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SET-THEORETIC SOLUTIONS

A set-theoretic solution of the Yang-Baxter equation is a pair
(X, r) such that X is a non-empty set and
r:XxX—-XxX:(x,y)~ (ox(y¥),v(x)) is a map where

(rxidy) o (idy xr)o (rxidy) = (idx xr)o (rxidy) o (idy xr).
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A set-theoretic solution of the Yang-Baxter equation is a pair
(X, r) such that X is a non-empty set and
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SKEW LATTICES

Definition

A skew lattice (SL) is a set S endowed with a pair of idempotent
and associative operations A and v which satisfy the absorption
laws

XA(Xvy)=x=xv(xay) and (XAy)vy=y=(XVy)Ay.

Notation: (S, A, V)
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SKEW LATTICES

Definition

A skew lattice (SL) is a set S endowed with a pair of idempotent
and associative operations A and v which satisfy the absorption
laws

XA(Xvy)=x=xv(xay) and (XAy)vy=y=(XVy)Ay.

Notation: (S, A, V)

Examples
» Lattices
» ({0,1,2}, A, V), where
A \ 0o 1 2 % \ 01 2
0/0 0 O 0/0 1 2
1T/0 1 1 111 1 2
2|0 2 2 212 1 2




STRONG DISTRIBUTIVE SOLUTIONS

A skew lattice (S, A, V) is called a strong distributive solution of
the Yang-Baxter equation if (S,r) is a set-theoretic solution of
the Yang-Baxter equation, where

r:SxS—->S8xS:(x,y)» XAy, xvy).

Remark: (S,r) is cubic
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Xvz=yvzandxanz=yAz=Xx=y



LEFT AND RIGHT DISTRIBUTIVE SOLUTIONS

A skew lattice (S, A, V) is called a left (resp. right) distributive
solution of the Yang-Baxter equation if (S,r) is a set-theoretic
solution of the Yang-Baxter equation, where

r:SxS—-S8xS:(x,y)~ (xAy,yvx) (resp. (yax,xvy)).

Remark: (S,r) is idempotent
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{Right distributive solution}

Left cancellative: x vy=xvzandxAay=xanz=y=2z

Right cancellative: x vz=yvzandxanz=yArz=x=y

Distributive: x A (yvZ) AXx=(XAYAX)V (XAZAX)
XV(YAZ)VX=(XVYVX)A(XVZVX)
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A skew lattice (S, A, V) is called a weak distributive solution of
the Yang-Baxter equation if (S,r) is a set-theoretic solution of
the Yang-Baxter equation, where

r:SxS—>8SxS:(x,y)» (XAYAX,XVYVX).

Remark: (S,r) is idempotent



WEAK DISTRIBUTIVE SOLUTIONS

{Simply cancellative, distributive and lower symmetric SL}

{Weak distributive solution}



WEAK DISTRIBUTIVE SOLUTIONS

{Simply cancellative, distributive and lower symmetric SL}

{Weak distributive solution}

Simply cancellative: x vy vx=xvzvxand
XAYAX=XANZAX=>Y=Z



WEAK DISTRIBUTIVE SOLUTIONS

{Simply cancellative, distributive and lower symmetric SL}

{Weak distributive solution}
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WEAK DISTRIBUTIVE SOLUTIONS

{Simply cancellative, distributive and lower symmetric SL}

{Weak distributive solution}

Simply cancellative: x vy v x =xvzvxand
XAYAX=XANZAX=>Y=Z
Distributive: x A (y vZ) AX = (XAYAX) V(X AZAX)
XV((YyAZ)VX=(XVYVX)A(XVZVX)
Lower symmetric: X Vy=yVvX=XAy=yAX



SOLUTIONS FROM GENERAL SKEW LATTICES

Proposition

Let (S, A, V) be a skew lattice. Then, (S,r) is an idempotent
set-theoretic solution of the Yang-Baxter equation, where

r:SxS—8xS:(x,y) = ((xry)vxy).
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SOLUTIONS FROM GENERAL SKEW LATTICES

Proposition

Let (S, A, V) be a skew lattice. Then, (S,r) is an idempotent
set-theoretic solution of the Yang-Baxter equation, where

r:SxS—8xS:(x,y) = ((xry)vxy).

Let (S, A, V) be a skew lattice. The map r(x,y) = (x|y|,y) is an
idempotent set-theoretic solution of the Yang-Baxter equation.

xly| =y AxAy)vxv(yaxny)lowerupdate of x by y
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OVE RV' EW Strongly and co-strongly distributive SL

Strong distributive solution

l

Cancellative, distributive SL

— T

Left cancellative, distributive SL Right cancellative, distributive SL

Left distributive solution Right distributive solution

Simply cancellative, distributive, lower symmetric SL

Weak distributive solution

l

Skew lattice

!

Solution r(x,y) = (X AY) VX, ¥)
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Can we use skew lattices to generalize the notions of braces
and cycle sets?

12



CONSTRUCTION

Proposition

Let (I,<) be a totally ordered set, {A;|i €I} a family of pairwise
disjoint sets and S = Ui A;. Forany i,jel, x e A;and y € A; define

) ox dfi<y |y ifi<y
“y‘{y ifj<i va_{x ifj<i

Then, (S, A, V) is a cancellative and distributive skew lattice.
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Thank you for your attention!
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