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Let G be group. For x , y ∈ G have the commutator

[x , y ] = x−1y−1xy .

The normal subgroup G ′ = 〈[x , y ] | x , y ∈ G〉 is the derived subgroup of G .

We say that a group H is an integral of G if

H ′ ' G .

not every group has an integral

when exist, integrals are not unique

if, for i = 1, 2, Hi is an integral of Gi , then H1 × H2 is an integral of
G1 × G2; thus, if H is an integral of G then H × A also an integral of G
for every abelian group A
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not all groups have integrals

S3, D8 are the smallest non-integrable group.

If G has a cyclic non-central characteristic section then G is not integrable.

Some groups that are not integrable:

dihedral groups of order 6= 4 (including D∞)

non-abelian groups of order pq

the infinite locally dihedral group C2∞o〈−1〉
extraspecial of order p3 and exponent p2, more in general the groups

〈x , y | xpn = ypn−1
= 1, xy = xp+1〉 for n ≥ 2

symmetric groups (as all non-perfect complete groups)

S3 × S3, or D8 × D8

Problem. Describe, if any, the non-integrable finite groups G such that G × G
is integrable.
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many groups are integrable

The following groups have integrals:

perfect groups

abelian groups: if A is abelian and H = A o C2, then

H ′ = {(a,−a) | a ∈ A} ' A,

and so H is an integral of A (Guralnick)

unitriangular groups over a field

free groups: the derived group of C2 ∗ Cn+1 is Fn (Nielsen), if α is an
infinite cardinal then F ′α ' Fα

free groups in a variety

Problem. Which free products are integrable?

C2 ∗ C2 ' D∞ is not integrable,

C3 ∗ C3 is the derived group of PGL(2,Z).

carlo casolo (joint with J. Araújo, P. Cameron and F. Matucci) Integrals of Groups



many groups are integrable

The following groups have integrals:

perfect groups

abelian groups: if A is abelian and H = A o C2, then

H ′ = {(a,−a) | a ∈ A} ' A,

and so H is an integral of A (Guralnick)

unitriangular groups over a field

free groups: the derived group of C2 ∗ Cn+1 is Fn (Nielsen), if α is an
infinite cardinal then F ′α ' Fα

free groups in a variety

Problem. Which free products are integrable?

C2 ∗ C2 ' D∞ is not integrable,

C3 ∗ C3 is the derived group of PGL(2,Z).

carlo casolo (joint with J. Araújo, P. Cameron and F. Matucci) Integrals of Groups



many groups are integrable

The following groups have integrals:

perfect groups

abelian groups: if A is abelian and H = A o C2, then

H ′ = {(a,−a) | a ∈ A} ' A,

and so H is an integral of A (Guralnick)

unitriangular groups over a field

free groups: the derived group of C2 ∗ Cn+1 is Fn (Nielsen), if α is an
infinite cardinal then F ′α ' Fα

free groups in a variety

Problem. Which free products are integrable?

C2 ∗ C2 ' D∞ is not integrable,

C3 ∗ C3 is the derived group of PGL(2,Z).

carlo casolo (joint with J. Araújo, P. Cameron and F. Matucci) Integrals of Groups



many groups are integrable

The following groups have integrals:

perfect groups

abelian groups: if A is abelian and H = A o C2, then

H ′ = {(a,−a) | a ∈ A} ' A,

and so H is an integral of A (Guralnick)

unitriangular groups over a field

free groups: the derived group of C2 ∗ Cn+1 is Fn (Nielsen), if α is an
infinite cardinal then F ′α ' Fα

free groups in a variety

Problem. Which free products are integrable?

C2 ∗ C2 ' D∞ is not integrable,

C3 ∗ C3 is the derived group of PGL(2,Z).

carlo casolo (joint with J. Araújo, P. Cameron and F. Matucci) Integrals of Groups



relative integrals

We say that the class X of groups is open by integrals if every integrable group
in X has an integral in X.

