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corllacy ¢ 2:3 w |
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MW«“J&L&W#}%&-}?M&&&MJ&]M.
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i oeles . Nobi ek flio Lem, Nndeo 2! Mo oder o s(X) .
/j- a ,ba.rcl’t&n. confaim m, PMW & 1, mtchfz :.V.J.(xz

“d o on, Ui wually Jeasb) by He fyulul (A7) N o oa
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LEX. Tmuun«é_. Ld' K l'c a J'Jgnuf o‘ ﬂ»m@- /\ S--‘uJZT
T o 6 whidh contanu aa.;t% ont element f‘bm each coued o K w &
QJM»-'ILmMM&'K&G. NOW§M¢)7L:¢-uLM¢.3am¢.
coick f K f ad oy g 57 €K, Fr T b be famversal & K
O Y A IL..«JN, Accopsary and Sufficenkt MRat
G=KT ad KnTT'= 1,

H=H, < H <= - =H, =G
e Ol o/. Jw“rvuf.t of G eacd confawad wm He next. (Ntrf-

X<V means MKt Ko seb X i a propec pavt of fte stV

XY it X & eodical & Y.) T wn lise Ao product law
of-;;km:

| Lenme28 (60 HI= JT M Hofl.

/
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PN‘#'- B: l;n,a'uo('uw We may assume =2 g“f',nou. HKen BRat K
L a .r..lysrvur of G Cnd'&nuo-o H. Let T be a famvenal 6§ K &

udlld:SA:.a"'muva"HulK. TKen

G=KT aud K=HS
So lkat G = HST,

Hene [G: H| = [ST| = [S].]T] .
Supprme Rat T, ad ov, lie G Ko Same cosel o H , whoe
eSS, weT, €=t2, Then x4

=) - =
qu‘a.d;. €H and So < T €‘r;HU;_

whickh o condarmed n K shee S=<K, Hx K. Hece 57" ¢ K aud
It follows Mk o;97' ¢ H
o Transvernel & H. Tho we offaie
[G:H|] = IST] =1IS]-|]T[. Stee [SI=I|K:H| «d ITI=16:Kk], Ik
resdt follruss . Nol Bat ST w a framverad 6 H o 6.

The werdl Franoversell will Somebics be wed h o mee fereral Sense.
11’- 9y @ mcﬁ.idaﬂua%%éz)ua.xeé'x, m.x:,,l.'l;-.,.a..(:
Re wncow o#»u uu.-Ju.raf kaJo-.JI aq-tﬁgw,ﬂbg-@m,u
of which comaich of all x € X epuvalint € wnder o & Soma fixed elemet

L X. A Tramoversal & Mo g-cluses i any sulaet of X which eodnine fust
l-:'-o-,L,Q_J' ﬁm &N:‘ ‘l‘tl"““ |

So T =T, Gince T & Trawsverwa & K.

wd S G =03 Simce S




(F) The product HK of biro Subgroups H and K s confaied w but
T wally  dofiick fem Mo joue (W, KYy. Tha i ome of Re more
aorard facli of froup Musy . Sice H and K bett cocki 1,

HK  eodaina bott H ad K. Hemce HK = (H,K} i and by
HK & a subgroup. [for Bi Move io o suple caliron :

[ Lemma 23 HK & o sdgroup if axd oby Y HK=KH.
?r-wj-: Suﬂnw HK & « J-J-Srouf Nen HK = HKY = K'H'=KH .
Comvernely , bt HK=KH. Ren HKY'= K'H'= KH =HK awd
HKYHKY = H(KHY K = H(HK)YK = HH)(KK) =HK ., So HK & cloved
Wl reopect & bwertion and mulbplicatin U i a Subgroup.

oo Julr‘mv.fx H ad K fu‘ wlek HK = KH are calldf‘r-utau-.
Thio  doee not wiply Mat Mewr elomenks commubi. e abo call T
Sbacls X ad ¥V of & group pemalidle f XY=YX,

mmé&?w{’aﬁt%:'fxm are wsually HKove
which  ase permubadle itk every Subsek . These we called normal
subgroups . erder Rat & Sibgrop H o of fle growp G Shall he o
w:ul»&Mar?G & s necasany and sufficint Kot
HY = EH
for Al Ee 6. New (Hy)'= §H '= y'H. Seb o le form §H
wik fe G Mdh.ﬁ;..thuw inverte eosels of H in 6. Toro disboict

avrerse coach Gj-H Rave no Commem demank . %mMmﬁer
be novmal m G i o coseh of H i G skl be He Sama an la
mverde cosehi | TLW%M&&M‘;




It S/\m.,& be rad "H o a apmal “”‘f"’“f o} 6" or ”/'I o notmal m G
T A furdmedid fack W skl 4

{ Thesven 2:8. Leb H<a G. Then
| U3y = HY' wd HE) M) = Ay
f

f‘de} ad 9 wm G, T st 6/H Mwmmcmlao&ﬂ
meaw./fuuwﬁsiwm¢Gly
for )"~ ®Y'H =HY' o) HyHy= HHEy = HEy. Theao
quakivns  Shows ok GfH & closed wilt respeck & iversion and mudbiplicatin
Laws T ad T hold fir ardibmry subeki of 6. A for Lo 0, we nedd
oy nob Hat BRI (HI)(HEY'= HEHE' = HEE '= H  for all
e G ad H(Hy) = Hp=WHp)H for M ne 6. The 1 Lo Aol
m GIH. S G/H o & frowp Whose anik element i lhe I«o&fﬂrufﬂ

wik 2 -J,x,.-ouflof.G- o nomal m G ad G/1 -a)»wﬂ‘b.

@h{,«uufrm ddf . We ede hve 696 ) G[6 i o
MW mﬁ%mcw
‘/f G[/\MMnMJ.J-J'Xer:o#u'MLNG—J:uCJIJ
suple . Bt axample, Y Jof=p b prie, Ke G={T} pr
wey §FL A6 l}zlf- S.G'..c:,ek.-. and Hae no  subgroups
ek all ot lKm 1 od G, 71._.,(.'.“.3 and stady a’.ms;:.fk[:m,
ot fa\f.u'-li. orcles s eme  of He mosk ""h"’b'?’ bt aboo | most Sffceult
parls of froup Hesy .
By wwy of cofrmal , m an Abelian group every Subgreup i normal.
Quetient groups HIK , whoe H i o sbgroup o G ~d K<H,
we called Sechions o G, fllnring Wekandt. Their shdy o an
essondich Sjunck & Mo dvelpation of Ho sbgoups o 6.




§3 . /Som»![a’.c, Gv%g: and /‘l&n\moe?lic Ma._;:pl'#_.

@A) . L&GMF‘@M: ax)ld:flcguaﬂu..a_q.@wlz
I- or (w"-.b u° Itb Same. ftu-,,) a f. d'uw w£n<. ‘unn-&wb ra~geo
/Krou.;l. G and hee valuw le & /f

~

FUE = £ Flyp) (1)

fr ol E,7 n &, Mn f b clled Kemowosphic. ; b b abo culled
a W ¢+ & wls [,

Takiyg n=1 , we fd Ut SO, Y F o hrmomorphic , Hon
F) o /tLu.ut'vaf—.,Tdu:.’_7=}ﬁ,mk}uu/t-t

fG = 67 @

T s . Ol o R F g D G
F&) v o Subgrowp o I If FO)=T, lan f o said & map G
o T : & v an ‘efmw?l\mn\- On ke offec Aand , f L) =Ffly)
b'-/,(du _{‘-:7,/&..35 W o one-Bome Mfm itagunwb»,
/f & f L both anqwumaa)&muo‘n’li‘-w,ﬂa.ib
c‘u‘auwm.#l.m\q;@o.kl‘ /nuum,ftsumuf’u?,
£ exich  and Ko will be an omorphim of [T ofs G

Twm:G-uaf_mui&J mhc ./.a‘tueexu&an
Gomovphism f  mappin e onls Mo offer . Thia relakion & wrillen

G 2T,

M‘W‘fmuuum$‘fmml~haﬂmw:&bmt
ahoul & E o« w,».&? sbalimant abount T Conversely | Uosg
F Hemee ummrl&o: fronps  we Suiply copins of each othar. Hey
lase He Same ocdr aud K‘W.ﬁul»‘,rouf.f #nn be pub i ome-Bome
Covm/oxhuu,,wbawl' “""“f"&‘&& notmal Subgrnups
WM)MWL‘WPWJMJfOM &km.:,dl.ucn/&
B wo  wslhces of He J‘am&ﬁﬁ&_#m. f‘;rcx-,..fd., oycl:o

s o ﬂ;:«uw&rmipmhc. /‘- IXI = 1Y, len
=(X) 2 ). ' g
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Evidedly , & monomsepliom f of 6 wdo [ is ab Mo same b an
g uwl\uw %t G only f(G-))w‘a.c‘. - o J'-Jvr-ouf o I.
| I’y we Lm

} Theovem 31 . For any froup G, Ke Mnf,u-g, |

F—- () (fes)
w «)-M\n-r[[.w of G b 2(6')

,Caildllongul.rrc?rm&fdnoj&,
Thow G 22

(G y ey group s bmmrLc' wit a f"""“‘t‘f““'é’"“f
Thio rtmack o de & AC":,L.J 1821-95.  Noble [kat Mo mapprig
T U5 (¥e &) |

& abo *W“-"“‘"f G-'»-ng(&\.
A\Vulr -txa-’:ln. ﬁ“cwu f-o....z.t. Thee

Theovem 32 let H<a G, Ten ke hq.lr.-a.
S — HY . Fe6)
bqnefw[;w.}GmkG/H.WbbWhnwwbﬁ
W LJ o mum—rl&.m.

t =2 /f G ad [ are Froups let
Hom (6, I7) '
dooki fte seb o Al possible homomiephions o 6 ids T'.  Seppose
ot f € Hom (6,7), ad bt £() = F0). Then FEi) =1, ke
il eloment of I, l} (1) ad ).  Gomvermely, fQy')= 1 tomplii
FE = FO). The skt K of all §6 & tack Hat FE)=1 &
clle) Ho kemel of # . Faran77éG4«.)féK,w¢.(m
FUED = FOTF@ S =1 sia ) =1, Hew §'Ky =K
or Ky =9K fir sl 1¢ G, Sice K i clend o Subgrp of 6,
£ fllows ik K9G, A FE)=fG) of ad oy L §ady
édam?&#alimwa. Hemer we ke a owe-b-
nu-;‘:,l;m{#

Kt — £¢)

4 e coseh of K wmw.;f(@\ Sice K io nommel m(




“

K¥ Ky = K3y = FUOF) = fG7). o Ha mappiny s an iomerphiim
’ojG/KauAff(G—\..’L;M '
[ Theorem 3:3 . /ffuanyl\b-wlumchM#kde
[ B K< G o GJK = £6).
Tae He mappig & — f6) , Fe 6, o e product o He nalurel
epimmphiam § —> Ki of 6 ouls G/K, follrwed by He iomosphion
K — £f(&) o G/K wb f066).
Reorem 3% Lok H be any Sibgrowp of G and b K< 6. Them
/KHu'oa..rJ,rquG-uJKnH<H..) |
J H/KnH % KH/K.
Foof : G K96, i io permukadle it H. $ KH 6 o sibgroup
# 6 by 23, Obdioudy K< KA. Lt § b B rutihin b H 4
&Mmq,wbomo;&«k&/x Then f(H) = KH/K [f
& Aomrmstpliom o H il kemel KnH | He reoult ,uz,..,-.,( Wity
.c.,u._) (fe ){vﬂf lomn-[:‘um- Heorem .

C). I K6 ad L s any subgmmep o§ 6 endainuis K, fen K<L
ad L/K o ﬂ.Ingﬂufqu/K_ Evovy erwuf'}G'/K wV«fL-qG-
frome o Mereover L <G if ad oly Y L/K < GJK. Nowjhe
provuct fop Ko nadivwl epinotphioms of G ods G/K and of G/K ouds I
(6/K)/ (L/KY maps any choment § o G by Kot element £(5) ¢ I
hrﬂclunfwkfuumgtbmnmf(f)bxunf&Lf
Wnotu&ubd}cwoj—&‘wbu&uum#u&k
covels ¢ K, Comparing  f wikk He Aaboal epinompliom. o 6 onls G/L
we oblace ~
[ Teovem 3:5 LcE.KaJL‘;m-wLJwL‘—er:ofG-JMM
L condaia K. Then g

6/L = G/K)/(LIK).
Thio ratto obvisue fack io Someliion Knewn as Mo feco) isomosplion

fitt.Mnu.




@). Lebt H/K amd LJM b tww seckiims of Ba prowp 6. There
G ome Simple case where we cam be swre Rakt H/K 2 LM,
This s when enck element Ky (7€H) of H/K “mehs” (Hao
hm—a.-.f:}j oukersecton wudk ) (Xawa:, me elmert M)A (Mel) o L/M
and when cmm-;e% tack elemert o L/M meels cx‘.v&\.,m-eluud:
¢ H/K. The shatim w lke ki -

BE B

¢«Ka-7o(n_ Ke Sgpares ’¢1’P“¢4vb elewerts 1 HIK and lhe cirches
c:::z,elv.»o.b:oj,/-/M Tuwo Seclions relaled w w R wny are called
imecdenk . /f we »u/tcen.d. K7 (ne H) correspond & e u-qLV.-.
MA (el) whck & meeki , we obtain an Gomsrplion of H/K ouks
LM . R incident sechions we uomerphic .

Now Gt H/K axd L/M ke any fro Seclions o4 &. By
34, L= K(LaH) 4 a sdgrowp o H becanae K< H.
S».Ja.ré, M = K(MaH) i o sibgrop and K< M s L*<H,
8y 34 agasn, MrH 9 LnH becase M< L. Heace '+76LnH
we - Lave D)K /(7 ondd "(MI\H) (MAH)'] Cnuu.ﬂu.,&:, 7M M7
Bat K = M¥ wd o woy demel of K s abo permudidle wilh M*
6 follows Rab <every domenk o L= K(LAH) i permibade wilk M*
M«z—% M¥< [*,

We call Mo Yuobenk group /M Ko projecs, o L/M < i
H/K . VARB VRN MagNPA NN\ sdseslion AINA..

Siiilacly we can form Mo projeckin H'/KT of H/K o
L/M . Hee HT=MHAL) ad K= MKALY. Ten we Jane
fle Zssonhaws Lemma. -

Farsem 3-6  fp HIK ad LM we any tn sedisna of o
.l[frour, Hon  Bewe projechine  [*/M* ad HT/KT i eack ofber

| }aue incidenk . Mence @ we have
KLaH)/K(MAH) 2 M(HALY/ M(KAL) ,

—




Pra—v/, r Sk HK < M*g L", we dave (¥= M*(LAH) and every
tlemek of L[M* hao He foom MTA bt N elnH. Surdloty <veny
domenk o HY/KT L Be form KTA itk A elnH. Hemce -<ach
elemenk of LX/M* “mech " some eloment of HY7K' and wee vera.

Sepprse K'A meels both M*), ad M), whee A, ), ad A, o
w LaH. Skia ML, we have KT= MULAR) =(LnKIM  and 5o
Ko pyd € M*X and Kap, N e M¥A,  for dowas. Ky Wy e LK ol Soma_
Fas Mo o M. Henee Kpoy M) (Kapu MY = Ripp kT € X< H «d
Jo pupt € MaH | Sk Ko H, & follon Bab kpp3'si! € KMat
= MY Hece M) =M"Y, wd KON sl ondy one lomenk o LYM*
Siilesly <ach elomenk o LM meeli only one <lomenk of HYKT, Tl
e fivo /mﬁ-ed'w'xa are incidet |, an sfaled .

T fint ioomoepliom Meorem s a special <ase f lo Zessehows

Lemma , vz, Mo cane He G, M=4.

&), Lat
. 1=H,< H < ... aH.=6. i (1)
&J«clw‘.\,,f &kwurc&uwgmz‘;eadkm&umd
w Ko wext. Lek
Dotganl, < - Syt e
{x.uy o'fb.r'&n.'u,nboanmlkG Let
Lip = Hima(lanfy wmd Hp = Loy (L.
Then we oblain Fure ned series -
1= L,,<x[_ S alg=H=L,<l, < qal,=H-=L, < ---
QL =l =L al, < - gL, =H.=6 (3
and 1= Hy<H,< - af, =L,=H, <9.-- <9H=L=6. (4)
Su‘..cgea.alkrn-cy(i) vecurs alw 1w (), we el (3) a refvnment
o (1). lE o dtae) fM(l)Lyﬂ&bixcrtm\,O}anN

Qn-ql«u% (#) » a 'r%uoq..t of ).

