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Let F be a field, charF = 0, and Let H be a Hopf
algebra over F with comultiplication A : H - HQ H.
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Polynomial H-identities

Hopf algebra

Let F be a field, charF = 0, and Let H be a Hopf
algebra over F with comultiplication A : H - HQ H.

Sweedler’'s notation

For all h € H Elh,(l), (2) € H such that
A(h) = an hizy-

This is abbreviated to
A(h) = ha) ® h().
If n > 1, we write

An(h) =h@) ® - ® h(nt).




Polynomial H-identities

Hopf algebra

Let L be any F-Lie algebra.

The universal enveloping algebra, U(L), of L
becomes a Hopf algebra by defining for all © € L:

@ Comultiplication A : U(L) = U(L) @ U(L) as
A)=zQ1+1Q <z,
@ Counite € : U(L) — F as
e(x) =0,

@ Antipode S : U(L) — U(L) as
S(z) = —=z.




Polynomial H-identities

H-modulo algebra

Definition
An associative algebra A is an H-module algebra or
an algebra with an H-action, if A is a Left H-module
with action

h®a —h-a

for all h € H,a € A, such that

h - (ab) = (h@) - a)(h() - b)

forallL h € H and a,b € A, where A(h) = h@) @ h().




Polynomial H-identities

Derivations of an algebra

Let A be an F-associative algebra.

A derivation of A is a Linear map D : A — A such that

D(ab) = D(a)b+ aD(b), Va,b € A.

In particular D is an inner derivation induced by £ € A
if

D(a) = [z, a], Va € A.
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Polynomial H-identities

Derivations of an algebra

Let A be an F-associative algebra.

Definition
A derivation of A is a Linear map D : A — A such that

D(ab) = D(a)b+ aD(b), Va,b € A.

In particular D is an inner derivation induced by £ € A
if

D(a) = [z, a], Va € A.

The set
Der(A) = {D : A — A|D is a derivation}

is a Lie algebra.
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Polynomial H-identities

H-modulo algebra

Example

Let U(L) be the universal enveloping algebra of a
F-Lie algebra L.

Let A be an F-associative algebra such that L acts on
A as derivation.

6/27



Polynomial H-identities

H-modulo algebra

Example

Let U(L) be the universal enveloping algebra of a
F-Lie algebra L.

Let A be an F-associative algebra such that L acts on
A as derivation.

The L-action on A can be naturally extended to the
following U(L)-action

Ti...Zpn-a=21- (- (Tpn-a)...)
forall z1,...,Tn € L and a € A.

A is an U(L)-modulo algebra called algebra with
derivation.
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Polynomial H-identities

H-polynomials

Given a countable set X = {z1, 2, ...} and a basis
B = {Bi|i € I} of H.
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Polynomial H-identities

H-polynomials

Given a countable set X = {z1, 2, ...} and a basis
B = {Bi|i € I} of H.

We denote by F{X|H) the associative algebra over F
freely generated by the set

{zP" = Bi(z)|z € X, B; € B}.
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Polynomial H-identities

H-polynomials

If h = YieraiBi € H, ay € F, where only a finite
number of a; are nonzero, then we put

=) auzh.
i€l
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Polynomial H-identities

H-polynomials

If h = YieraiBi € H, ay € F, where only a finite
number of a; are nonzero, then we put

M=) agx

i€l
We let H act on F(X|H) as follows

ﬁil ﬁzn ) hf(l)ﬁ’bl :Z;h'(n)ﬁzn

where h € H, Ap—1(h) = h1) ® - - - ® h(n) and
Bi,» ..., Bi, € B.
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Polynomial H-identities

H-polynomials

Let A be an associative algebra with H-action.

Universal property

Any set theoretical map ¢ : X — A extends uniquely
to a homomorphism @ : F{X|H) — A such that
©(f") = h - @(f), for any f € F(X|H) and h € H.
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Polynomial H-identities

H-polynomials

Let A be an associative algebra with H-action.

Universal property

Any set theoretical map ¢ : X — A extends uniquely
to a homomorphism @ : F{X|H) — A such that
©(f") = h - @(f), for any f € F(X|H) and h € H.

Definition

F({X|H) is called the free algebra on X with H-action
or free H-modulo algebra, and its elements are called
H-polynomials.