Of course, this is true for the class of soluble groups. But not for the class of
nilpotent groups (or of p-groups): the quaternion group Q8 is integrable but
does not have an integral which is a 2-group.

[Burnside] A non-abelian p-group with cyclic center cannot be the derived
group of a p-group.

Proposition

The following classes of groups are open by integrals:

finite groups;

finitely generated groups;

finitely generated residually finite groups.

Problem. What about other classes of groups: e.g. periodic groups, linear
groups, pro–finite groups, etc.
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groups have many integrals

We say that a group H is a minimal integral of G = H ′ if both

K ′ < G for all G ≤ K < H;

N ∩ G 6= 1 for all 1 6= N E H.

Given a prime p, for each integer n ≥ 1 let

Pn = 〈a, b | ap
n+1

= bp = 1, ab = ap
n+1〉.

Then, every Pn is a minimal integral of the cyclic group Cp of order p.

It is however clear that if G is finite and integrable, then G has integrals of
smallest order, which we call smallest integrals of G .

Again, they may not be unique: e.g. Q8 and D8 are both smallest integrals for
the cyclic group of order 2.

carlo casolo (joint with J. Araújo, P. Cameron and F. Matucci) Integrals of Groups



groups have many integrals

We say that a group H is a minimal integral of G = H ′ if both

K ′ < G for all G ≤ K < H;

N ∩ G 6= 1 for all 1 6= N E H.

Given a prime p, for each integer n ≥ 1 let

Pn = 〈a, b | ap
n+1

= bp = 1, ab = ap
n+1〉.

Then, every Pn is a minimal integral of the cyclic group Cp of order p.

It is however clear that if G is finite and integrable, then G has integrals of
smallest order, which we call smallest integrals of G .

Again, they may not be unique: e.g. Q8 and D8 are both smallest integrals for
the cyclic group of order 2.

carlo casolo (joint with J. Araújo, P. Cameron and F. Matucci) Integrals of Groups



groups have many integrals

We say that a group H is a minimal integral of G = H ′ if both

K ′ < G for all G ≤ K < H;

N ∩ G 6= 1 for all 1 6= N E H.

Given a prime p, for each integer n ≥ 1 let

Pn = 〈a, b | ap
n+1

= bp = 1, ab = ap
n+1〉.

Then, every Pn is a minimal integral of the cyclic group Cp of order p.

It is however clear that if G is finite and integrable, then G has integrals of
smallest order, which we call smallest integrals of G .

Again, they may not be unique: e.g. Q8 and D8 are both smallest integrals for
the cyclic group of order 2.

carlo casolo (joint with J. Araújo, P. Cameron and F. Matucci) Integrals of Groups



integrals of finite groups

Some things we do not know.

1 a necessary and sufficient condition for a finite group to be integrable.

2 good bounds for the order of a smallest integral of an integrable finite
group.

A solution to the second problem would help with the first.

There obviously is a function f such that if G is an integrable group of order n,
then G has an integral of order at most f (n).

If we had a good estimate for f (n), we could find all groups of order up to f (n)
and divisible by n and check whether their derived groups are isomorphic to G .
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integrals of finite groups

For n ≥ 1, put

n ∈ S1 if every group of order n is abelian,

n ∈ S2 if every group of order n is integrable.

We thus have S1 ⊆ S2.

Theorem (Dickson, 1905)

Let n be a positive integer. Then n ∈ S1 if and only if n is cube-free and there
do not exist primes p and q such that either

p and q divide n and q | p − 1, or

p2 and q divide n and q | p + 1.

Theorem

Let n be a positive integer. Then n ∈ S2 if and only if n is cube-free and there
do not exist primes p and q such that

p and q divide n and q | p − 1.
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integrals of finite groups

Remark about proof. If p and q are primes such that q | p + 1 and neither
p | q − 1 nor q | p − 1, then a non-abelian group G of order q2p is a group of
maps on GF (p2) of the form

x 7→ ax + b

where a, b ∈ GF (p2) and a is a q-th root of unity.