The number + uml&)'tblnsﬂ qf.ﬂa,krm(_l) and ﬂo




i1

5> we callel ﬁ.d'or,r—rm,ps 4G - bl'.d
are o lhe semes (1). The Senea @) % of lenglt s and
i fadors we He § prowps Lo )L, (c=1,2,...,5). Tl too serica
(3) and () Lave Ha Same lboght +s . Now /Mo fodor Lip ) Len, f
¢ () o Re prjedin of LiJL., & Hi/Hiy 5 and B fuctor
Hii/ Hiogyo & Ho projedion of Hi/Hj_, & LifL.,. Henca
Lej/len,; = Hie [H;,,o
and W,@J-G,ftugfm f-.d'crm:o;Gq.rc mcidenk
for ol =y, 8 ad all jmy,2,.-.3r Ran we have
l Temen 3-F  Ang fuo sedes of G prisess refriaments  wlicl
oare of QV.nAL lengt and widl factors wlich are dcidask G pades.
Rie ‘v knowsn as fle refuiement Mesren. : O. Schrecer 1701-24.

F). K Heo,=H; &), Re focdor HofH,, o called tivial |
B;. Oh»oltl-g, refaabd Erms | we can teplace any fwen Serces by ora
wlich Koo le Same mom-Trivial ﬁd‘m bt fas no Eivial factors.
A ',Rn'u witkoul fival factors , Ca. ilkout repeate lnas , & calle)
prepec. A composchin Series G 4 @ proper series  which has
Ao propec vefuiamants Hotiek fms eb-c((» By 35, a compooihion,
Serces may alio be defiied as eme i which alk He facdors ae
Jc{..f[p Frovps . O‘iv{mb evergy proper Serces Can he refond £ o
Co'nfnif'u;\- Sertes . I[- we apply 3-F L b foven composhon feru
F 6 and [flan defrvialic M MW,WMJZ»L
} Theovem 3-8 e fn.cfm 9 any firo co.-fos:fi.p'w Serws of G ar
et dank vn pairs .

Res o fte SHrdan-téller 7140-6»: C. Jerdan /838-—/71:. and
0. Halder 1859 - 1933 .




Asoulcmi‘mu{&olluukriumﬁallhﬁd‘m

T Abelan . Siica Ju"frlmfi and wu.oﬁz-t grovps o Abelin growps
ase &L«nﬁ: Aelina , IL_ Casu?oa(baw _-E;ctm of a st grovpe
le. ‘He foctos of any Composkom Series |, are aleo Abelian . Buk all
S«%fxq.mwmamnm.@,ué:o ‘3_-2-5/11.0,\17
J&f&%m:‘mllzmsc}wufn@. Henee o |
froup G G soldle Y and ealy Y all b composifin faclirs we of
prowe ordec.  Insoludle provps  are  disbiguinled by Ko fact Hot

one of least “+ feer u»Tu:f'uo'-s- ﬁd’wr 0 a J‘u-.,:lc.‘[rovo} cm-fou’»é




§4. Mon.orplw ; Rgm-i‘d'a'us y Comjugales

LA) A c«d’m‘um of. A growp G G an «:oMorrL.c, »-..frw}a}

Gmﬁ‘be,l’l véM&FthJW.O}GMwa
§roup - Steckare of G wvariand . ad o

M&MJGM%A bt X b av.ul:[xn"e ‘/L. seb of Ul
ordered Muu’;i’l'-&

x = (%, %, - ;%)
Witk n corhiadis x; € X, T werd "mullifll " seminds w tak
fuae coorhialis maed wot be difick. Thuo IX"[=IXI". Only when
X,y 0%, . are all hfferent JMMCQMX‘MMJOE. A
n-ary velafion Commectuy fho alemenks of X clelimiies o seb R
rf.a.uxexuf«-'-r‘ée‘ e giren velation Aolds . Maady,m
Can w(z.ﬁ.{\./ hu&t‘;wuutliasdmtkyx" A stucbued
sek X Ca..[c.sfun{u.) ‘J&.Q#muuw‘wofﬂlntms
R, R,,Ry, -, A&fucuum% all ill fle Same »n . Forq-u-fé—
weousfbw&.q; li..dkd‘w&v} &WG’“J’.‘gu/‘lJ by «
Smsln. tzr-uu-:, relafion , C&Mut-a_ of all l'n’;(l.b (£.7., ) e 6
for which Sy =7.

A’h‘y o« € Z(X) wmducu a mappuy X —> X «4X"¢‘.A-'J.‘g,
&9{{9—'4.) by He epatins Xot), = X, C=1,2,m. For any
relafin. R, bt R le le et -of all xot wilk xeR. T
st of all we Z(X) such Mk Rat=R, R«=R,, - & deaddy

.s.J,rmLf #Z(X): d b called fl‘»m‘ofmfﬁwlum
d X wilh repedt b Mo shuckice defined by I velation R,R,, -
A Mi'omwr/\um o & Shuelire fmcv\ﬂ-vg fcnwut-liom

Farexa-fl., u%x (’-muéoj.nral,nunfurs and Gt R
Comsink F all x € X' Suck Bk
4 TT(* > o.

l.

AﬂM?Mwa ﬁ-XW»&m/ncb&R we oblawm < He




- dement o &

allp ol ZH(X) of ordec L£n! ccu‘..ﬁ'-’a, oJ_ all -even /.zm.u(aj'dvur
T o X, A }kn-u-f\fu'» o} a"oll_-li,a, U-"Z.""-—-) is even or odd a«-m’\-j
aa /fu.-\uu.&r ™M, m, + ---  of tgelu o/ wen onder w even o oW,

T mo}md'mo?b.ns of-ajrm-fG' wll be J-e«o(iJL‘y
Aut G.

B). Lt «, B,E.y
AFa = §%.
Te elemant € G ecalled Mo Transform of § by «. M(f')y‘—-—-f"r)".
Henco He mappig () = &6T) r() ¢ Z(6) Jefined by
€l : § — ¥ (Fe6)
i an automophiim of 6. Tose adomorphions of & which have e
ftﬂw‘é(“\ fm" Some X € G are calld bmec admmb»:go}G We
oo Awe  FF=(FHP and 50 EHup) = EOEP) .,
« — (0 (x € @)
o Lm..u-};hc . & & an e,du..oor‘.{a.. 4 G ol Ra growp L(G) of
all l;\ka'nut'mo-of‘.w.._‘ 4 6. Now & =i a..)ml\-,q.«} =fo
Nence Mo Kermel o I ‘f“""""'}"“"" comainks r}a.ll. <€ G Sk
commiks will ever tomesk o G. Thia kel is called Ke cadhe of &
and  demsled by 36, By 3:3, 3G <96 ad EB) XE/36.
6 i Abelin Y ad mlyif G=3GC. The oly ioner adimophin 4
an AL&L.'»&W o He tlu%
Now L& < be any aufmnf‘.kmof@,u) bt fecG. IF o
woud & densl fhe “:a.:& O}f wnder T “7 ft. CAQ'..L.&'.J“A
bansform ¥'E) T of Ho iner awlomophin Ho) &y T, we Aave

Lce(a.m.bofa.mG.erflh

fo Scheme

E—_-,>§
wﬂ\%w

Suce Q‘ )t (o* )-" 8t < € 2(6'\ and So f.r

Ea — ok";""‘
[1Ch) f r()r“

e an lu't\.}'auy
§ 6 & o choen suitebly. Mo e Al the forale
Ee)™ = (7).




Stun-\i.:, u.f;, we L\.u. :
i [le-'l Foc any m@-, Wl cenfre }G,mlue.
G/36 = &) a Axeé,
Tha v.aéu.kfnuf At G [EE) s Somelines called lhe frowp o oulir
MwawMa‘tG Bt itbmuuﬁcnibdujautwuw
Owcru{—uf,' o ol damar,

;Z/\/u KC.) I{ X [V Ly J‘-Juab OJ "1, MG aad GéG’, en

P we wrde T a'Xx = “. Thase X o iavascond ander € () z/-...a
i [ o AamaX. Moo s merl clgry o GGl
’7721/ which s uy\rw»(: under tveny anar auj-M?/u'.on\, L G -

/ K< G L K =K fir ol x¢6,

/ ID‘ a J‘% of G o wwvariand wnder every n«i‘mnrk-m 4 G
| bott owbir wd immer , ¢ b calld a damdiibi sbgrevy of G.
RSP S S N S s T
/ expreas MKL&MMJJ‘W o G _lku-.ﬁ.?,

K char G .

[ K amd x€6, B flo restrickin b o b0 6K
&Mmd'mcrliomq.k,lmtésw&((ﬂ)hntéqhw
atomerphiom. of K. However we have

Lemma 42 /‘. H ehae K ad K< 6, lhen H< G |
lf H char K ad K char G |, lan H char G.

Bt H=UK ad K9G do net i pememd imply Hak H<6,

D). A I\mow'r’uon. F Q[- a froup & wh permubalion srp

S(X) & called a reprsendalion of 6 by pemwbabions o X .

e mu..-uLu- IX] @ called e é# of Mo refrcar.nbtowf
’fm Re vepronekabion E of G by iner adomophions. If fa

kemel of o reprotnbabion f v L, 'k b0 el fobipl , for T




FGE) 2 6.+ 4 always foMfd by 14 bk ¢ i fubfid ok, Y
36 =1, 4y 1.
lf we are SL‘JJ-..J m}:uﬂh-lnrrel»m.b.l'u;,f A A 2
thn converinl & eliniake Mo spmd symbel f by umibily x
islad of xf(=), whee x€G,xeX and £ ¢ Hm (G, =(X).

e are ftew [&‘6!—!\# ’tos‘EX,hSr'ufG and o.u.u.“':fﬂ.«t‘u»
X6 — X .r-.clfbt

¥ x(«f)=Q0p ;
Jr.* 3(..1. = X

]

fr all x e X and all &, 8 K G. Hee I v fa wnil 2lment o 6.

The lawws I* and I ensure Kot Ha mapping

F) = x — xu (x € X)
is & permubafion of X and Bk f&E) = £FEOF(P) for M «,p i 6
o Ro owy Ke Wuh&»f » recovered .

Tro elemets x,y in X ae redale) wder 6 Y xat =y
for fome X € G. N x«t =Y and yp=2z fan xEP)=2Z ; also
yo("’=ac. So fia i an 41/..&14,[&-.“. relifion. . K evey pair o4
limsnks of X ase relald undec G, f i called o Transibwe
representafion . Iepapsbacisteese, I Ri crae, we Say Rt G
/.w.nm,ba X +V‘D\Mbl'% N N J‘-cnm.l,lﬁmcr, X wal S}’L'tuf ;6'
@ number of Trawidioly classes X;

X = X,uX,_vu ST

eack of ik b permubed Tramifiiehy by 6. Fack X; comeinh o
el e X whih are relald under 6 & any piven elomank of X,
Awu‘,c;t ure , X nX/; ub-flg-/. Cok [ Tl

I £00 b lke peomukation of X; wduced by £6O , then fo o
a  Transithie represcntation o G .

s A MO
T WATL TS Tah,

fF, - fr ae calld o
;T CM'pm-Ji ot F. Sinn IZ'.d dedeome f u:u:”a.‘@,lvc
<xpresos M &mafo-alfw;» by “"“t'-‘-’

f=fiefe - of.




/‘l K‘: Ry l‘tokcmtlyﬁ.. /L...fln.kemdo;f;. KE&Q’,K‘:'

£). Too elmenks £ and %) of G are called cmjugals & & if
and ondy o §7‘=') for Soma x€ 6. Ruo cojusals elements are Sply
limenki relald unde G & Ko representalion €. Tarefwe G splils
wh a cefain nwmber ol mubiially A‘Jo‘..,b clum;_gc-»_)u(a.lio@;,

G=6,UG v... UGy .

Te wnil elmank of G o cojjugali ody 6—.1.-#,:,“..\.,&..&.,@4
LW{@ume.&.tmunalu‘M.;G Ule cdl
étﬁu—&[auumw‘;ervfG. /fGioA‘oL‘u,ea.ch-‘- cmi..bq,g
Sigls element of G and So wm Mo cace R=[G].
/ Lemma #:3 b Z(X), lro elemenk § and y are cmjugals of
awd o-.[:, o4 /trg fave Ko Same cyo(n.-'g/u, lf IXlI=n, He cdas
number of Z(X) W :.ﬂ....l.&'lt._ number of partibiine of .

Pru-oi'. Su.,;fo:&o Kok 7—-—-§t wih € € E(X) and bt
(%) o Xz s -5 %) be any c:,rln. o §. Wrbag xpy =, , e have

T =F X TP Ky > % T
So /t..t: (39T, X3¢, -, XpT) i a °11"(“ 1 of Ko Same ovder 5.
Mhuo § and Y hkave Mo Same cﬂclc.—@”u. meog, Y Faxdg
/\wcﬂllautyc&—@,:,,mmfvwa,/w»mtajx ek
maps each eyele of Foals & coreapoenbig eyele of . N e bty
o § ad g W (4 M), Bl v can be chosen L predss
A‘,U&""ﬂ'u)

dofinck Lrnsts - Talc...a §=7 gures e first part of

Lemma 44 mm_&rqd‘.,lz ‘c-}Z(X)JLJc-mJE
bk a pen  elomenktof lg,,.,_ ™22l ) W 7TI:"" . TR
G abouys an 0dd T whkik eommdis LK § ﬂtt’tﬂ%w{zn
/(73 N{#&Jtﬂc&a o4 ¥ have different 0dd owders e, whem
My =0 aad My, SsL for M =02, ..

Foe 4§ Ahan koo egdlia (3, %, o Xp) ad (Y, V.- Y,) F




0'3()(;\"5(“4‘, mn

T = e(l y:\ ("4 yg) o
w .

(¢ 9. mmh‘m#f and
If % Auhmcgdzal,tmom(gr,mm%‘c&‘

o /o egele . Apaim T G 0d) ad) commules M ¥, N Fereen
wheoe He | %5

ae Me eycles of Foand Y Beae cycls are all of e
orders 3 an Hao vde demens of EX) ek commule b F ae
Hose of Mo form §T'C> o T*

s . /{ﬂg\"' we all of o order,
/E-nblbnwmaﬂamulu.mfafwas

) L fe Hom (G,2(X) ad bt xeX. The set of oMl x €6
Suck flab xo = x

6 a :errmi, oF G called Ke stadlirec of x 6
e deaot ‘:, Sc(). Ll F e G and Suppose lhat x§—=y.
Then 2very element of Mhe cosel SG(x.)f maps X Wy . Conversel, ,
'tf xr’ =7y fen f7"" € S () ad 7 € S () E . Te eoseds of

SL’O) mw G Corees pond M-b~cu.l. wll /‘LM yeX «dsdm
related

6'-7"- u-J:.rG' /n. Po.rtua.-.lnf wo‘.‘we
/ (emll-b‘

It 6 permulia X Tramaibwely , Hoen for all xe X
} Sircclio It order o4 G .

let §e 6. Then Re seb of all x € G 92t whick commule lt |
8 a S‘J’S"“f Co(F) cadld He corndrubier 2R S

- Applyly 40
{i'/hé-refmutaﬁo;ojé?,u/sml‘ts ,
{ Cm-a{(.,g;:l. /‘l §e G, lhn [G:C.(R)) o ey...l. & Ko numbe
of cojupalin of ¥ ~ G . T number alowpe Yorides |6].
Eocel é(d) O(GG G an cufmnr‘é-m ¢ G a) mapss
«J/Yrouf wﬁ’m‘frﬂf Tms-J—sao-uf Haa.JKoJ_G'anr_.,(hJ
Cmjugale L G Y and oly Y B H S K for Seme A€ G

It
) o Mo permubafion Wduced by (x) om He Subgroups of G, e
& 4 a tepresentalion o G, e fa'-uuil’.lm'%c[aua-a,é*m&
elasses of conjugals slgroups of 6. Lack of Moo clasreo eomsnbs of all
he Subgrowps o G whied __are erjugale in G & . any parbicalar subgeo




Hop e cdassin gpaition . The seb of all & € 6 Suck Mok H=H &
o osdprous N (W) o 6 ik confais H. I i caled He
aormalizer of H w 6. Sice H'= H & %J.L.t E o«H=Hx
ke rormalizec of H i Mo lacgest subgrowp N o G- Such HBok H<N.
Aplyng 45 6 Ko repracnkabion E of 6, we rifac
I Corellacy 2 . Jf H i any Subgroup o 6, Man [G: Ng(H)] o
t[,.d b5 Mo nuwder o4 SwL‘nvqu cm.Ju_.rah & H «¢6.