9/27



Polynomial H-identities

H-identities

Let A be an associative algebra with H-action.

f=Ff(x1,...,zn) € F(X|H) is an H-identity of A,
and we write f = 0, if

f(a,]_,...,a:n)zo
for all a1,...,an € A.
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Polynomial H-identities

H-identities

Let A be an associative algebra with H-action.

f=Ff(x1,...,zn) € F(X|H) is an H-identity of A,
and we write f = 0, if

f(a,]_,...,a:n)zo
for all a1,...,an € A.

Id"(A) = {f € F(X|H)|f =0 on A}

is the TH-ideal of F(X|H) of all H-identities of A.
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Polynomial H-identities

H-polynomials and H-identities

Example

Le U(L) be the universal enveloping algebra of a
F-Lie algebra L.

The free algebra
F(X|U(L)) = F¥X)

is the free algebra with derivation.
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Polynomial H-identities

H-polynomials and H-identities

Example

Le U(L) be the universal enveloping algebra of a
F-Lie algebra L.

The free algebra
F(X|U(L)) = F¥X)
is the free algebra with derivation.

If A is an F-associative algebra such that L acts on A
as derivation. Then the elements of

IaYD(A) = Id%(A)

are polynomial identities with derivation of A or
differential identities of A.
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Polynomial H-identities

Multilinear H-polynomials

The space of multilinear H-polynomials in 1, ..., Tn,
n € N,

Pl = span{a:a(l) a(n)ld € Sn, hs € H},
has a natural structure of Left S,-module induced by

o(x}) =z}, O € Sn.
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Polynomial H-identities

Multilinear H-polynomials

The space of multilinear H-polynomials in 1, ..., Tn,
n € N,

Pl = span{a:a(l) a(n)ld € Sn, hs € H},
has a natural structure of Left S,-module induced by
o(x}) =z}, O € Sn.

The space

Py
P N IdH(A)
has a structure of Left S,-module.

Pn'(A) =

12/27



Polynomial H-identities

H-codimension

The non-negative integer

cH(A) :==dim PH(A), n>1,

is called the nth H-codimension of A. The sequence
{ct{(A)}n>1 is the H-codimension sequence of A.
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Polynomial H-identities

H-cocharacter

Definition
The character, xH(A), of P (A) is called the nth
H-cocharacter of A.
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Polynomial H-identities

H-cocharacter

Definition
The character, xH(A), of P (A) is called the nth
H-cocharacter of A.

The nth H-cocharacter of A can be decompose as

Xn(A) = ) mixa,
AN

where A is partition of n, X, is the irreducible
Sp-character associated to A, and mf > 0 is the
corresponding multiplicity.

14 /27



Polynomial H-identities

H-codimension and H-cocharacter

Example

Let L be any F-Lie algebra and Let A be an
F-associative algebra such that L acts on A as
derivation.

U(L
e (A) = ci(A)
is the nth differential codimension of A, and
U(L
Xn " (A) = x2(A)

is the nth differential cocharacter of A.
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Differential identities of UT2

Derivations of UT>

Let B = {e11 + e22,e11 — €22, e12} be a basis of UT».
Let

e(a) = %[611 — e, al

and 1
5(@) == 5[612v a’]v

for all a € UT».
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Differential identities of UT2

Derivations of UT>

Let B = {e11 + e22, €11 — €22, €12} be a basis of UT».
Let 1
e(a) = 5[611 — e, al

and 1
5(@) == 5[612v a’]v

for all a € UT».
If a = a(eir + e2n) + B(e11 — exn) + veix € UTy, then
e(a) = yve12

and
0(a) = —pBeix.
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Differential identities of UT2

Derivations of UT>

Theorem (Coelho,Polcino Milies,1993)

Any derivation of the algebra of n X n upper
triangular matrices over a field F, UTyn(F), is inner.
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Differential identities of UT2

Derivations of UT>

Theorem (Coelho,Polcino Milies,1993)

Any derivation of the algebra of n X n upper
triangular matrices over a field F, UTyn(F), is inner.

L = Der(UT>) is the non-abelian Lie algebra of
dimension 2 with basis {g, d} such that

[e,0] = 0.