But this group is integrable: an integral is the group of maps of type

x 7→ axσ + b,

where a, b are as above and σ is the identity or the Frobenius automorphism
x 7→ xp of GF (p2)(which has order 2 6= q).

From this it follows that p2q ∈ S2 \ S1.
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integrals of finite groups

Can we integrate infinitely many times?

A perfect group (one satisfying G = G ′) is its own integral, and so trivially can
be integrated n times for every n.

An abelian group can also be integrated arbitrarily often. (Suppose that R is a
ring with additive group A. Then the group of upper unitriangular matrices of
size 2n + 1 over R has the property that its n-th derived group has elements of
A in the top right corner, 1 on the diagonal and 0 elsewhere, and so is
isomorphic to A.) Note that this group is nilpotent.

This is essentially all:

Theorem

A finite group G can be integrated n times for every natural number n if and
only if it is the central product of an abelian group and a perfect group.
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integrals of finite groups

Theorem

Let G be a group of order n with Z(G) = 1. Then, if G is integrable, it has an
integral of order at most nlog2 n.

This follows from observing that if a finite centerless G has an inetgral, then an
integral of G is contained in Aut(G).

For groups with a non-trivial center, the situation in much more intricate and
we do not have yet a good bound for the order of an integral. In particular,

Problem.
1 Can one relate integrability of G with that of G/Z(G) ?
2 Is there a cohomological tool that would help?

The overall feeling is that ’most’ finite groups are not integrable.

Problem. Is it true that, for a fixed prime p, the proportion of groups of order
pn which are integrable tends to 0 as n→∞ ?
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2 Is there a cohomological tool that would help?

The overall feeling is that ’most’ finite groups are not integrable.

Problem. Is it true that, for a fixed prime p, the proportion of groups of order
pn which are integrable tends to 0 as n→∞ ?
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integrals of finite groups

If A is an abelian group of order n, then Guralnick’s integral has order 2n2. Is
there a smaller integral?

If n = |A| is odd, then there is an integral of order 2n, namely the generalized
dihedral group

〈a, t | t2 = 1, t−1at = a−1 for all a ∈ A〉.

Thus, it is abelian 2-groups that one has to consider; many other ad hoc
constructions can be found.

carlo casolo (joint with J. Araújo, P. Cameron and F. Matucci) Integrals of Groups



integrals of finite groups

If A is an abelian group of order n, then Guralnick’s integral has order 2n2. Is
there a smaller integral?

If n = |A| is odd, then there is an integral of order 2n, namely the generalized
dihedral group

〈a, t | t2 = 1, t−1at = a−1 for all a ∈ A〉.

Thus, it is abelian 2-groups that one has to consider; many other ad hoc
constructions can be found.

carlo casolo (joint with J. Araújo, P. Cameron and F. Matucci) Integrals of Groups



integrals of finite groups

If A is an abelian group of order n, then Guralnick’s integral has order 2n2. Is
there a smaller integral?

If n = |A| is odd, then there is an integral of order 2n, namely the generalized
dihedral group

〈a, t | t2 = 1, t−1at = a−1 for all a ∈ A〉.

Thus, it is abelian 2-groups that one has to consider; many other ad hoc
constructions can be found.

carlo casolo (joint with J. Araújo, P. Cameron and F. Matucci) Integrals of Groups



integrals of finite groups

If A is an abelian group of order n, then Guralnick’s integral has order 2n2. Is
there a smaller integral?

If n = |A| is odd, then there is an integral of order 2n, namely the generalized
dihedral group

〈a, t | t2 = 1, t−1at = a−1 for all a ∈ A〉.

Thus, it is abelian 2-groups that one has to consider; many other ad hoc
constructions can be found.

carlo casolo (joint with J. Araújo, P. Cameron and F. Matucci) Integrals of Groups



integrals of finite groups

Proposition

Let A be an abelian group of order n and H a smallest integral of A, then

|H| ≤ n1+o(n).

in fact, one has something like

|H| ≤ n1+
√

4 log−1 n.

(I am not claiming this is the best bound).