Nole et o S-J-‘mn-r “ -L.ng.r Co:y-gq.& E belf. H=G

:fa.aul:,i/—NG_(H)--G. AM"‘“«"‘?“WV“&‘D"Q#
cheat.

we LM Ao zy. 71(_.. xf-:ac 't./- ard u-lg'n{- y“~1§°‘ zy_,
Hovce S () = &S D . h a dramsibive reproentabion , lte st

fbﬁw o c.(&utd-cm\/uqui J-J»gvvuf:. Ss«ﬁvmwelxmmw
lem«tsjzm in wheh G fcmuho X’ fm:&twcg Kece Toro

wmmc%)g&u 'ufanJgi}-&n.ho.
m-_b-m mappins, 0 o X b X' such fek x0& = xx@ for
M x€ 6. L Ri i Ho case, Han [X] = |X/] ad S (x6)
=S50 for Al xeX . & eVqu,lc-J: refmul’-.l’u;.r Kave b
Sama -f[’a‘m&uﬁ, and 3’- Course e Sama )csrcb

anmoé,, Suppose Rat for Some x€ X and x’€ X' we have
Seld = 8BS () = H. Lk T be a fmmovenal & H & 6.
Ten och elomenk of X a expresidle uniguely & He form xx
wih Tt e T. S\mdauj each element O}X’ [ -o:l:muld. wu'(/«é-
:.Lnoﬁhull'( wit e T. HNence we Aave a omne- & -oue '“‘f)"'}
Bv}X oty X’ W Ly (xT)b = x'*. Guwes x€eG, €T
fare © a anigpe T €T Such Mok Heo = Hx,. UWe Hen Lave
(xt) 0 = x’/va xle, =(x7,)0 = (xTx)®

and S0 Mo Turo Kfme-t.d‘m are e;,..u-ubwt‘




G“"’”‘”j"“‘o’f”“fH oJ,G, hrg«L:Wderoa&G
bduces o Nfamub.f‘ww ™y o-‘, G [3 permubations "J—H‘Qv:kb
o H. For «ae G, 1y(0) o by defiibion Mo mappis

() - Hf - Hix (e .
Foe amg £,9 G, Ty (§)) maps HY o Hyp. Thue 7 &
a Transilie representation of 6. The sbodliier ¢ He cneb H a
/KMPOI)WMV/’NM%H ioelf . fwaf,wc/\m
; Theorem 44 In any Tranaibre Fffmzvf mé‘-
K sl‘aJ»Lun fbrm a class o C'V“f‘& wlrtrl’uft vt G Two
lranothire reproseatationn are pialok i and only Y oy dave #e
Same Stadlizems . W H o one of lo stddioers for f | then § o
Wsﬂwl: & ™ .

5 Aney nfmabbm46 Ko kenel i /h.‘-&mfw»'fltn.
stadilizers . b Re vepresentalion. +;, , He stadilirers are fHo
Conjugales 4 H i & . Homc Me kemel of 7, io He frowp

K -}r\GHs = K ().
f L< 6 ad” " L=H, Hum L=L<H' forall Fe6.
Menee L < K. Thie KG_(HS & ke lAJ‘_!jAf notmal, J-gaxn-..,g_-G-
sndatal v . | E
Nt Hat =7 /byu.uﬂ:, /t.,%rrtpmc»&fw 3&044-.




U‘” ’f H & any .s‘u.'ltro-qu 'OCG awd N=N6,(H), we Aave a
w,rwn l-H 1_ N ‘y. a..d'mnplau o}.H Nere f’H(o() )
fr amy xe N Mo retiichion o Loy & H. Tl kemel o it
refm«ﬁ-bﬁ;: €y ¢ called ke cetralizer of H o & and doustid by
Colt) - [ eomink of all elemenks of G which Commuki wil every
\M el o H Honcee by (N) 2 No(H)/GoH) . Thia grovep &y (N)
;,{j% Wl be called Bo audimbzer 3 H & G and donskid for prefercace by
ne AG,U'I) It cowsisl G alL auf’moq:‘.uu o+ H Ak cam be o-.bua)
by frasaformis H Uy J‘m-e.lauutgf@' Hemee
AgH) =2 N (H)/Co(H). vl
Nob lhak Co(S)= (@) o he cantie 4 6 «d AL6)=EE) o b
If we are fwen a fcfrcou.&fw;fo;aml"[y_
acdimovphions of arclher frovp G, we Shall say Mok 6 adnili
i “m—i mrai'm /f G‘ @ o.l-wet‘.rlsc‘fmom &
@ uswally co.weuu..k G wea Mo netabion
§ - §° (f « &)
fre e atomotphiam £ o 6. Hewe xe T It G & an adihie
prvp a oflen Imﬂscns. we wrk fx &sb:-.lvj-}“. e (2w
whiek apply we
&7 =" 5 =5 5 P f
(§'+7)e<-§o<+7-( > §1=F 3 §xp)=(w)p
M«Sa‘slbm Nerw §,7 ¢ € ad oA, Be ", hile L ilba
unik e&mn.»f of F
A sborowp H of G o[ Cabmanidl 4 H—H,«;«azaer
Jouws and h‘&v:\-c.tfw of admise b Juw ase a&vuuoulr&— A
Sechon H/K ot & ioa}m&aé&-ﬂ'-f boft H and K ase adnissll
’—/f/t_.’,:,,li‘c“._,ﬂ",»/t‘wfm}
o Kg — K¢™ (reH)
o Wit an audomeplion. of HJK | "?,c we donsti ok by £, 60

o




Hem fH/K @ a 'ffrw-cw'l'afwv o I, and HIK adwibs l—a.gmu,bt}vfmfm

U G b amy e g admiltily [ oas frovp of operedoct, Mo
YZ&D soy Mak G and & e ﬂumj'ﬂ-“ml‘—c or move precisely /'wma-'}‘
i 15 lfire o an umv-plww g’-—)f o G owb"G Such /tat(é'«) —(f,
?deLfeG— and oll el . mu@w}rwmﬂ?hm umml:rm
k&d¢¢w&¢w¢dm Il‘ur.[ur/ia.taffm‘
e dle Seckiows of G ar tnecdenk , /t‘y are nl.c&utn»l] - UWTL‘,
I‘k»m.'we,wsflhuacwva&g ?37 and 39

Vesoso 402 Lok ﬂom&aw ﬁ«f—ugrvu-fvj-upszm

[Ten a;j fivo u)m.uM-Cu-ao/G— LMM w-l.n.t f-—e‘fm

,ﬁJWMFquLLmPQM :

4

Nere , o I’m-gmd'mww w ~,bnf-¢r-r¢nu whose lpmes are

Al Faduiisible bt which cannet be vefiied any farllor willot losis
Ko ﬁvof«fg b otker words , eack f‘d"(.l,w HIK o o (=comprsiln
Seres ~J::Fl¢,m Re senoe lhat u[.r‘..bxfoquex..tz Sack Mak
e it K<L <H aud L H., T M/»Lu/td:H/K has
no cl.no-urluo[«l s-ﬁ}mu.f LK olheo fan He bre odrioue ones
L=K ad L=H. A groupbutich lu exaclly bw chomclirilic silbgroyp
i Somebiies calle) aradiiskoally-suiple 3 bk Ko boes mob mean Mt
G éofb.:gf[_p',ﬁr G may have nommal Slgroups M Wl I<M <G
whidd we st charmelircbe
mwafm:rtaumq-'r'}',afwtf-n e ore already
cvered m 38, @ MHe case =6G. A G-composibion senea of &
o called o chief seien o G and b facliee ore calld chisf fcfors
¢ G. H/K o « chisf factor of & 'f and by Y K< G and
H/K @ *MM-}HK (M.:..\u.;.,..;.,t

L g GMI’L.J:1<L<M) '




& . | o

V5. pogrps . Sybw sibproups - Higdet

A) Ld‘fle.s,bn;.u... AWMW.&&PW%I‘
o cdled o poprop |

Ib fﬂ""‘}’ /\mn. many 8r¢u'.~l fvvfcrta whied X not ‘Qlﬂc\‘_{
& paile proupr penerally. A food many of Kice frtlos from
[ Lemma 51 let Ko P-§owp G be repreccatsd by permubadions
of a seb X and b Y &.I&.Sz&o{.nﬂtéu.bdrxuma(
are bft wvaca by G Tan 1XI = 1Y) mod p .

For by 45, o x o e of He Trmmoihindy classed i It
Wdé»o}G, Hen [X:]| Sirvdes /‘LW:}G—.V-YMIGIC-
a power of p, edler [X | =1 or <lse |X:7] & Keiodl Lj/,.
Mewca [X] = Z[X:] = Y] quf , Swmee [Y] o le vuu-la.rd.
classes X; wilt « sigl element . |

Reoven. 52 Lok 6 e a p-group .
V) Lt K<6 ad K¥l. Thon Knx6 1.
@y lf G #1, Ken 361,
gla) Ev-eq mimimnd normal Jn,lvx,rouf o+ & has order p and lies v 36.
@) Llet H be a poper sibponp of 6. Then H< N (H) .
¥ Every subgrowp of wdix p G mermal L G
(i) Ev-cvy, maxmal .S‘ulof«w.f o & b o/ h’-.aln-t’a)‘ena.umd.
i) Eveny chal facdor of G has ovdac p.
Pmae ) A;.,,l, 51 & Ma n,m.‘t.rw.., . o G by aufomoyphion
,;K_ SN, APzt NN L2 BN A0 So Y=Kn}G~c'o
not z-rg Simee ot ctfans 1. B-ut IX/=~IK] }»r Akl Sowma >0
L} 24, Smee K# L. HNemew Y] io ab leaot p, by 51,

@) & He special case K=G o (). A

@iy Y K&,«MM:% o4 G, flan K+1.

" Hemea Kn}G + 1. Bub <uery J"J.s,.mr of 36 o aovmal ...G— Hemce
Kn3y6 =K kaoder p by Ite minwall; 4 K. :




() Bj 24, H o o pogrop awd [G1 H[=p" wM £>0 sl H<G,

~The r«fm«ffww T % G & of Japu,r Arflj 1 & Ko redicction

F o % & H. Tn X o Bo sob of all coteli ¢ H L 6 and
amons. Meae o H daedf | which b avariand wndir H  Suwiee HH=H.
Gaee XKl = pT, i foellouws Bak [V o ab least p, for K & aot 2er
Hemea HsH=H¥ frf Some olarment § of G WAl i net W H.

gy ¥ z..f.lw. kat SHE < H and 30 §'e Ng(t) . Sen FEH,
we Kue f\-L) H<NG,(_H)-

) amd () are dumelals corellaries o Gv.

Wil ) fllowas fom @) Sica a chif fador H/K of G o o mimaad
novmed -.ia-,fwf o} Be p-prowp G/K.

C; A secfiow L/mMm 4 a...dwc- o called «.Qufmlﬁ»cf«rr 4_
G Y M6 «d L/m < 3(6/M). K oplic Bk LG

ad  §2Ui) Sheuws Mk o o pogroup G | every chif faidir i o
cedoal faclor .

2 AmG’uc.ﬂnJu‘&athLfit)xua_wium(m
F»d‘m are oll cendinl ﬁdm.‘ G. [Newce ol p-proupa m;iﬂfa(i-vb
&) A?"’T”‘ fe preet S22 (W), we nola Aere

[ lemna 503 ff H i ey sbgrous of 4 grop G and N=N (),

(Hon B cendrabizer of TH(6) A Z(E) comoiabs o all fe Kwals

i o

4y : Hf — aHf= Huf (3e&)

wlh L EeN . B & um-nrl..o-w& N/H awd b ondm [N:H) &
Ho nunber a}' mvariants of H i le reprecetatfion 1y .

We Aave alredy wold /ak HEH = HE n,cuulﬂ}g'uv
$o Bt [N: H| bhnu...,lgrof, vam‘tﬁtvjﬂuwrefawﬁ%
Ty . W «eN, lon «H=Hx aud 4,,(«3 o Hicfme o
fedation of Ha seb X of all enele op H in G. [l el
Ayl o Ha doadly on X | bt f « g H taa G mape H Wb
He = H. Fotler , 4 (xp) = £,(p) (’”(x\ fo Hat x— 4, (<)




'L&’(—N) b a rqw&fw of N wailt kemed H‘. “Thovi fH(N)'l:’_.N/H.
It i cdeace lat Ly () Commadis wall (N foc al xeN |, ne6.
< (’on-ga b Mo cotivkoer o Ty(G) & E(6) axd L T maps H
iz e cosel H*, ’to.tmu.,f‘m.f HyY & H*j‘ fr A £ e G
Mreacw H¥§ = H'9 & for sl geH, so H*= H*H and H*= Hu
wlt aelN., Thio € = &) ad 53 o provel .

(&) L&ph&f&oun&tthwo}M/&m
we (m,p) = 1. Any sibgreup of G of order pt i called a Sylow
Pi_k;gm #G’. moghafd(oop-JuWofG‘:/-MJmé
¢ S b a pogrowp and [G:S] o pria b p.  p See wet
Fida [G], Ken n=0 ad He ol Jj[o@/ﬂ—l% o G io e
unil Subgroup.

Vo Tl follnrig Hesren, | due & L. Syloo 1832196 , & Fosdematd

C Pt &8 ) E""J(f"’"f G kaa al bud wn fyla-.:f—:-.l.smuf.
U) Te Sylow p-subgrowps of G are all conjuqle i G.

[ @)~ Evey P-—-S‘Jrfrvuf of 6 G codaced & ab lact one Sylond posiigro
%q«) Ne namber ol SJ/m.: ,b-:-,,LYw’u d & 6 =1 med p.

Povf : () Sue & Wikndt.  Leb X be o subset of G wikd
[XI =p" axd Lk § €¢6. Thea [(XE] =p" by 106 . Hemea Mo repular
repraenditon 4 & idices a repreacalatin. f oo G
&+ X Xf CIX) = p~)

Ha Lp;n) Jebs X . S (m,p)=1, Ke numberd pm—v and

T are Noirble by He Same kigheat power of p for eacl vaki

4T =0,1,2, 5 Pl So Be degree of F o prime & p and

¥ ab lead™ e Transihive c»-f«mc-k £ wAll depree m, /’""“’&f’

Let X, be any member o He Cwmrgn}-" '/‘muJ'L\n,é']clau and bt

S ke He sbidlizec o} X, in 6. Thew [X,) <p" ams [6:S]=m,,

f’j‘ﬁf‘,{/v(‘g/j& P X,$S=X,. S X, o lo wniowm edoin imverse cosch o S

/[/M) hence 1S] = 1X,] =F". Bk (,..,,;‘;=, amd /@:3}:—».,?

Hewco. lb“ Sindea |S]. Thie [S[.—_lb" and § wa Sjb@/-.sué-ro,m./.az@




W) and @), Let H de any subgrowp o 6. W Be provf of 522G0)
we wisd B velidlioe lS'H#/lerCfch;Ju» ngG-_ e now
need ﬂzm’/‘ndmf o4 Ty 5 a Itch().full-&mf-/( ?6‘. Te
Tramdirly clas of § dich coduina « guoon cosck HF crmoilh o
oo&,r.ml:oaLH Adme,mfia-defK The seb HERK &
cadl a bl cosek o H,K ; s ﬁmlww‘mb o H,K w6
have no Common 2lemenl. Leb T be a Tranavenad & Mo Soudl coswls
G H,K i 6, ie. kb T codain exaclly me element from eack of
froe Soudle cosels . Then G=f¢(—JTHtK amd lhe Gowe HeK are
Xa_}o—-ll’&‘l,ah-:. Heace

| (6:Hl = S [H<K : HI.

The numhera [HxK: H| ase /ta,tlcfraa o fe Trmnaidioe Caw-fmenb
of ’LFCTMJD»JC c’—K. Nod <§ u3r7 lie o B Soma vasel
F H o ad oby f x5y e H ce Eq' €Y. Tahiy §,7
K  we stfas.

Lewma 55, Lt H od K be sdgrowps of 6, Lt §eG
lad kb T be a Tramversal & Mo Muble ek ¢ H,K in 6. Tlen
| [H¥K : H] = IK: H'A K]
| a=d ‘ |6 : H] = Z |K: HA K],

Neo kb H= S e &SJL’WJP W%GMJ&KLMJ
b= er.f 4 6. Thea 16:S] i prive & p <=l 50,6y 55,
IK : 8 K| co/ah-.okf fv( Some ve T, JSic Kfoo,/»‘rouf'
£ follows Tk [K:SAK|=1 asd o K<ST, wlick o o
Jylow p-subgrowp of & i pee V). If K & aclaadsy o
Jylow posibprop g G, Han |K| = |ST] and o K=ST & wmjual
E S w G. This pue Ui).