17 /27



Differential identities of UT2

Differential identities of UT>

Let UTZ(F) be the algebra of 2 X 2 upper triangular
matrices over F with L = Der(UTz)-action. Then

e 1a*(UT») = ([z, ¥]® — [z, ¥], [z, ¥]°, z%Y2P) 1a
where o, B € {€,0}.

@ c(UT) = 2" 1(n + 2).




Differential identities of UT2

Differential identities of UT>

@ F(X)=the free associative algebra on a countable
set X over F

@ Id(UT,)=T-ideal of all (ordinary) polynomials
identities of UT>
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Differential identities of UT2

Differential identities of UT>

@ F(X)=the free associative algebra on a countable
set X over F

@ Id(UT,)=T-ideal of all (ordinary) polynomials
identities of UT>

@ Pp=space of multilinear (ordinary) polynomials of
degree . in 1, ..., Ty Vvariables

Pn Pn

o P (UT) = _
n(UT2) Pn N Id(UT2)  PpNIde(UT)
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Differential identities of UT2

Differential identities of UT>

@ E=Lie algebra over F with basis {€}

@ U(E)=universal enveloping algebra of E
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Differential identities of UT2

Differential identities of UT>

@ E=Lie algebra over F with basis {€}

@ U(E)=universal enveloping algebra of E

o P = P#(E):space of multilinear e-polynomials
of degree . in 1, ..., Ty variables
P

@ PE(UTL) =
n(UT2) PE N Ia%(UT>)
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Differential identities of UT>

@ A=Lie algebra over F with basis {0}

@ U(A)=universal enveloping algebra of A




Differential identities of UT2

Differential identities of UT>

@ A=Lie algebra over F with basis {0}

@ U(A)=universal enveloping algebra of A

o P = P#(A):space of multilinear §-polynomials

of degree . in 1, ..., Ty variables




Differential identities of UT2

Differential identities of UT>

@ A=Lie algebra over F with basis {0}

@ U(A)=universal enveloping algebra of A

) Pg = P#(A):space of multilinear d-polynomials
of degree . in 1, ..., Ty variables
P6
e PI(UT>,) = n

PS N Id2(UT>)




Differential identities of UT2

Differential identities of UT>

PHUTL) = P, (UT2) & PE(UT2) @ PA(UT>)

as Sp-module.
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Differential identities of UT2

Differential PI-exponent of UT>»

Theorem (Gordienko, Kochtov, 2014)

If A is an algebra with derivations satisfying a non
trivial differential identity, then there exists

Exp?(A) := lim (ch(A)* € Zy.

It is called differential PI-exponent of A.




Differential identities of UT2

Differential PI-exponent of UT>»

Theorem (Gordienko, Kochtov, 2014)

If A is an algebra with derivations satisfying a non
trivial differential identity, then there exists

Exp?(A) := lim (ch(A)* € Zy.

It is called differential PI-exponent of A.

Exp?(UT>) = 2.




Differential cocharacter of UTo

Cocharacter of UT>

The nth differential cocharacter of UT»

x2(UT2) = Z mexa
AFn
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Differential cocharacter of UT>

Cocharacter of UT>

The nth differential cocharacter of UT»

x2(UT2) = Z mexa
AFn

is the character of P2(UT>).

The mnth ordinary cocharacter of UT>

xn(UT2) = ) maxa
AEn

is the character of P,(UT>).

PX(UT>,) = P(UT2) ® PE(UT,) @ P2(UT2) as Sp-module. J

24 /27



Differential cocharacter of UTo

Ordinary cocharacter of UT>

Let Xn(UT2) = Tarn MmaXa be the nth (ordinary)
cocharacter of UT>. Then

Q mm) =1,

Q@ ma=qg+1ifx=(p+aq,p),
Q@ mi=qg+1ifx=(+aq,p1)
©@ m, = 0 in all other case.




Differential cocharacter of UTo

Differential cocharacter of UT>

Let x2(UT2) = Tarn mSXxa be the nth differential
cocharacter of UT>. Then

Q m‘(“n) =2n+1;

Q@ m§=3(+1) ifx=(+an)
Q@mi=qg+1ifx=(+an1),
Q@ m$ = 0 in all other case.
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Differential cocharacter of UTo
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