On the other hand

Proposition

Let An be the direct product of n cyclic 2-groups of distinct orders, and Hn a
smallest integral of An; then

lim
n→∞

|Hn|/|An| =∞
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Some more open questions

1 For which finite non-abelian groups G is it true that, for all finite groups H
with G ′ = H ′, it holds that H is integrable if and only if G is? (All finite
abelian groups have this property, but it fails for D8 and Q8.)

2 Which infinite integrable groups G have an integral H such that |H : G | is
finite?

3 Is it true that, given a presentation for a group G , the problem of deciding
whether G is integrable is undecidable? Are there classes of groups
(maybe one-relator groups) for which this problem is decidable?

4 Does there exist a finite non-integrable group G for which G × G is
integrable?
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integrals of abelian groups

Every abelian group A has an integral. Then a natural question is to ask “how
close” to A may such an integral be.

The following observation (which is not difficult to prove) shows that an
integral of an abelian group may always be found in a class of groups which is
“near” to that of abelian groups.

Proposition

Let A be an abelian group. Then there exists an integral H of A that is
nilpotent of class 2.
If A is periodic (π-periodic) then H may moreover be chosen to be periodic
(π-periodic).
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integrals of abelian groups

Another kind of closeness between an infinite group and an integral it is
finiteness of index. We say that a group G is finitely integrable if there exists a
group H such that H ′ ' G and |H/H ′| <∞.

If A is an abelian group and H = Ao〈x〉 with x the automorphism inverting
every element, then H ′ = A2. From this the following follows.

Proposition

Let A be an abelian group. If A/A2 is finite then A is finitely integrable.

Corollary

An abelian group of finite rank is finitely integrable.
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integrals of abelian groups

Let A be a periodic abelian group, then A = D × H with

D = D2,

H a reduced 2-group.

Since D has a finite integral, the problem reduces to H, i.e. reduced 2-groups.

If A is an abelian 2-group, then there exist

an automorphism α of order 3 of A× A, and

an automorphism β of order 7 of A× A× A,

such that [A× A, α] = A× A and [A× A× A, β] = A× A× A.

e.g. α(a, a′) = (−a′, a− a′).

Lemma

Let A be an abelian 2–group. Then A×A and A×A×A are finitely integrable.
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integrals of abelian groups

For countable abelian 2-groups this is close to being invertible.

Theorem

Let A be a countable reduced 2-group. Then A is finitely integrable if and only
if there exist subgroups H, K and F of A, with F finite and

A = (H × H)× (K × K × K)× F .

1) In principle this condition can be expressed by purely numerical conditions
on the Ulm-Kaplanski invariants of the countable 2-group A.

2) We conjecture that the Theorem is true without the countability
assumption, which is however vital in our proof.

Let G be a (countable) abelian 2-group, p an odd prime. Then G admits a
fixed-point-free automorphism of order p if and only if there exists A ≤ G with

G ' A× . . .× A

with ordp(2) (the order of 2 modulo p) factors.
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integrals of abelian groups

An example of a torsion-free abelian group which is not finitely integrable.

For every prime p let Ap = Z[ 1
p

] (written multiplicatively), and A = DirpAp.
Thus, Ap is the largest p-divisible subgroup of A and is therefore characteristic.
This implies that every automorphism of finite order of A is an involution.

Suppose there exists an integral G of A such that |G : A| is finite and write
C = CG (A). By what observed above, G/C is a finite 2-group. Moreover,
Z(C) has finite index in C and so C ′ is finite; thus C ′ ∩A = 1 and we may well
suppose C ′ = 1.

Let K = C 2; we then have K/A2 ' (C/A2)[2] ≥ A/A2 (via the homomorphism
cA2 7→ c2A2); in particular, C/K is infinite and so AK/K is infinite. But then
G = G/K is a 2 group with G

′
= AK/K infinite elementary abelian, but then

G/G
′ ' G/AK if infinite, which is a contradiction.