Uv) HMee we bk H=N_(S) o2 K=8 & & S5 Ba, o5
Gr.2 , e number 4 o Sylow p-shgmps o4 6 W ¢‘7..1; &
[6:H], sdca Moy are all cojugele & § by Gi). If S % HT,

fan |S: H'A S| G o posihie powec op p. If S < HY, [




S, =xS<'<sH ad §,S we Sylow p-subgrowps ¢ H. Bk St H
Taad S0 S=S, by @i). HNewce v €H and HtS = HS . Thue Kue
s =xoclly oo dodle cosck of H,S via. Be produck HS | for uhidd
[S:+ H A S) & not dnsidle by p- For i exceplional oma , teH
and [S: H'AS]=1. Pua £ = 1 moJ/b and J‘waﬁ‘mmn:.
conplalely proved.

,Wf’)‘l /‘ ,bf dividea |1G), lea G Aas .rermou,I, 7,»:&4-/6

For 57.5‘2km) a—S:,bu»,b -J»&mfs o;G—[u:ui!m,f,o;tuq
ovder L, p,pr -, pr=IS].

On N othe kand, Mo Gladdval growp 2T Aeorongidig of ordac 12
i 'w.s’wé-x,couf: od—owlu" (ﬂ«:,.....dn'c_ and MM‘W‘
TX) wd ZT(X) wilt IXKl=mn AU ofln be denstd by =, , =
lewm &£ o nol ntcessany & wdcale [k st X . TRL may be Clken as
fu’.:d‘oj, wﬁ_gm L5y w3

Not lum:u‘IMHO}MKZQG&JUvJJaM:'

[6:H| =2 -»> H <6
for §H=HY=H or sl Sc H ; U’fwla.cf fe G-H (wm Gt
ad & H), Man agmia §H=Hf sice eack of Bioe soli comsiseides
wld G—H.
MA:}&Q"ZE\’Q\:/ n.tr-ubd—f %ﬁ”g—@ucmfww

Ke (S) _snGs‘, Aoe $ & a Syles Hw‘w'af@ Keld) &

Foe by S, M S ST for Some Te 6. S |
B fase . Me M5 g SY feutl Fe G .




va@fa«.:; 843 l{- H and K ase sJyfv-lss 4 G sech Hat N<H<K,
Jhoe N a ke nomabizer & G o He Sylno prsubgrop S of &
IK:H| = | mod p.

For 'S i a Syles posihgroup of btk H ad K5 and N=Ny(S)=
Ne(S) . Henca IH:N| and |K: NI are le mambers o Sylows prsihyony
of H ad K, rspectively , by Su(i). S IH:N| = |k: N| =1 ~sdp
by S ) . Coweguenldy |K:H| S| modp by 26,

Mave mfn‘l‘n.l:u
| Lemma 556 let KD G ad bt S be a $ylow psubigrows o 6.
(Tan  KS/K o @ Sylows posibgroup o G/K amd Sok b a gyl
 posbgrop 4 K

Past - By e §°5, IKS:KIl=|IS:KnsS| whik o a power
o0 p; hile Re wdax o KS/K o 6/K & VOWBE |G : Ks) by 3.5,
and B Hrdes [6:S] by 206, Memea [G:KS| o prietp.

T Agen IS K] b oa power o p ; while |K:SA K] = Wevawy
ISK:8] by 55 and |SK:S] .'.,bn;..,zkf.
/  Groltay o 16:K] & prae b-//,/te.. S<K, [t16:K]
o o power of p, e KS =6
Leéw'lma..jsd:g,lbm. A Tonumber U o number
Seb g promes . E\m? /’M%h—toun~7l v,,u"mnﬁ
A o..W-mech Ngs @ o ol nwnber %Mw

of order /G/u. i-e. Suck Mok [S] b a w-number and [G:S]
b a wk luoov“r. %m w = Ib s a Smj(n. Ibfm.l. Wwe  Coms
back & M woliom o {:’(01.0 P- \-.Lszrau.f. Wwhich & [fe Sawe ao

oy S/ —J‘-V%A-okf X G o called « E’_m M /G-[w,—-lG-’
or wlabk & e Sams 16'/1;— 1,
Remad : Mo s g 41«.0 rxot be cm[-uoe.J wikk w , e Lt

lir of e brek alplabet . fuu-u&;u@fma}n




ﬁ?xf.;:w uoed éj wslromemers = b o not omefa bk pi in Mo sky.
Clady lho procf g 56 apphie epually woll witt p rephced by
an  arbifiarny s of prmes . S we may slale
; Lemma 527 Lk K< 6 and b S ke any Sgsubgrmup of G.
§77m KS/K b an So-subpgrowp of 6/K and SnAK & an g idgrow
%L K .
We abio need
| Aemma 58 ff G Ao a nemmal Somsdpeey K, Men evcy Tclome,
':““)“"”J’”‘J‘J'?’"f of G b confaned o K.
For b H ébe o U—J«Lx/rOur 4 6. Sha K6, KH in o
cwd-smmr o 6. By 55, |KHI=[KI. |[H:KnH| . HNee |H: KnH]
G - rawmbo sl /kl-/&/,,. Neace [H:KnH|=1 o) HSK.




Cmqf-l—cu o{- filpwfr%w
- 36, Sgeed Zod Provormih Sbproups . Ndpobik Gronps

LA) LetHAaq.SuWafG'.

) UzedLHMAszwuld:/.ww&:m
Serze of & el i any oy Y Hare exiob sudprowps H: such Hat
. H=H,<<H <H,<--- <H =6. 1)

@) We call H promormal & G ' and sy f H o comjugals & HE
w (H, H} for all §c6.

Vi) We call H dinotwad = & Y and ouly 4 Ny =H.

@) We calk H abnormel & G Y and oy Y Wb o bofh promsemel
and diocnsrnd & G,

Tone  velabions will be densled an follows

Hstn 6, Hpm6 | Hden G, H abn G

respecbrel
Jﬁ-cw»éﬁg;

Lemma 6:1 H< 6 Y ad aly 'y H ie bett shmormal and

Obvisusly H =G iplen H sbx 6 and aboo Hpm 6, for H=HE
= {H,H*] for all § ¢ 6. Suyprne H sbx 6 bub Habt H o aot
romal m G, We may asswme Rat (1) Lolsy and [ak H i nol normal
o Hyo Taw H+H for some § ¢ H,. Then H'< H =H sice
Ho< Hy ad %o T=XH HYy < H,. Bkt HIH & HQT an
H camnet be cojuqate & HY i T, Hoe H io not promormed i 6.
Tan H sbn ¢ oud Hpm G dmpl, H< 6.

EWQJ%%G-M;.JA Sikmormal and dionormel G
b 6 Gedf. So we may pichue Hese fure clusica 45%
)ic\ézﬂxmmalllal(:l as  follows : ,

1%
'Rowonu“‘“




-—a

Tw ‘,‘odcl;yc, erNMnb “ joncnu( Cane .

’

L., & 2 let K de a "J'f"“f ot G co-:#‘ac;u’..s,H. It Hsbw G
&“HJ&;K.&’..JulJ fu‘dt;m,d:n,a.lm and I i plee of sh

_ﬂhbolzurcx:q,bﬁfS(m)Jow‘La‘mcwmndSbﬁ—ft‘
Sfrengec 7ol :

] Lemma 63 ) Let H slw K = 6 “)LbL‘c.q.an'njl?ﬂ’h?

!
,5
f

|

2 &G . TRewn LnaH s LnK.

@Y I} H sbn K and Ksbw L | len H s L .

G I H -.-.*?AH,, and each H, Sln G, flea H stn 6.

Fm;.: () bhe may assume He=H, <9 H < --- <9H_ =K, Ten
LraH,,, < LnaH; fr ead c=t,2,. & LE)— 34 aGu) So LAH sbn LAK
@) o cleac. @ W b sfficiond B show lkat Hsln & ad Ksin G
bnpliza HA K sbn 6. By (i), HAK sba HnG =H ad 50 ki follow

ffw we) .
(B). Suf}:mM7={H,H}3 e &‘}’-m)j'e@ owd
S GoNNBYNADNMININTR.  H prn G, By 62, Hpe T. By

§2 v), H sbaT . HNece HIT by 61 ;5 and so H=H suce

meradg , Lt H le o /:-:errn-f % G. By s:4Ui), H «
Confamad m  JSeme J:,bno f“'“‘l""‘"‘f S 43 G . \S‘uf’m Ralt wo offer
cojugals of H m 6 & eodanad & S . Let T=AH, HE} , §c6 .
Bg» sS4, HsT=<S ,hoe T o a Syloo p-sibproup o T
ad S, o a Hlwow p-Sukgronp o 6. Aloo by 54 (i) and (i), we
feve HIS T for soa g €T, Sice § amd § are cofupudi x 6,
Aj Sh (i), ftﬂ"y Codian Mo e vonbor o cﬂb\\'/uja.ﬁa ot H w6,
By Agpeticoc , Hi ramber o oye. Menee H1 = H ad Hw




r

!71%6'4 &HL»f—S%?G.%HPMG.%M
’“{\o»fﬂ Y eadd S'ydn.a f--ful-t-m-rf‘arG- codaie axall, one of fa Cav'u_f.‘é,
o H &« G.

aoo@u;{ T iy u-d'a.mH s Jo/‘wdm @ cx/ou,..d L:I Lagpiig [/
H 6 wedd, dosed o P hn&mnoéﬁ’G- Ro o e Wil e

EM«J% but lere we skall .:«.../.{7 Say H & pronermed w G

j Corvllany 641 f H <P whoe Pi a §lows psibgoap 4 6 ond

4 H pre &, Ben N (R) = N for ey sbgrop & sued Rat H<Q<P
) Caw% &-42 If H & axd H, are [rmo-h-ni f‘S%ﬂ“fJ‘ + G
condaiicd m Mo Same Syl posbpronp P oop G, Man % HH, & promormed
- G for Sre feG

Nl Itk H, od Hy am roemal <P by boer. [} W0 <P,

- Hf—sP nd B /~I‘-§= H: ((=1,2) Hla H: pm 6. £LH,H;J§=H,H,_.

So HiH, pr G.
& follow b2 Hat Y & =y %G &
.MM;./;‘:J w,wm{.éff“‘*“‘““%“ﬁ‘“*
I Hs W H, e H< KSQ dplic Bt K & nt prononal 6.
By 641, H<fer~.~§;) T pronoomel Sibprops o G codrniad oo
a.f;{»uf "‘”‘?f""""l’z o4 & ﬁmq.(-ftb._v-:_[’ru.&(l’).
Bt fx.;bu.tg:&z.mu,¢rt.1.a;;.,.;,¢uxw il
Jeeral o Foe puon My H, W @, dltagh HH, €P b 642, o
gonwal HynH, doea net lelop &5 P, & HAH, 6 wonadly Suallr
Zan HinH, and wea Swillr Maw [H 0], For examb , 26 o
/&mfwmn«)f=2 lzu.?uanookg&rvuf) 71':_“!,{,.“‘,
0;4 wdS 4 w G «e allbw,“lmo‘f&xa‘%r'}wa&tQ
s Pw S P ol e o L o, L ond Il e tubproups
2 ode 4 o P
[Collay 653 K=&, Ko any Hlow subgomp ¢ K i promoomal & G-
For o fylow poibirp I o 6 codasin oky one Sylns posidyoey
of K via. PA K .

>




-‘7 Dio

Tlose /:moh«LJ»LWo}.G-JMM/L_fw»PnK il K< 6
o o Sl sulldlice 6 4 . Uldee P, O o alio o slditic
e»at/a(.»tac;g.‘a:w#r. For 4 K, and K, are notmal G,
So in Kyn Ky ad PA(KnK) = G KN AP KDY . Fuctlac

Pa KK, =(PnK)(PaK).

GOU Tl frmsrmd iitgesuns apinprwsn gonn i A DR ol
Hee reldin & Mo Tramdbie peodidiond repracddion. o 6.

Su,,)/}n( fat G i reprisenk) ’ﬁ-null'w'cé, ‘y pemudilics o« sk
A Ltb/'l‘c.m.fwlo"rm.foj,ﬁ- and bt N=Ng(H). let VY ke
lee st o ol ye X Ach are mvarand under H I} yeV «d$eN,
we Kkave yH=y ) S y¥H = yHE =3yf - Hoee yEeY. T N
baver Y avariant : YN=VY,

Lt S’J ke /Zef/‘.‘.:(;zgro}\y w G /éya..)i'—muly we hase
g9 =2 ﬁv Soe HEG Ghen G permidi. X Frawsidisedy . Sk H=S, AS,,
we bave HT=SI=Sa . It Hpm 6, & w cogupuk & HT (L
cnd doen oz Sp. S HYAH frvme TeS . & pfe M wd
y95=2. Thuwo N pemdia Y +mmJ'w¢,9 Semeser H s pronoonad = G-

Gaawmdy Suppoze V73 SN ary Traneche tvmcd'«fm g G, N
F-QMCA f’m-\--)"wae /te Ia-»l»& left svaniant by H. Lt ke @ and L
T=YH, 5. Thea TH=T and THY=T or T¥'H=T¢ . Homee, n
Mo Tramahoe Niareoe.ﬂ’ifw ot G, H lwe fael /é..cuol;T..J?'f"
By ljfa'ﬁw,., = T§ ™y f-r:m—c.'](-/\/ Ten §9 €T w%m{m.
HY et HT=H . T e e fr B §66. Haw Hpm 6

Thian we Aave prved Be fidt past of

Teorem 66 & leb H be o Subpronp o G and MN«A/G(H)
Then (i) H pm G 'af- amd ondy ¢, - wouj'/'mm;/‘.u-e "?M-fdﬂm‘}r&
G N permiden Tamidicdy Mo spdols bt varcant by H

@) H adn G Y and ondy Y, in ey y N rvm-f«fwn o &,

H Gty dm('m«vf/fa_.ramjn& mmvardank




To  prove (i), Lt H aba G &) LE G pemike X femnaifnicly . Than by )
N pemukia Tramibisety He b Y o elemsnks o X Aich are Lt mvariant
51 H . Bt H=N. Neace Y] =

Camvov:olg -{. Y] s 1 f»' 2veny ’fmsz»e fti.’wwfd;v'f G, Them
H pra 6 by U). J} we (Zla.fta.refmc-tdww%aﬁ’h
Yl = [N« H] by 53 ad o N=H & dionsrmall = G, Hemee L/,/g,.

By 46, evoy Tramsihioe r?:rmn-d'afw» 4 G & Qouu.lalc.ut & - % for
Some -f»lar-vuf-/(o;G- I 1, H lave Ko cosck K ww./c.f
ad oty Yy Hs kY. Thw [YI=0 wbos H o cofidad i some
Co.ﬁjv:fa,b, »j.K &kmdlﬁaeéwc mbﬁ.mcnfemﬁrdw
subgrowps n Mo fllrry fore foemo :

Corollery 641 Aot H de & subgroup 4 G Then le following

(i) A «dbn &

) Fer ay Slgrowp K o 6 and any §¢6, H < Knkf iyl
Ye K.
@) Eveny Sulprowp o G cotnining H ‘o diamoral = 6, and H

lu«é, Comtinmed w (e clirsecton of any o dalind Qy-v\-‘fq,b Subgrowps o
G.

e nol aloo lhe flloring
Lomma b7 VI H prm 6 ad K< &, K HK pm G
;;\:;) f KQG ad K=H, Ba HpmG Y and by g H/K peG/K.

l,lf’;,) “__K__q_.e_ b byt feand L P"'& it H penG

fi) (i =are= s Wﬁ%—'

MM FK— hae el s fek




D) We note next some mjm.a.,;...; 64.
~ } Lewmma 6.61 Te normalizers o /»mor-.-.l, Ju-d:fmaf: are abnermal .
i qu’hﬂhll-r' xormalizees o Jlm.‘ J-«L&m.r.r are  abnereal .
3 Lemma 682 Any Subgrowp confasiuls an abnotmal Subsgreup i abnermal
f Lomma 663 Lebt H prm 6 and GEN=N,(). Jf #uu elvenk of e
}ccna"rc ot H ae covugwé, “ G, fay are Cc-yug-ﬁ, N. It kon noviud
(J.J,é,m.f g H are mJ‘gaJl m G, ey are cc-yujafi N .
) lesma 6-64  Lek H ol 6. ‘n&n&ot’-odué«.cbw#ﬁl
)f-bvd'rc 4 H cam be cnjugaki & G5 and no buo ditiich novmad sibpconps

o3 EH coam be comjugale = G .

Limma 665  leb H pm 6, b N=Ng(H) and bt K={H®Y L
ke norwal closwse o H e 6. Then KN=G . Fucther, 4 A<l afslnG,
few K<L, ad S0 LN=G.

