non-negative integer.

cn (A) exists and is a
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Amitsur’s conjecture: For any PI-¢@-algebra A, lim,, .. {/cy (A) exists and is a
non-negative integer.
Aljadeff-Giambruno-LM (2010-2011), Giambruno-Polcino-Valenti (2017):

For a Pl-algebra A, there exist constants ¢; > 0,¢;,k;, k2, and an integer d > 0
such that

cinf1d" < c?(A) < con®2d".

Hence exp®(A) = lim,, ... {/ csf (A) exists and is a non-negative integer called
the ¢-exponent of A.
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d > 0 such that

Regev’s conjecture: There exist a constant C, a semi-integer g and an integer

c?(A) ~Cnid".
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Berele, Giambruno, Regev (1996): If A = (My(F), ), ¢ =tors,

e

(A) ~ Cn~29mAT (dimA)"
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Berele, Giambruno, Regev (1996): If A = (My(F), ), ¢ =tors,

c?

n

(A) ~ Cn~29mAT (dimA)"

cr(A) ~

Giambruno, Polcino Milies, L.M. (2020): If A = My (F) & My(F)°?,

Cn~2@mAT=1) (gim A )"
where AY =A~ ={a€A|a® = —a}
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then

Karasik-Shpigelman (2016) : If A is a finite dimensional ¢-simple algebra

P (A) ~ Cn~ 2 mATD) (dim A)"
ZEro.

for some constant C, where Ag’ is the homogeneous component of degree
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For a PI-algebra A, there exist constants ¢y > 0, ¢, k1,kp, and an integer d > 0
such that
cin1d" < c?(A) < con®ed".
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For a PI-algebra A, there exist constants ¢y > 0, ¢, k1,kp, and an integer d > 0
such that
cin1d" < c?(A) < con®ed".

Is k1 = kz?

Positive answer for finitely generated ¢-algebras: k; = k; € %Z.
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Let A be a finite dimensional @-algebra over F = F.
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Let A be a finite dimensional @-algebra over F = F.

LetA=A+Jwhere A=A D DAy, with Ay, ... A, simple @-algebras,
J =J(A) the Jacobson radical of A

t =dimA, s > 0 is the least integer such that St =0.

Definition

A is @-fundamental if Vyr > 1 9 a multilinear ¢@-polynomial
f(X1,..., Xu,Z1,...,Z,Y) € 1d? (A) alternating in the p sets X; with |X;| =1¢
and in the s sets Z; with |Z;| =1+ 1.
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Theorem (Giambruno, Polcino Milies, LM (2020))

Let A = A+ J be a ¢-fundamental algebra, where @ is an antiautomorphism.
Write A=A, ®---A, DA 1 D DAy, adirect sum of Q-simple algebras
with Ay,...,A, not simple algebras, then

Cln—%(dim(_)_—r)—t-sdn < C,?(A) < Czn—%(dim(_)__r)"'sd"’

for some constants C; > 0,C,, where s > 0 is the least integer such that
JH =0 and d = exp?(A) = dimA. Hence

¢
lim log ) —%(dim(f&)_ —r)+s.

P08 o A)T
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Theorem (Giambruno, LM (2022))

Let A = A+ J be a ©-fundamental algebra, where @ is an automorphism.
Write A=A & --- DAy, adirect sum of Q-simple algebras then
n

C —%(dim(ﬁ)(o)—q)—t-sdn < C,?(A) < Czn—%(dim( )(0)—q)+sdn,

(]
lim lo

cn (A)
n—ro0 2;

for some constants C1 > 0,C,, where s > 0 is the least integer such that
JH =0 and d = exp?(A) = dimA. Hence
"exp?(A)

—z(dim(A)(O) —q)+s
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remark

Every finite dimensional @-algebra has the same @-identities as a finite direct
sum of Q-fundamental algebras.
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remark

Every finite dimensional @-algebra has the same @-identities as a finite direct
sum of Q-fundamental algebras.

A finitely generated PI ¢-algebra has the same identities as a finite
dimensional @-algebra.
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Theorem (Giambruno, Polcino Milies, LM, 2020, 2022)

Let A be a finitely generated PI @-algebra over a field F of characteristic

zero. Then
Cin'exp? (A)" < c?(A) < Con'exp?(A)",

where t € %Z,for some constants C; > 0, C).

cr(A)
explA)"

Hence lim log, exists and is a half integer.
n—oo
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Thank you for your attention!