Observe here that A/A2 is infinite.
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integrals of abelian groups

In fact, the situation is much more involved for torsion–free abelian groups.
Here, have a sufficient condition:

Lemma

Let A be a torsion–free abelian group admitting an automorphism φ of odd
order (possibly trivial) such that

CA(φ)/CA(φ)2 is finite.

then A is finitely integrable.

However, describing torsion-free abelian groups admitting a fixed–point–free
automorphism of, say, order 3, is much more complicated than in the periodic
case. For instance, there are many indecomposable cases:

Remark. There exist indecomposable torsion–free abelian groups A such that

A is indecomposable;

A/A2 infinite;

A admits a fixed–point–free automorphism of order 3, hence A is finitely
integrable.
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finitely generated integrals of abelian groups

• The derived subgroup of a finitely generated group need not be finitely
generated, so we may ask which abelian groups have an integral which is
finitely generated; a question that, in a sense, goes back to P. Hall (1959).

• Building on some of P. Hall’s results, Mikaelian and Ol’shanski (2013)
characterized all abelian groups that are isomorphic to a subgroup of the
derived group of a finitely generated (in fact, 2-generated) metabelian group.

• They also show that not all such groups may be embedded as the derived
group of a finitely generated group; thus, the characterization of abelian groups
that have a finitely generated integral appears to be still open.
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integrals and varieties

Are there varieties of groups, other than A (abelian groups), all of whose
members are of integrable?

Here have some examples:

variety of groups of exponent p and nilpotency class at most p − 1;

variety of all groups of exponent 3.

varieties of type ApAq, where p, q are primes and q 6 |p − 1.

(An denotes the variety of abelian groups of exponent n)

this may not be a good question...
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integrals and varieties

If V is a variety of groups, the integral
∫
V of V is defined to be the collection

of all groups H for which H ′ ∈ V.

Proposition

For a variety V, then
∫
V is a variety and it is equal to VA.

Identities of VA are consequences of the identities of the form
v(u1, . . . , ur ) = 1, where v(x1, . . . , xr ) = 1 is an identity of the variety V, and
u1, . . . , ur are products of commutators of variables.

Theorem (Oates-Powell, 1964)

The variety generated by a finite group is finitely based (that is, its identities
are consequences of a finite number of identities).

Problem. Let V be the variety generated by a finite group, is
∫
V finitely

based?
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The variety generated by a finite group is finitely based (that is, its identities
are consequences of a finite number of identities).

Problem. Let V be the variety generated by a finite group, is
∫
V finitely

based?
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inverse group theory

The material discussed so far can be regarded as part of inverse group theory.
Given a construction F on groups, decide for which groups G there exists a
group H such that F(H) = G .

There are many group-theoretic constructions other than derived group: center,
central quotient, derived quotient, Frattini subgroup, Fitting subgroup, Schur
multiplier, other cohomology groups, verbal subgroups and various
constructions from permutation groups.
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inverse group theory

Many of these inverse problems are trivial when considered abstractly. For
instance when arising from a construction F such that

G = F(H) =⇒ G = F(G).

For example:

The center of any group is abelian; but an abelian group is its own center.

The Fitting subgroup of any group is nilpotent; but a nilpotent group is its
own Fitting subgroup.

But they may gain interest in some relative versions; e.g.

Theorem (P. Hall)

Every countable abelian group is the center of a 2-generated
center–by–metabelian group.
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Frattini subgroup

The Frattini subgroup Φ(G) of a finite group G is the intersection of the
maximal subgroups of G . It is known that the Frattini subgroup is nilpotent.

Problem

Which nilpotent groups are Frattini subgroups of finite groups?

After preliminary work by Bernhard Neumann, Gaschütz, Allenby, and Wright,
a definitive result was proved by Bettina Eick:

Theorem (Eick, 1997)

The finite group G is the Frattini subgroup of a finite group H if and only if
Inn(G) is contained in the Frattini subgroup of Aut(G).

Eick herself remarks that the classes of Frattini subgroups of finite groups,
Frattini subgroups of finite solvable groups, and Frattini subgroups of finite
nilpotent groups are all distinct.
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