""“} of Cbs. Lt § € G . Then T=XH, HEY < K «2d 5o H— H
for Soma M€ K. MNewee §=(§9)9" € NK=KN, aud 50 KN=6.

let L=Llo<alj<a---<Ll,_ =6. Sice HsL,, <G, wehove K=<L,,.
=P H pm &, we Kave K={HX} ad heace H < Lp, <L, , pives
LKsL,._ ad S0 on .

By 630, putn awy Subprouwp H ¢4 6, fMee o a wnigpely delinmia
Snadlot XMJJM g G ohich odaina H 3 o b fa submormal closue
g4 H nG. By bbs, Bo Suoraal cosuse of o prowsemal subgroup
/ N A promormal subgroup  cannot be permadidle il any o
| & cojugaln (otler fan Bolf). |

For Lt H pm G aud HI4H , $€ 6. Thn we can chosse Fe T={H, Hi}.
Buk HEF = HEH wwald wply T= HAY by 2% codrany & 760G, sorey!

Lemma 8:63 Lot Hpm G and bt H<KsN=N_(H). Then N_(K)S N ;
/a..a Kpm G i ad ey g K/H  pm NJH.

Spose K=K, §e 6. Sim KN, we have H < K. Buk ¥
comjugals &5 H & T={H,H} whick i ondavad & K. Hewce H'=H awd feN.

P, o L /}Lc’h)
J

—




Ti v

[ K pmG, B Kpo N by &2 and 5o K/H pom M/H. Gomvensedy, o

K/H v NJH , T K’mN Fer day 766, e s Aa.(.la.—a.-f:fb;

(H, H1} < T= {K,k"} suck tak HT =H, sica Hpem 6. Tem Haa K7
ad so KT N, Sice KpmWN, we hae KTHa K for tome Y& T=gk, k2
Bk ¢ §€J and 50 J) <7 ad hince [¥eT. Thae K and K7 are
cojugaki m T. This helh for Ml 7€ & ad 0 K pm 6.
Lemma 6-88 Lleb K< G and LbE H/K be a promormal p-sibgroup
/c;/ G/K. Them amy Lyloo p-subponp 2 o4 H & proneemad - G.
Pm&-. Sice H/K G a poprowp , we have H=KP. Lk §e6 am
e T=<A{P, P¥}. Then {H,H5 = TK and Sice H pm G, we have
RIS H for some g€ T. Je K. Tan P oud PhREGoe PET e §ylow
p-subgonps o H= HYT e kace Koy are colpgels i Mace poin
T=AP, PY}. Bk T, <T suice neT. Homea P and PY ase cojupli &7,
Thio Aolds for all £ € G and 5o P pm G.

Thio  lomma_ Showrs [rak wvemy promermel p-subprog of 6/K = le
age Mo nalird epunsphiin o @ ods G/K of Seme promoraa
p-subgenp ¢ €. |
/ Lemma 6-69 [k G=LM whee M o o.uom.tf-:wajrvufq—é}au)
éan=1. let P be a Sylod p-sbgronp op L, F,= IM,B] «d
| H= PR . Thea H & ponsrmel w G

Pocj: ®=PM & o Sylow p-sibgroup o G, Lb N=N (P). S<e
G ad G/M fave Ho Sama numbor of Sylows posiheongs , we have N (R)
= NM. Lt HE = Q. Thea QF=PM s M< G e PE< @, Pam=i
Hoace R5=Q ad §=195 wll neN,JeM. Bk PP o o
Pl=F  od kenew H1=H. Tho HS=HS. Bk F<M by 716
ad PP PIP,MY = H . MNeee HI=H, 0d 6 & crdaca audy one

crggel 4 H A G. S Hpm G e stili)




(E) Teove.. 6-8 EWMMWO-‘«- MG«D& lpmmu
-~ ¢ & & silpelont .
[ WD Mo proper subgrous of G o dimssmel = 6.
| @D Eveyy sibgroup o G o Submormal & G,
() Every promormal sbproup of G i mermal v 6.
) Every maxvmal Ju.[rsa-uuf o G i nommed AGWWN@G’.
g ) Evey \VJL?J .r..,Lg.-o..f o4 & b normal w G .

Poopt ) (). for Gt H ke o propec sbproup of & amd bt
1=6, < 6, < - <626 b o codral Seriea of G. Lt 6; be tt
fuist T o HBio Series Mick dvee not contan H | bt feH ad 7e6;.
Sice 6; /6., @ o Mo cadie o GfG, ,we have Gr, §7=6_,9F.
HNenca G‘-_,7§7°' 6oy § = H, omce 6., < H 4y deferihiom of <.
Thesefore 0¥ 5" € H . The ko&’bfwd(, FeH and 9 €6 lhonce
G; < Ng(H). S G H, o conchida lhat H io not dionormal & G,

Ui) = () i clear.

G) = W) followo fom &.1.

W) =w). For “76}, a W»‘J.f% eillec nevmed
o~ abnormal | and i Mo Second cace U lo promovmel . A“ﬁma&n—é,
@) = ) i chear,

W = ). For by 641 ad 662 o maxondd Iulrgr'«f whkch
Condais He novmaliner of a nom-notmal Sylow Subgronep @ abnormed
and Morefome not mommdd.  Allimafiiely , (1) = (Vi) fice Sylows Sulpeops

W) =), By iductions on 6] . e need He follnrig -<eacy

Lqmé-? . Lt H=< G s K9G and HAK =1, Tkea

/-evesy thomenk of H commules Al evers elomek o K.

qufeH JeK and §= f"‘"}7 7Z¢n§ 'S e K

and S0 Te K while 7'1'7 €H aud .r.j'eH S HAK =1,




——
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Suppose nono Kab G #1 ad Lt Sde a Sjlow posibgowp op G, S# 1
ad Z=5S. Ren ZF1 by &S20). [k T be a Sjlw g-subgrus
F G M gtp. Then ZAT=1. By Lypolleoc T=<G. Abs S<6
ad Z char S, 50 Z6 by 42, Howce T cenfralizes Z by 6-9.
Als S codralines Z=3S. Thue C=Ce(Z) codhia a Syl g-5lgeoy
G & for Al prien g ,ichSny g=p. S C=G ad Z=< 36.

By 56, ZT/Z i a §gloo g-subgroup o 6/Z . Siee Z~<6 ad
TG, we hwe ZT <6 and Jo ZT)Z <3 G)Z . (G Homee
S‘jé:ua Sui.-é,roufs o G/Z are all normal | 53 S#@) . By Mo wéwdfion
kipoAleas , 6/Z ke a cenfral Serica wikh Gima G [/Z HAoe

Z=26, < G, <--<G.=6. Siw Z =< 36, 1=6,<2=6<-<6=6
b a cndral seies of 6. Wm@&aul%ua&-ut.




{‘A\; Ltéful?hngm@r&k%
L5, =§¥75'¢7 =¢'g!
b obe le Commudafor of § At . Nl Kt
[9, ¥ = L&q3
ad Mk L[8,9) =1 ¢4 ad On-lj 4 € and ) omamule .
leb H ad K &IW»}G—_ We Sefine
LH,K] ={LC§,7] }'eH,»)(-k}.
Hewce [H, K] = [K,H] and [H,K) =1 Y aud ondy if <vrery element
oi, H W ik Lvery e&-aJT od-K.
e gronp
‘= [G, 6]
b clld He (fit) dorved prowp o G The second , ird o dedued
frowps o & are "= G, 6"=(G") ad o on.
Beovdeo -9 , we fave. #o f\’aoun.q’, <aoy reonlle Comcmning Commm A aTfos-
Le/«m 2‘1
gu') C%y,53 = L[8,517 Uy, 57 .
@) L¥,7¥]= [5.Y7 5,737,
@y L[H,K] < {H,K}.
u«) [t & amib « prup of operders I, lHon [H, K] [H K™T for
e, In palichar, Y4 H<G ad K< &, [ten [H,K]<G
lua [H,K] < HnK.
| @) H nomalisce K f and oy 4 [H,K] < K.
!
|

o) T A seckm L/M 'J'Gn&admifs:f«v/.@- fu)mlguf
[L,G]=M.
i) K< 6 ad G6/K & Al Y oand by 4 Gsk,
{ Wii) leb H,K and L 4o nw—-a.l.ru‘rvuf 4 G. - [HK,L)=[HL)[K,0
| e [H,KL) = [H,KTH,L]




5y

Poof : G) §7< FL5.4) - Memce (§9) =86y [57,7] but abo §%97=
SIEITULIT = 57 L3,50709,5]  ad comparig gubes ().
E) follnss fom U) by bveraiom | wsniy (1).
@) Inti>, kb 5,9 eH ad YeK. Them L§,3)=159,5109,51
¢ [HyK]. e o fue for all such ¥,9, 5. Hence BMGAEGH- H< N (T4 K]
Siniladyy , i), bt FeH ad 9,57eK | Ue odfain K< N (LH,KI).
Moew {H, K} nomalicea [H,K]; and abo codhva . So (i) Fellours.
) [§,7]°‘= [g“,l]"] ﬁr-ﬂ §,7 nw G and el HMNeowca
[H, K} = [HY K] . B I Had K we novmal & G, lla fuck Hat
[A,K] € HAK flloss fom (1.
@) Lt e H,gek . I H normalioae K, Hun [5.9]=F5%.
oo o K, e S5 €K and ne K. Memew [H,K) < K. Convoredy,
Bo (Ml reladion splus bk S8 €K for all SeH,pek. o H
notmalizes K. »
W) Leb Tel ad 7eG—. W L/M o a cntiad fuctor o G,
n M commikes il My, 5o TME,My) =M. Bt M6 ad
Jo IME, Myl =M LE,y] ~d [§,q)eM. T [L,6] <M,
7 Goaversely , kb [L,6] <M. Sla ML, Y fllows (ot TM,G)<M
A and So MG by v). Fuctr, L[E,] €M ad 5o [M5,Mp] =M .
Homew L/M < 3(6/M) ad L/M o a cendial fachic o4 G
i) I K<G ad 6/K i Alkam, Ban G/K i o cautrad factor
4G ad s G K by wi). Cuenely, Y 6/ <K, He [K,GJ<K
wd K< 6 by (v) jad @ G/K & « cutmifadu-\yé‘- by wid,
Kence G/K o Abolidn . |
i) Teke §57.% % O ad ) & be arbibnry elemands o /I,K,L
m/mxﬁ.;é wd we (V) ik emsses B normalily o [H,L] L [K,Q -t




%2 (G mod K) =
The upper candial Serces o+ & comacls of fe grovps 3G &f-.qj indrdiicl,
aa -fré(o;o-a :

36=36 , 376 =36 ~d 376), -0z o).
Moo we wnle 3%6=1. Moo
1= %G-< Y6 = < 36 < ---
ad %6/7% b He wnfre of G/376. T We fave
;;‘c— alerl &

fre oL 36 , }36", oo are called Re Secnd MK |- -- condice 3G
be  defpie

}G-—z U }6—

A=/

b fe Aypercentre g 6. Y+ b He last nom-nagatie wlger such Hat
36 =36, e
L=36 < ¥6< .- <3fG—_~.§°G_

Suwppre kel 1=-6, QG A6 Q--- ad M&JG/ e, e

By wducion om n , we odfam
G, é‘yG— (h=057,2,..- ).

Ve uﬁnf contral Serces U fe Uppermesb aou-\s-'-j candrnd Seris of G
Newea G o nilpelink o od oy} G =36 = 76 fir soma r30.
T least such » o cadld He cLuA 4 &, fvam..:,, WB.File .




3

/ lewoa 32 . O p HIG ad Ha3'6 > HAFT76 for some v 31,
~ | fem Ha 36> HA3y™"6 for Ml s=1,2,...,7.
@) B 6] =p wd HI=pT ad HaG, Mn H<3TG.

@ L 6"+ 1, Kae &/36 & wef oeln.
) W 161=F , B for not, Ko clars of 6 G ak mest nct.
I pakicalsr, groeps of ordo B oare Abelian.

Bog- @) lebt Ee HN 36 , 5 ¢ HA3 6 ad bk +>1, Z=376
Tan oo, o " an aloment v .; G such lhoak [Zf,Z4] + Z. S H< G,

T=1Ls3 e H by yiw) . e €36 siwfFc36. B ZY+Z
i 0 ] £ 376 =2 Hemea Hr\} 76 > HA 3776 '
@) fvé(om f-o-., ).

Giy If 6/36 6 oqche, Bew G={36,5] for ome T and L},YI~1L
for M J €36, Nowaw G o Alelian .

@) let 6=36> 376 > --- >36>1 5o bk ¢ & He huvasp
G. I} e<), le recld ﬁaowfo-.u>l. I} «e>1, te G/35¢ e o
order ot last p* and 50 |G|z p.

€) X b any sduet of Ue growp &, we donok by XC fe st
£ k& feX, @eG.  Thea (XCF & Mo leaat normal sibpomp
WX./&&@M#«.W%mq.XAG-. Nodz

flat
m...&raj,c[mu ﬁ’c"’b"‘tf“’b‘“.‘(;";‘ rormal e G,
j’ Theorer F-3 leb H be « J-«.avgnruf of & a=d Lk H, H, - He

le & any ordir lie covjugalic g H & G, S0 Kak T= [G: Ny . The
i H ) = W H, - H_.

B e o e & 16,

Fosl . Lk K={H,,Hayoey HeY 5o Rab K= {HCY. Eoeny ek
fe K can A(. cx/mJ by /hf»n

%WF ¥ - (2)




A&wgo & He ovdared ~Jt7-l..l: L= (8,00, --3ls) . Cloose (1) S0 Mok
~ S b as Hadl w}:m%u&mﬂmf’u‘dr&cﬁomﬁ*}uw
MAMS,MU)JoMiCMMar%M/;mL(:&A&
lsicograplic orderiy o ordared milbplibs.  Sippese f posible ok for
.f‘mt\</~)wc‘.n.oe—i‘\7éﬂ_.7zg~mlm,¢,
F=§5]--- & (2)
o&-o &, = §5 ﬁ« V<A and abso for () - E;-}r 5 awd ,Qr,\<a(</u
= &7 f“_'f . Tem (2 M"K" 6 Ko ordeved mullplt  f=(i, NBEARESD
rdL (ugfk $;ad [ prcde (o« Lxu?-f.l«. ovder S G< iy TR
condrndich /t-» Wu&w o ¢. Hemee gL € o~ £ G B..£ Y A= s
lte loro m_(umm-ﬂ ﬁcfm f‘\ e @« @) can bhe contbae) B & :»:.\gu.
fador Jid lherice lelmps & Hy = H,, |, apein codinny & b miiiodily

c?’.‘;'. Newce ¢<C <--.<é, ad 5 € ¢ A H, ---H, . J‘u.q_fc.m,-
e M’j—t( , we ”t«o O;Jfam K:H,HA”-H-,- uffwé.x;,

(P). & Lemna 74 Lot G={X} and &t H=(YS}. Then
\LH, 6] = z"}wl.nzum&l-gaaw.fdmﬂﬂwd
}76 S Y
Poof : By F1@v), K=I[H,6] 96; oo Z=<K. HeawK,=(2%
o confamd £ K=H. (&4 H, = }(G'MJK,\. Seice (7,5] e Z <K,
Fr b geV ad A FeX, we hwe [Kiy, K§J=K,. #aa Alo
G/K; o gomoakd by Ha coseh KF, §eX. Huw Ky e 36/K) ca.
e H, for sl 9eY. Bk Hi< G o so H =z H=(Y% . Th
HIR, & & cdid foctor ¢ & and 5o K=[hH, 6] <K,
Suce Ky <K, we odfan. K=K, o repporred. .
e deple adeofily
EY s el ool L BT
[H,, Hoy-~> HY = [CH,, -, H, T 0],
;

"fk’-‘( R= 3)11-) -, k/’m IKL g’-é d-_) H)4 are m/mM ‘C[l-ml.-vé “‘J I“Lfﬂuf.f

.,
o, G,

by F1@i).




e fromps ?"G “cg—uu\ l\}u.&{‘wbt_, 43
6=96, [96,6]=q (&, n=t2,---
we  clarackiabic Sulr(/m-f.r @ G, 47 Fl@v) omd fla Sercea
G=0q6 = G-'=q;G- z GG Z.---
G called Mo lower centrod serice \otG'.
Sapprae HBat 6 =G & Gy p @6y & -0 and fRat <add 6./6,,
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(F) Lt §,9, % be elmeds of angy goup &, Lt x=57FYE aud Lk
B oawd g be oHawed from x b celic permidation o £,9,7. Then
L, 7 SV = 7' X' TE37)0 g = L. Tho we odfaia lie

el ol .
{! B 23 ) L A 5 El i,
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op G which codaia Fuoo o Ke growps U=LK,L,H] , V=[LH,K] axd
;-’w LA, K, L] aleo confainn Mo lhucd.
}Lm) b patiods, f H,K and L ase nomad & &, fen U= VW, VWu
l W< UV,
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codaia MIHKI/M . This & bue for oll fe L. HNoaw [A K J=Ws!
s weppied. (i) o a corollagy o @), Fhy 71 GV
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akoo . Siew [L,KH]=[K,LH], (V) novs follonos from iy .
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Ten U=[K, H;5q K] =[H:, Ko K} < [H,,,o5 K] b hypoficc

wd so UM by idchin. O bo ot had, V= [H;, g K, K]

S [Heonoy , K] by ddichion and oo V=M by lhe Lpottun . Sice M<
& [l Bkt W= [ K,K,H]= [ K, H]=1LH-,qK)<M=Hg,,
as n-ce!/s..ké.
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codral Serits of G pirts ().

@) By adactim om n, we may sume GV L6 for foman,
shce &7= 6 =96 . Tew "= [ 6" < (36, $%n6]< Fu6
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2 26 ed Kt A G Ho sthblier ¢ L o H. By 53, K
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frivg 6 B TG =1, 6976, wd F=dGd fr §ec &, acl
Sack o prowp can be otaned G from (&) by denkifys v(5)
wilt § . We M 6 Mo helomsphic exlnion ¢ 6 by T Tia deica
foea o "“"“‘"";{ E e commdidons [§,4] il Fe G, xel vz F'g%
Nolo Kokt HKe dedce & parely a wefatisiad one.

glin.f: Beoe exich a dain ? J«-fovuf.ﬁ G-—_GB>G-, 76',_7-"76;_‘31
Sucl Mt [G;._”I"J < G‘. fN- €acl c:=-l)z,---_"n, T

U)  Bvey prime divisor p o (M <boo Siides [G].
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e e g BT

novmal n'ﬂrafiwf: :J'xrmf,a} re.
W) [ each G, <G, fen He claas of I @ ok most m—i.

Procg : () - By alduction o m, Siee =1 chen m=1, Let «
be ang clmek o I o pria ocdec p. I [6,,4] £ L, Kan p Hiide
16,] by idudn . W [6 6] =1, lHee & an clmenkt § e 6—6,
Such lhatk (= [§F,a]) # 1, siee ofhernoe =1, ik & neb B cane.
Then £ 7 €6 and 50 =) by Lypotleas. Abs §%= 57, lence
(§°‘-r= §Tr é} S W S, Pel,a, = Sice c(’=1) £ ;whn Ut
§P= 1. New p Nide JG| = B cone also.
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Neowew Hee i no lrss aj,f&w.,ﬁ;{:] ta cdswmang Mok G, < (6.7} for
PR B ree, el e Bl Mf)L.&o =1, we we cduction on m and
Suppree m> L. Newce F A= Ln-Dm-D , we Ay asbume Lt G}{ﬂl’
cedradizen 6. Wil [ = g [, so bat [6,[,17]) =1 for all r>{;
ond Hrefore by ¥, Ur,6,r] = U7r,T,6] =[I,,6] for L+><4.
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=[l,.6.0,r, -, 0= [6,r,r,-,r]sl6,,r,-rI<&=

r,-,
N~
-t " =1 ™2,
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(1) Ié- w ), ft-.-\"-.ikmuf: 6 are all fgokg, Rew G b o:,c[..'c..
LU G any powp and § e ang elimad o G of erder
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Lér 5,1 =1 foritf and bl & @ odor & for ead c=t,2,5n
| morcover Mt elominki §o o€ G we wnippily debol) by Mo cmBibiing
| and we powerd of §.
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s a '“'cl"““w‘-“‘ s [GH : G| Nindea IG"-G;'I=7~.~1—~m‘-.,~\¢,,'--)~.
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dowsn g H & Mo foon ¥~ 5, 5, M FreH follnn fom e
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Lt % e AmAt G, &ice G JarG by 58, X lwe 2ad G
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by %, %nso sl Fca G=G 6, -Gy Guien fof L €6 il
foe G ad fwem X €A, =AUG., K mappis § =" ot &
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defuiued 3 §= (" n % 4 an audimenplin ot 6 i ASwas % on 6
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lewew gl .
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Mo ordis o3 ¥ wodd Lo las Man L34, - &, Eack §; o a pover o
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B dicct factmwa need nrt bo damoliubl s

Consider the subgrowps H o e M/:MG-=GG

o o groups G, G, . let H = $nG. (c=1,2) aud bt

ﬁ': G, A HG, , H,= G, n HG,. leé §=73’1(‘E w‘m‘]éﬁ,

reG, ad bt aeH,. Tan ol e H=HnG, fie xeG=G,

ik ahy Al we (6,,r.]=1. Hee H,<H a @MH&qﬁ.

=5k €6 b $eGr, Mo lo mappiy §— 5. & homomorpic .

CJL [P mappuis. 6. (£=1,2). Ue bave 8:(H) = -ﬁ; and He reatwction A
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8 & H Lan kemel H, , so Mok H, 2 H/H, 50 saaill, T, % H/H,.
~Sippme F=5E, wd 9= L H o whue £ 9. we i Gp amd henee 2T
Dew &= (50" M) eH o Neaw by’ eH, wple 7 eH, and conversely
Kemee  Hle Cwml,mih,a, HE, — H.E, o one-Brome and & an iaomorphion
mappig Hy[H) o5 AL [H,.
Cmvemi’g) Lt H/H, ad H./H, be any ko ioo'»sm?L'c Jccf‘w;oaf
G) amd Gy respectuely, and Lb B b any pomeplion g He fiisl ot b
vecomd. Lot H b Ba seb of Ml F=EF, €6 sucd lok £ €H, add
—a HE)= HiF . g, abe bl & H, lon §q. e H a
H, 5907 = HE) Hin) = Ho 5 (Han) = Hy 6, and So §p € H. R H
a .r-.,l,?wf g4 &, Thae we can skl
Hervem 8:3 Lk G be o diedk prodick of Mo silppoups G, and
|6 T s & o ova-I8 v Clrrto}vv'n.‘-(mcn. bebiveen, He .r..,,ﬁx,rn‘f: H

2

%;,c; ad Mo seb o M oomorplians 0 o & cechion H[H, of &, o

e
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(& dedion H, [H, 4 & . I R mf-xlg..a_, c =HAnG. i
H =6nHG, , H,=G, nHG, . An cbeet §<55 4 G lE 6

a H o and owdy Y & € H; (c=6,2) and H,})P~ H,}, . (Gowrsal)

D). It o wpobak & emsider U e in Sid G ik ~ frovp
?erwmwﬁJme}g#G avariad . e
wioh & hnow R Mi caar whicd Sbgroups H o oop 6 ace T ivariank
i H o T~ bvariank, lKan 5o we b shprowps H; and A . Homen
ang XeT Gduces an  oudomoplion in ead F Kot £ sectirin
Hi/H, o3 H M. N §3=Fe¢H M EcH , w hu fee
aho = 5N el ad Aumee GEY= 05 = HEPY . b ott
weeds | £ er'luug o &3 uufww#mvoter i
&xvon:la, o+ #e tmsifduiof..‘fw uuaw»»&‘&‘.r*wumuof
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/f-6‘3 lfwa«M«mfgrqul [zAw-;l

,_G-aA.QG— m\fmcm.t ﬂdnh‘%Hqul-&ﬂngJ #MAw-%
bf e W u’ CHe (€=1.2) are abe 7= Gvarad

{ILH,s,)"“’- HE) for ol xeT ad €7, .

| i ad ody Y He/H,
In

and i adlhon
In pacticlor, H< 6
b. & u-z"miﬁud&r ot G for (=i,2.

Ke cane H<9G , we hkave M= 6 aud S0 lte H: ad H. must
be nomal o G or At o ee/a-\ﬁz.,l;, notwel o G- (E=1,2). A
aSrbion , bokag xe & we f3 Hat (H )= H5) =15, &
Mo [Gy ,&] =1. HNemee H, = HF, foc sl xe6 ad £ ¢H,
H/H, o a cadmal facdor o 6.

W) = (1,5 )P0=,5,)°
BeG, ad [, ¢ E
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JQKAt
&.‘.JM, &qu‘-j. Pe b, we have
= H, S, sep , 5o Mat HEP=HS, frell
Re H/H, o a ceadral ﬁ.rj‘draj_ G, Ca‘mc,%

we fuffcint & enowe fat ELEY = (@HE) “"* fr alk
Ye 6, ad % ’t"d"‘“f%— H< &,

Nol Mot H< G aglia HH, < & a) G/H, G fa diredk
frewek of G H, [HH, & & HG /HH, . lE i Karcfore  ioomonhic
e diZek Carlioian /,m&..}: G,/H, X G [H h Be Glaian provuck
A, /H, X H /H, " « JJX,&,, F R codic 3G/H) x 3(6IH) . Tha
&sb,ﬁg,..& & G/H wmoy ba Kowght & &Jc..,almy..iz.mxt;f,
Ft e foom Ha dieck produclt G, 6  wloe Gy 2 GfH; . Theu
A= GG K, ot K b < subgrowp o He cnde o G bzl

| P
f.f’{a Consial

+w_5,oa(~aelum,b_€z i E e 7 K< 36wl
E«:;:EGJ u/lue.s B an iom‘,o-'rl,{omof/(‘ m&Kz,K,a&JKlA:_»Jj, ]
“ .w vé’{‘awu) f’"’“ (I.. cluul‘ Ibw-qu: E:G“ L, u(uJ'-hu?_ c:rwfou}x.




o

|

i

P ':Cl?).)-' ca an &,m‘ﬂ?‘f;.... Z %E)q °f a Ju}tf’l;f K, "; 35, ﬂ\b' a.

A

Ce.,d;,u{ ‘l’ayoé‘uz,t gf, e oo 0‘16\4.1;.( 2:, awd Ez' 5

‘ G/,:;-L (lnt /i'a.r\lf ?’. &L h\-? now c'fia J'é'a.tu’ as f:*{(ouﬂ : 4.\7 Ammw’Ag
MS:LZ»I, Hee }uecl' G nf_ ./i.ro A}rouf.l G-' and CL w doasa‘owrfl‘.'c - T
cendral [‘ar\r}uct v meLg “’""‘j"’ Z:—: = G,/H, A..J —G;_ = G, /H, 4 G, al G,

(\5). Leb H be w J-J-Xmauf 7 Ke Cavlican /noJ\«l: G=6,%x6 x--x&,
/{ for eadd C=iy2, o ,n and wack f €6 Hue v oan elemek g H
whose -t comdnaks b precmed, 5o, fan H b calld a peoidusl produck
o Gy, Cp ) my Gy or Somedimes Rouwgh less appropoadily o sobdirek pro
oaf,lb,@,:, £ F=G,,->8) ¢ &, Mﬂ.ka_rf‘;j_ 6. : > & a
howomtrplasm of G ol G.. H o a reidead product o e G f and

cr—fy# Hs‘:'=c1' ﬁ'f&gcjxu A

[ Lewna §:5  Leb K= 6 (mt,2,-pn) ad kb K= A K. Then
[G/K o womophic will a reidual prodack o Ba goups 6/K; ($=t,2,an
e Sengpuly
‘ Kf — (Kf, -, K5 Fe®

!{X’k;QG- fu‘en.d. c ., /f K{ M()K? /(m/i&I*’&l_“;ﬁAJf&’fkn
I("f-—/(‘“? fN- Al ( axd % _?7.’6 /(zf\/(._,h»‘.uuu_kf—_—l(?ﬂu
J Mf}:w—é, » an &MWILLW, 71.1. h.-;ajg, m w ﬂé\l\-l\“(é a "C-Lu
/6vo-3\~oé' 4 M 'G'/Kc' - '
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F)| Lema 86 Lok 6 b an Aldinn poproup ad bk § e oy
)M-;G urﬁouorﬁruml«qcu/’m%h Then G o flo Aveck
pbuck g X=l] od Y, wloe ¥ i gy cillpe o G ek o
| sastoniald u?-dreofcd:ﬁ' Ko condbime XnY = 1.

Provp: UWe Kave only & Show Mok XY= 6 sica G &> Abelin.
Lt &= 6/Y, X=XY[Y 2X. By ho mapiad propecty o ¥, woery
sw&gn“fﬁauucr condais elomands # 1 «;m%%
X={f). & § b any ek ¢ © a..)qus,:" be Bo fimt
owfW#Tz' B ole o X, <. (V) < (5} n XK. Sice [X[=IXI,
Ha ordec of T camnot exceed #o ocder of T, by our doic o F.o Hewn
(TP =TT for some 537, and 5o for o ibadle iliper m, e
demenk TE" has oodec pT ad H=AFE"t Ko hie Alemecdiin L ik

X. Hemee TE =1 ad o 77X, T T=X ad 6=XY w

b an Abelin pogroup &, Ko elomoks § Such biab §EF=1 fome
a daadowki sdgop LG and mw7o}mﬁf~7§/’5,
Some. § &G fom amlle dameloili sulgoy UG

o dinle coillang of &6
’ Nemen 8F @) Eveny Aedin pogrowp G o o diect produck o
a  cedai Mquu‘oa- ¢:1°L¢— J"J’Vl’“jﬂx —{I} (c=1,2, --537) . 154
le/-—f , we can amuase/fut} ez A.> 0. qu&hn

A whote parls are Ay A, A 6 a.,(u lte Qes: g G and i
| aambers N we b bvtamincds o G . The ordesed sk §,,0 5, o calld

a  basis ?G—
; @ Tao Abdin pogrowps are lmmorphic f and ondy Y Moy hae
:/ﬁ- :“"“'G/‘"

b+ O follos from 86 by dichon on [6], Sice e com fhtn sotam
=X ad Habt YV o lle died prdel o skl oycde sdigreau X o
(@) Eu-c.y Y + G o “-u'vujy ﬂ-\tlamcl/r& ! e fn-....
Ezf‘“'}:‘,., Krdr ) “‘\"& o‘s d‘:<fl\¢.
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§eN. G @ ad ody Y W pTm O med Pad for eack &, whick means
’Ibk Lotces 75-0" e .7L M 2m  and 'bk‘ chovces o4 Aesm. Menca
I\D-uG'l - Ibt',+t’;+-..+r~ llnie AN o Ko mumber aaf v.,ém 4 & f,‘-

which X 2 m e Aave b= 20> 05,—° , wJhwe (=Allr=l
la Cdsil_u_\ﬁ,é 'ﬁ&ré.h';n

Ta pactlcon p chose pack are p,, ... ,p &
E A ad lia reladion befveem P and A G Fpmmadicad : p=), p= ).
New G delinilien p MALM becanae [R,G:@,  6]|=p for oty 2y oo .
Mece G delimilea X andpely
Neb Mt He mappiy :(-—>‘_§P~‘ (5¢6) & « bmo-...ﬂ)o/»é--v o4 G
ols UG ok kemal 2,6 . Heace
6/ G RULE aw U _6:UGl=ponc.n__ 6.
Cm‘rdbw\j,cg'?! EMVMA“”L‘”WG 7S l‘t-.alucct/»m&a.cl‘oi,
cﬂaf“ wﬁ,m of ovrolors 'ﬂ,)%z,-,.){,. Sucd fat £p> 1 axd
Heer Ordes Ao oo emed =i, oyt Tha nemded A, oo, ke ae
wnsfpaly dbimmiied by G subjeck & Moo wnlbins. Ty ae clled L
-elu..e.jam, 3'\3\/{:":: -}6-
limotony Mises o G we He mamders PP ,/ﬁf where ), =,

QM/IT-L F&réofkq
PA fb.a‘maéMi%ué%(n).rJ?wfae

Pnro} s Ba g2 (), &
s“’} G) B BTy G's ‘J‘z-“‘ /GI!—;& . lcb (e u\va.na.-b Of— G de
}:,,L'l = >51. 2 - 2 \J.'} > 0 and (al‘ T = hu.x'f;,_ Cj:r-l,z_, ---,.c). Let
f{_}) "")3;:{}- ‘C— a ‘a.u'- v— C}_' MJ J?q;b };(:k =/ l;r’ 'l;,_'<£$~r.

CC=ta,3 7). Tha X: =0} & of ovder

Lot fcf w B }-zi ."}.Jc.'
.e‘: =, flkﬂ.flkzcn—_ &'\.n. whee XJ-'L':O '# ‘fl-< c=<T. Ao X,_' w e
(5.2} Aleua_ G w

Somek prodmck o Mo el prowps Uy, (Lchs -~ , Uil}.

/li-.g. M f*‘ﬁ'&a.ot (7, X‘) e oie )Xr O“J LJ C‘M'/'m&llévv frt‘_ hl«-v&cﬂ

R ooy Ap Sedofy Mo wodbion of 871 Coversely, fue condibin
erowe Mol XJ,) )‘_}3_3 —_ )‘Jr > frr Cad J=1,2,,5  and %

o
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Tl limeday SAsors Ky A are wnipadly delimldd by 6.

(G). Ao Medin pogrovp G o Gpe (") o calld elomedany .
An M%)-WG— s o.&.n.c.fa»y v{' MJ»\[dL{- E AM)‘OMD}
eveler /B'?‘. |
B ¥, b ioa basie of He Melin pprinp & and - <€ fuk6
F I TS S B VP SR ¥ 3 F G. (<= F fr alli=i,2, 7
W.T,L_z. at &« o (:al.z.,b,g o G /[L 2> --->7 “ an “-"A‘I'mvéacu
26, Ho Heomaply B0 (Cman) bt wipdy

A AR A N RN CE L SR
Ave A t;fk“n.%,:. c;G'. Nence Ko number [Awk 6] ?G«fav.wi»(uu
o} 6 L agpal & Ko rumber of base o4 6.
(e G i ‘,[“‘“j“\‘f' Uyslle s sty o =~ basie o G o axd oy
R R R A A B e R
Yooy » fho leasea precioedy p—p™' choicen for g Heew [AnE G| =
et & E=0GE=p - P-F).
Sulb/-,,.a,._ naxt Bak G has 0 Gvarandt ol W&'m,.& M{G}‘;}?
ad S/ UG i elemeday of ordac Pt [ K, LT o & basie 4 6,
bon HE,, - HE,  Seawmids 6/H e H w any subgrows ¢ G.
Takay H=6 , lia dpla. Bab HE,, - HE o B a basia op G/H.
Comvenely , ¢ Ho b %o, Men eacd J; Kan orler p7 and o grow
X':{f,,'":f,} ernincideo Ml G. For 4 X< 6, ten fLwe ¢ a_,h%ﬂ,,_z
Y o idix pow 6 Such Mok XSV and we have H=Uj6 €Y, e
X <6 wd Hi, oy Hs, cold ot be « beaia of G/H. Sica [H]
Sw P, e K dan (At Cl= OGO - G A
fio cane. Nebo Bt B odimsphime % o & Aich Famoform 1o
choacinnbl gudak oy G/U6 idekldl, fom a rowel s A, g

A=Ak G, Hak A= p 0 0y tak AR, i bmmeplic Wil
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At G/UG.
'Jw&tGéua-gMMfm uf"r““"[‘,;'),},-
Ty fiss dusis ¢ G awd Suppric Rat & Las ﬂwuﬂg, n ararcands Wn‘Tm
Bt b vl by b Ba Po hid hie ordar e p and b
X=0&s 8, s 8a s Tarnes =50t be fe subgrows femeralsd by He
$o. Then M?ma(up e X can belony & Ho sef UL_G-UsG
On B oltar hand, evemy <lomack of ovdic p o V= {9uy,, age s ,7«n}
Lee oo U 6-uz 6. Hokc..XnYJ.a.a.r,G»/t.aé‘ﬁob/M
@/&MJWXMJY /('f'aa-wf/ut
I,,) ")‘foh,%\u )7«+;)")7.\,..;f.g+..,,x -5 £n
boa bul 4 6. b oolhar words, we can exchange Mo elhmank o
fom ordar p . Be §-daain for I Crreapondig elimenks of Ha Hbasi
w#&«W$u&.m&Wﬁ4’{w?&.5@
oF e~ Abelan p-Gre~p . ~
N> B ravder o N{fc..e,.t;rwlﬁ'rwf.r V.Yl 4 6 such bhak
G i ke JWQ&/’M A X i Y, ¢’—e.hnuJ¢(‘*‘} J'uﬁgouf.:y‘_'-r—o(
Gt XnyL' =1 A.JXY,:‘-‘G,ioQV.Jé /tr.a\uul:&roj.su‘h«}
Lompmorplinma of Y il X . This o a pobicalar case of 88 . Hewen
B ruwher o Mferenk ooduced els Y, ;o) oy o elmeds of ocder p
whicd can occur m gone besi or olfer 4 G ée.(/ul,t
= [ Hom (5:00]. |AtY] @
Ad byt uolww propady , | Ak 6] .—.'\7:2_[0:0\,‘ , whue a =1 ¥ &
kia ko Awmriand 4&»-.2 & k.
| Lewna 886 leb X ad Y bo Alelian prowpr , Lt & and f e
AmmeAuM o Vik X aud L./..., o fum orf & be B
appig g —9 '“'F- n 7/5 (7 ¢ ¥). e «+f € fl= Hom (¥,X)
ad wadt M %Wuw g H bhecomns Gn addilire LA"‘“AACD\) J‘rnh-f»
j,’LXMYmeW L'/.g.)\uélumfedwd Hen
Ao an Ailan pogop of Gpe A@/a—,«r"m o pas of Ao
ae Mo  moambat i (.-\",/«}‘) > (=2 00 5 J=g,2,-0,5) | add e
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[N 3 p oo 7 oand 5 pack vepectivily .
Nob lak Y v=2r@p , Mo He park @ Ba conjugals v' of ¥
we He nawbers X,’/‘,’ > l,_’,a;,---, A\;/u; , ahoe Exni (s ) ad
)tl, /kl we Mo /uu—t;(’w'u Chv‘./bt{naé, & n\,/u m/»td“we%
VWWN ok H o an aNthic Abeli. growp do vpnndinkds, Tha
2ero elemadk oF H maps Y ok & u\:‘.i‘.fm[au-vu.’a o K,

I itgﬁ~frbuf
if- 1"),---, ‘-r‘ ad G, 57, ae AM of X and Y m’:ccfu;&é,'/zas
& st S UG e T L Y o B S
s s 9, = 4 ;1 (k)

[

from & bante of H. Tha ovder oF X o preciacdy p g ey The mumder
o e (64) Such [k ma (A,_-,/uj);m W'& Xufc,,\.

Nele Uat Hom (Y, X) aud Hom (X,Y) Live ba Sama ég/u.
Adeliim frop o omerphic .w-zﬂ H= Hom (Y, X) o eplin called fa logor prosh
ef X aud Y.

We now we 8§ & awd <ppation (1) & cdedils Ak G| for
an Mo pgrowp & of adibany bpe A= (T223%-). e VL
ot (gf»a. an“") wilhk T dcrariaels QVJ &5 m. Dof;.... e /:Wji

f (0= (=0U=x)--- (=) Q=1,2,--- )
i it Al 1 . Hanioe K e MBI Yl=p"':£_~(7{;f
Tha  comjugale op Ko padtibion (m'™) w Ho parttims (T, T, oo, T wib
m  parls 411,‘(/..,.‘@{:1;*, Ue cojugaks of e Cpo g X Hon pack
Mo, Mt e M~ M ey Meae Ho= Hom (VX)) Kaa
1:;/& v whoe ¥V K Mo parks 5 (N~

T s i), e, B
Now o= M=), a3 [Hl= p===+ 2“ Hoea [Aut&l =
P & 60 ol F= TN = Z 0 R e ki

:“"’l 2 3_‘---

3 (‘__J!'mg.g u@‘chwnﬁ-wyéﬁk,&b}h

u-v Susn O'r Itﬂ.— JV% 0}— ”‘—/"Dﬁ .G" /::i, P‘“C:ru;u Cﬂ\'\'-j‘-;[‘ﬁ— é’ 4\ Aand 4-4
| 6O = (=du=F) - =) | Wbk f( =1 . Then




6¢

| JAtG] = p* TT £ (5) 5 whoe 3=(T2%0) wnd o B mumdors 7, we
- »wé&;,[hc‘l:a o4 Fe W}»«é‘}x.
H) A prop i calld semiseple y b o e dicck produch of one
of mode Su«.ftlb J‘-ﬂgﬂ?\‘fi @ach °f wufo—a»(I or([cr, o 3{ & o 1.
‘gﬁu«:g/rn’uf of H v notmal and s a bk fadsr of H and W bedf Semisinple.
@) Lk H wd K be nommad Sominiple sbgrops o &, b M=HAK

ad Lt L= Cue M. Than HEK o somiginple  and @ Ho diteck produck
fc:j,ﬂ.'.a«..)'vz.

Proof « (1) Leb Ko dieck fackore of H be Hy, H, , ..., H, , each H;
beiy :“.7,(” o Composti ovelar, and bt §=%k, - f b S €H; Ten
Fogoe Hy, we kowe [§,93 =L, 77 - k541, & fllown lak
X = (3"} Codiin H; , Sica H; i Siple bkt ot Alclian . Hoea ereny
novnal swa?m..,frd!. o e })nh,\toé ot cerbain o I é‘u'—sf&/x_.(s/;'ﬂcéfuctm
H: . Twe M & abo &M.r;..f{b. I Han followrs fhak 2vens Sulrmormal
.i'..ﬁ:gmaf 4 H & « hrect f:\d'«- 'E‘H' Cﬁ«-(y H Las exacll, 2" diti

@) S <6, we hkave M H and s H =ML, & I died
produck o M wilk o Sibgrowp L, and bolt M and L, awe Scaisiph.
Sicdlacl, K w e dieck produck of M will a Semisinple sulgeous L.
e have L, =L ad L, sL ad s [L,L,)=[H,K]AL. But
[H,K] < M, by He noomadily of H ond K; hile MAL =1 $ha
wM=1. MNew [L,L,]=1. 8 Linl, =LorM=1 «ds
Mo product LL, & dieck. T S [HK] = [M]- 1L,1-1L,] -, we kase
HK=MLL, ;a0 LoM=1 ewwe b L =L,0; b le dieck prosct
of I temisiple prowpe L, and L, | Reaca belf comiinpl y Al HK L
lke ci’«}-cq’:/am-}uob ofL-u.)M).Fu'.c._ L ald M ae normal a G.
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Llet % ke any clauoj GO, Suck Rl () L frowps of ordar £
uw&w sed @) @ G e X ad GR2G, M Gedt, e dlL
c-éw-sur umdesatand fin A pressiom " el 7&'01‘7&(" kbn?% () ad (7).

Ltvsen, 3j2 e Rk i ot fro
!W,,.z R 4. :fz.“:,‘f [N ;ﬁf% —y W@&%é |
1
a.molf.eﬁj debermined maxmal notmal - % X6 . lél H stn &, len
H=Hn X6 . h jmrf.uJAr, KG confama tw\yﬁﬁiﬁ&.ﬁ\mi
Jwi‘;jr?uib oiL G.
'%&M&-ﬂglmuﬁr7-61,wclb fi‘.-‘}%alo(,cm
X = o M clas g Al wdplik props . 891 Slows Kk aez,‘? Ve
@éojdw"‘f&'w‘ w anellor admidill docee . A S
0(0’{&&%“&10.960- c[aqu.ll,-w-gmuf Thie i adnisidi
éa,.f'f e 34, LAJJWMP»&&%&MWIWM
W-m::,
e %%G—u&m;@«oﬁoa«u@ and mvhcd[u)liz
}-n.é»calof@- MNere "radccal” Za-eﬂ.é/-.&..t & w wunigped

W maxX tmal, notmal .Cu!rszrouf" of e fonmrru.t_ QA\M,

L. A Semisiph o will be cllad sebpie f G sigh
wé%&d‘m are all Goomorphic .
1 Lemma &'ls A %e&m&u%-&m,(hmG w <edlar
() an any A’L@me-&-roui,fﬂ‘.fmfm/: oc else (ji) an
]em‘g,,,.; Semisnlple frowp .

Prw;: Lt G, ‘e,«wum.l.r%‘.f ot G and bt
H be He dicck produck of 6,,6,,-,6, wloe cack G = G for
Some. & €A = MG" C‘cmﬁulaqemlbwaa(:&ad&rﬁéll
I KPrH, Ha CF £ n fe dme i Bt Ha G amis 6F
mww Sukgroup o G . Howea Hn G-P= ia«)ﬁ-.,bw&oc
HG:P o ek by 69, condrang & fa Sefouibiom of H . IE fllore Lok
HP= H for M peh ad o Hechar@. Sia & i chwadivirbically

ﬁk fn

|
[ &
|
A




be

Suiph ad Hz 6,314, & f-ezm ok H=6. Each G226 ad trem
-~ ;5,:/:/,3» nomal J«frgro«f -/. o nermed w G, Hewce G, i Ju'-f(-. /f
[G-] - A fn-..z /79 G- o Wa‘y. Ollanvce G io éc@rﬂc and

JMM—fZL .

@) LdVﬁc&Mu%f—mu&daﬁm&G«o«m%
herators . UWe uae Bo adibibe ntidion for V. Vi calle) G- reducill
Y V=0 wd ¢ V ad 0 ae fla only G-ivariank Subgroups o V.
A Qmy Cane if V’#—'O, a  miawmal G-_o’uvariant-fu-‘&rm-f X#+0o aV i
necesardy G -dredecill .
| Reovern 89 . Leb V be G-iwelucidl and bt H<a G. Then
:V-: VieV, @ --- @V o [lte diect Sum od a cedaii number T2 1
;aj. H- awvariank Juj'grOuf.r Ve il ﬁ»fv&oww.a )w}uftz..
i @) Eack V; umw:w¢kwmm-wg>‘srwu

| He ireducdle sbgronps  EOAMREDRAL oy Xey , Xew s -, X ,“ﬂferj[
3 @) Xis  ad Xgp awe He- domorplic o and by L inj .
g i) /f Y o any H- avarank J’».L&r.“, .}V, Gn Y=V& ~aY,
i e=YaV; h pacticaker | 4 Y o H-iredocdl |, Hen Y i
g

? H Um.a-:»fk«c w it ‘j, fn’ fome. ¢ and o Lok cace Y=< V._‘ .
L'V) // t & G > fbt\ &L« &4/:/»;_6_ ‘{’ -2 V‘,'f (C’;l,l,"')"r} e
/’J-cm«/éa"ww o n, ey V.,- ad G o Nrrbc-m 'f'mutl'c.w.g L‘y fleae

Prw;l.- let W= W @ --- @W, be & ek fam of H-imeducidle
Swif‘ms W, b V, ad chevse W ae Lufn. u/nuu’f& leé'fc-G_'.
Evomy Subgrows o2 WE Aan fo fiom Z§ e Z o & Subgoas o W
I 7eH, weZ Mo ufy= «(f9ff ad, sice H< 6, Zf
& H-dwariak ody i Z o H-dvaiak . Nemee W:§ i H-dreduclt
I Wf =W, hba W.5gw for Soma ¢ and himee WA W:E=0
ad fo Sum WA WY L dideck, codray & Mo hotee of W. 4 filloun
bt Wi=W for ol fe G S V i Guircducidle | we muat




:/":.:_rz,,évc, /l.goe, |V/= V.
v

e nu wbilulal M 3 W; ae Xig o lab () o sctofied
and &.fw_u V. an He dieck sum o He X (S=t,2,--- >, S Kat

VeV, 8 L@ -- @V, i lue ae v clasios o H- Gomarphic H-duedecills
J“%WMH"% To prove i) ) Suppose Wy E Y. Tew Yo Wy =0
s %_ o H-vieducill, and Y i H-Gvariand ; and S0 e Sum Vi Wy e
dieck . K fllows Hak V=Yoo W @ ---0 W, ﬁr:ml-;o and
Sibol fy o rd

N«ayunchMV/E}_‘ and JSo

R =y
il W- @ --- @ W, ,w‘_gx_ A A @lffn. Ca'nf&.m-j'c\f:f -R‘—é"j—

T Y o a dieck sum of H-iweducdle subog
ad we x2ed facfoe el comoider Ko case a ik Y lself i Heviradued

Q.,.,‘f R o &Jl_,”)}é.

Leb W, =W, 8- @W an) bt f be o fist dhper < suck liat
Y = \:Z_ i h—/,n)’-ao ‘J /i;w:&a‘(l..g -;Y @nd —hz_—k./”,$‘/
é He MCW 4 W 8, )’ w H-i M7J¢< wilt W ..X‘, 3“}

By Ha Same uujuu..l' af,Lq_J widt  He “‘5.-‘ fea.rr-.n‘.fe.n’ So lalt all b

;'l"tzmu_ae},‘)h(— will ¥ oma il (Mz. Xy, Xea -2 ) , we odfan V=V,

S e 6, Man oo we have Seen Xy § o Hovredeedle . If

Xaf o H~6M1,L'o wifh XJ_', , Hen Xyt = VJ_ L&L @il I{ @« «’

o an H- womovpliam. ¢ Xy onds Xog , weX;, Han «f—solf -
an  H- oomarphiom op Xy § oot X § | Siacn w$y = uly5y —
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(Y s A G . W R A iRen M < .g}’ﬁ’ﬂ 5 Stece KJQG and H
- o . - 1 7 - r Y a A TN
2d e Uy ) Frlaea ;"— & @ a -y ’,-1-3;;&’:4'-“'2: avf M

™

L:-,.J.w».;,&'a;" K uf.».—.p. vv.\,.» f~ &-J-r'frauzs 2’ 04 H 3 ai:zu n:\ = &(\f"} w G SJ{L\J

posubprop ¢ M owd RaQ. b R# 1, & fllows lat Hoe io an




5 ) ) ¥ 1 a; . i ]
elamenl [ F L R ’3»: . Wea :[' Cadm,éuw H }', Smen. [ € M i and J abo
ceafrlizes 2

ice [ €3R and P=<Q. Bt H=PH?, ad 5o I cedilicaaHi.

Wo comchede Hat | ¢ Co(H) =1, Hen M muok be a pl-group and Aama M<K,

s con . ! . F.2 ¢ L 1{
/m Fy case > H3WT) and li*k e Ko W“; :é" = (K i, A‘;_,;, and So
f . . . 1 e rp ! 1 5 5
:/-:(‘)f bn w’@ '"‘.‘C{:W O L > (7% fw\-J k = f(&) , &= 60‘“&‘) ﬂ(f;(«u&(&.’ J’ "“457 TR {- ‘ﬁ“'“
¢ ’ 4 <] g g 7 - 3 .
H =K, w «wo y oy Cs,i&}:'l Gnd Femce fG—;:/U. T we odfasa
,? esver 11-43> »’i-.é H b ndasrad w G ad let CG(//) a L T
/

j!ﬁ’l e uw-“)\:é :’9\7 a nunber Jefc.?n;j o\% o~ JH].

§ = &) (Fe i)

Y eds b frovp o Py a,,.i‘w!\;nm S iomav?jw'c. - If we (-Jdlvélgrj
F O HOEE), we ebban. H < H,=Ab H,. Sice [H,63H]=1, we
Rave 3H, =21 . Hoee Hy con bo embedded Canomically o Hy=AubH,
Bk W e & fﬁéumywe]%\-./fo adw,,'m&mr o H

H< H <H;, < Hg ---

_[len, [te.« 'N'»;»‘)’k:{

S
< <." - 5

wlese Hyyy = ﬁml’ and eack § e H; i dekified it &M}:a—n&;f
mw»w»«wf/vww EGY € Hyyy o AN we have FH: =1 for all <.

For e<gf, bt C,;J_- =CH&. (He) and N,,;: NHJ_- (HS) - Thex C,_-i:<lﬂ‘--
leer S Ny e Hepyn Cgp = 1. Sce Heyy <t Hepy o F llows fak
fa prduet Hey Coliva i oiu—'wb and 5o Cogn =Cop, gu=1. é‘ue\y,
of € Iv" Eaa. h’;g‘ww w H: aa a««z"o.«m;»imw/& € H,, ad o o(/s £ i
Sice Cogyn=1, & follows M x=f € Hepp ad Ny opr=Hep,yo Seppose
we Aave proved Mok N‘:"""a”. = Hy, ad G, cep = 1 [5, M f=iya, ek
wd ol L. Then My, =N,

% ! s
f':’:‘.’i-,‘ -7 '{!.’!C-\%i 5 {l Tael N , Gk = ’V‘"!'l,(:*!& — H{—;.)_ 53 ajf’{t““ .S‘o

-
o Heppeoy T Neyiuh < fepp 5 I5ca

% R b L
5 r* 4 oMl
5. - 4 Ame S .'L 20 Eea Duie S = 7 o mbae s
Ly ML "3, 2 “rEr 2 (CTAVL S Jo cq:—‘ Cilke Z, e B A ] Sned com
e . 2, B &L
’ 4 A " | ! ’ » -~ 4 I
e o=y .:, - f."‘. -3 .P-."J_"Q = Lo i\ “—‘ s tirbivena Con —

I e wis zf= 1 ffan N )= 4 C, (H)=1 alln,
b < gmp B ik et Mo Ny )by it Cim fre
i o Soema R 2 [l i&&wf. M i/k :"ﬁ)‘,‘_, e

A A N

-
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£
¢ = < ~n a A . e
% o A a5 ‘_: , ’
S 17 ) e e

¢ = Wrealdl lyovucds |, Bq?mi@i&,«: /‘:""M’fcf TL&V.M_L Z-,?WM;J_J 5 A'W[‘M

(A) Lt H and K le sds rowps ol Z(X) ad Z0Y) reo/‘acdf-%_a-\) let

Z= XxY b Boe s o dl onderdd paiy (x,9) Sl xeX, geY.

For FeH, yé Y ad 4 ¢K Lﬁ..‘n. Mo permuditions § £, awd 7 oo Z by
,\:L) )}:ﬁ = \‘z-_f 3 \I/) 5 \x'f;}\)g:y = t'lly)) # 7,4‘} 3
7" e

e groy HUK  jenoald by all floe pomodatinn & clled Mo vl prode
%Hw’»fa;.‘?\. J& lowuaié’i&»%?hkdi;)solul(hma
sw;g,mﬁ, o W=HLK . For f&d yey, He h«.rrn..’.i_ f—;‘fJ (FeH) o
an omonplim o H only w sukgrog Hy o W, ad He pobt
H = 77‘1’

éiﬁ@é.yww#@ mfw K“MM’?’M
59 acdm»lvfuw o2 H accordrif & e los

-[\:§ y = sf” (yeK,geV,§eH), '
feas K MI‘ IVl dicck factwa o H . Ut Ko rprasbdion ¢ K

-3

H1LK =<K, H ; f>
o & %ﬁea,hyni\;f 3,;..(1: &Xt-.w.azé.,. W= ;F{K\; dnk=1 % _f-f_-ql(_
Lodxl =8, [Yi=m | lRa W o « permadatfio. group of digree dm and

fog ™™

orde [HITTIKI .

b Low a sdgmp o Z(V), dhoe [V[=n  ad ¢ we make la
nabioel  dedidiatioe (6 9) V)= (3,(3,9) = (4,9, V) , fe ba b
frepe LoEAKILL  and HL(KLL)  emneide . Th i fe assowatioe b
oo _wircikd poduch , aad pemili w b omik bradii o o speakd wradt
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Foc !C”!:f”) ch c’;‘wﬂ ﬁ&&(’:o“ﬁ k&w&w)ﬂ—t-fldz «é-e[zwﬁaf,
At o ?11‘?%},1-1»-..4-[,"" o I»l;‘cl Aj k‘\}ll.d-(.;vu e
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Ffemer S i )j? e kf . )F {
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1 ] ,
aMe e © /\/ﬁbimén...c. L

Mol fat HLK b delimidd & Gl womarphiom, by Hz greep H
and Jhe r“f-”'mu'fajwv grauf/( 5 and doca not ;Effﬁg:) as a é/rvvf on fhe
Lemma 1202 = 2
('8‘ ’_—i{' H and K el JM"*A‘ WJ and W= H'LK (w»f» .fkc wﬂ&‘i

gl b
| conmenticns) | [fan  2very Selrprons K, o W hicd o Tanewesd & fe bace

}i
f‘;fmfﬁ W o cofgals & K W W

o A we may cdelify §oH A § e H,, 50 Ik H=4,
wd H o= H®, §, =t =5 fr eK. H & te diseck prodn
v fe HY aeK. Evey clmed weH i amippely expronsidle o

a. l&ﬂ’—u 7‘_[; @€ * , w sk ‘faxj'o-ﬂ @, GH"H‘ . St K, o Framsveraa
& €

%
& H o W, e wooek AN smibata cxa.a‘ﬁj oma element o) oj—k
Gnd Swee K; & a Su/a‘o"'l"&wlt of W o we have aLx)pu(,S) :u(e(ﬁ) for
all %, 5 e K. Fa\:iﬂriow—"“, ﬁswgwea

alofy = «lOyp (B, (1)

fr M w, 8,y €K. Lt v e H fae fadlss %= u.(fff’)i -.:mc{”';’g

=

L i : ¥ o e P '_ -
A \"J' '—'-{,_1;!;({ ' e e = fackor of v""\ o W vﬁu-a-’
= w(pd'ly . Bt It ﬁ-fa,dk AR GO u(xh wl B, = wxffy,
L (1), wd Kl & precualy Mo p- fador o o Homee = (Vv
¢

iz 3 ’ ~ f ,V' . »
K, «d o wi oafay = v’ Hwe K=K & cojope
K, = W oao sfakd .
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<) e 3 let H o be o shimap f G ad LE S be aryg
“‘";'mmwmc.; T H w G, wbt eluek O], 0, s T Sew m=]G: H]
(Fr F¢6 ad Lxizm, bpie if by M cmBibon GEoG el an
| bt X bhe Me seb whote eloweti are B m cosch of H 56, % Rab
[ & He femudidii. Hoy —» HOG§ = Hope (=1,-,m) o X
Depie my3) & be Mo permudation
(1, Hg) — (goz ¥ ~)/‘-} +) (ne A, I=cism)

o} AxX. Tien ”‘d {o ‘an wmw,{m.w mapp s G iy Hl T (G'-)

Mee H @ w b MWMW@&WM m«fm
opeadtn for H . Juee (6)E = 1D for §,5 €6, we Aasse
my o5 = m () 2y (E) . my(§) 6 K dokly m A X wly Y
=& for ol i and & alhfen gpyoTi= 1, Ak wplie =1
Honce. my & an i e mapping G wE E(HxX). W=H1%(
cofaie Mo pemedifin (7, H) —> (], Hay)  which we cukify
Wbt (), amd my (D) Y mepe (g, Hp) als (e, Her)
Tio Shows fak my(§) 75 (§)7 blomge & Ko bene gy H g W ad
So my8) € W=FHl6) . Dis proves 123

b o clear Hak I‘iurc)aw.w.j'«iaw My aer- }eﬁc.ub no«f‘u.%m
e Sy H byt oo o Mo choice ¢ e fransvers S . Howeser,

—— T —— e,

LRI
L2 AN

fb«e/-_.-am—dgg Re nofitione o/ 2.3, we Aase
é Lesuma 12+% Le£ F be a_ Mwe‘a-\, o y/v3 Sw(}(mm.r H of-
\G Wb an Abedi. Frovp A, o we wali m allbie refidin |,
7»":-&« [/ D‘W)rvn!’ "* o} &G sw&' A &;’-;a L"]

f*{g;r- Z f(
c:> awoa ww—m‘f/ug MJ b “\W agr f}.‘_z, C»(A»cc:, bg. /te.'fmuwws
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A ; 5 ez . 0 y .
] m&j, z}'\f'\\’_.‘._ ;I— o iv_:w_‘;\,,«_,;sp;_‘xqc = e fw 44‘( ‘.« M; 173 (.. 7 € G

L = 'ﬁ‘
e/ “ ¥ 0N —I\ —_— i’ < 4 _l\
J.k" a’l’ L;Ei) -.J\O_‘b*'fo:f)*q \‘51 4.-)} A‘Vﬂcﬂ- f’fl),.. l+’—k7)
] an . ? '::_
Qi b

v ;";_.-:,-;.»..;,;w-ﬁ?;’.u:. % /5— T ve .ﬁ.»,‘j o'f.,u- Tmm \}a-d..:,;f, é‘ iL 7T = G’ g
. 44 4 & . . i L ] « -1 = ol 4
Wu{»j\- Ly Ce = A- 0"'- a2 (3 f1’ > %K r"' f T‘_' 'f = 7‘-’ (OZ }' 0::'f ) 7‘: I

- T ==y Fe . r n —_g . 3
and F(ETTE ) = FUy2) —~F0) + Floskey'). Jlmms_ for €0, mym
Pin
we e ZFEEG) = SFEG) sie THaD =E£OD .
"«a.o J:% w u.,hv:.%’ 63’, e G<-O—¢c.—.-. fj—+fnwow
e . -
A J’ & . - et —~ L adld
& ‘ZGJL{?;_S-‘SU}Z«—#)':- FlG§7907") die LEC=4 d fu
. HO. 2
:(.cva—ll-M— = frwn 7204 firsvd’.&

Suppealel a'\‘l, &ijﬁ l/w)ej ¢ '[}MW ‘;{ F o fe rbnt
/[s&mw~]f-$°m / == H/7 ('] € H) o H 9".&' A= H/H s Hen j:* t
f::’.ca mw;&f Cj. G ;-"vé' H - Ié' » :’L Lw&om Oi G’ L;\b’ H/ H 4

and b ‘»"3-4' e G—) we have Kes Caoe
FY= H TT(@ o'y = H T (5% @
BT ey WEE N ieT R

(:5)j Reorom 1225 . Let  fin poup G Awe an Afbelad o{;b—s‘!/‘»-&«%,muf,/
s“‘ j'J-:ﬁ, (H) , C-= 3NAH , D=[TH,N]. et ¢ lo t’a_c.ofu..(.‘-é
f:.\,.;i,ﬁ,a r, H PA NN /% ';FWIQ( cgf, I L G aad K i Icern.eﬁ,vé e

|

ligm 'i va m.r_ w Pﬁwo& ‘? C and 3 /?."’goo -_—(.-:(G')_"‘:G )
fa...a D=GCnH =KnH. Gaﬁ.sfat«b“.w;?/(éyc

ad G/K 2C o fla maxwal p- gpolbanl prowp of 6.

c IR 2 S s 55~
ke Suee H=d, we hae @) =TT @ 5% L, (1)
}GT v S v
- Lo o I % Ly {4~ 7 ¥, L =V )
- . e . . 5 (‘ L ST Enilm L3 MW g S
. v
e L . . P R -~ § P A
2 - Sl G < wlall w, O PO -~ s @ jollsw~
Vv o i
N - - " o DO Q\K;&ﬂ .: — J A [—i | vf*’l N "27 jo
P nige. O e o QAR v, d&w b 4 5 TIm CA T = 6(-1 o fibeds

" s . 2 = .
Cica _47-' -_-:_M—;!G’:f,]‘ $ e "\ﬂy fi’\.&fﬁvlﬂ"e’ (\ﬂ‘\ﬁ qj_’f‘,o—.l— r’lf&rl-
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will ’l;,_'éN and fo

iy = k [§ }] )
fn-steH ihere .;MT ad g Jonwnl depoad m§ . I $eC,
Win §'F commubin il € . ad A ) =y
(m,p) = 1. Nemca L*(C) C.

# 1€ N ad feG, Mew 92§ (%) e H +«J-J1 g bl cH.
Wence 5 S 0 Sho Tramversed b5 H in 6, ad t9becy S by 75 does not
offect (“Q) by s2:%.  Heea 9 = Q) for M e G, qe . 1€
follors Mot %(6) = *(H) =) = €. Meew KC =6, KNC =1 a
G i & Pk el f Kby C. Siew m o prie b5 ], ever el
o H has lle form ™ B FeH and (2) nns shows ok H=CD. But
D=[H,N] < ¢/’<K fiea G/K 2C & Ablia, . Siew KnC =1, H.
shoo Mk e product H=CD i dieck, ad HBak G'AnH =KnH =D.

Foally , & K, 9 G ad bk G/K, be o pproup. T KH=G &
5F emd S0 G/K, % H/KnH & Abehin . Honee K, cotic & aud
[G:K| < IH.G/aHl =ICl =1G:K]. Sia G/KnK, @ ako « p-group,
& follows Mok Ky 2 K axd 3o G/K o Itc,mu;.-l.f-”uﬁ;t grovp of 6.

Grollay 12:51  If He grop G han « Sylews posibgroup H Aecl i
mﬁ@]dﬂpwﬁaf$immﬂwéG,mnG‘”gumd

B i B _cune Colf _omd & & fl.,.l}l-tu&(mowaQyH
Hoee K s a nored § s = Subgroup o G-

() A sotdl prop whose Glow sbgraps wre sl Molin b calld o
ﬁ_m Ne F-C[mm‘.gmdb due. & DR.Tau bt
MILL ,L¢G ‘ca» A-Jﬂ-uf 710»

() 36n6"=1 ;

BwéCcfo&f—M awd

i) lf S b amy Jr&u.éurgf(;-, G G o K
-‘7.(.'1: exbGuoions of e’ l’_ S,; @) kﬂe.,fu.m-l%‘ » K76 o redtfie
hrf.,.éur d K &G Soe Ka G, Hu K'T=6 ad ThK =4;

v Mo leglt o Mo Jerved serica o) G camnot excod fa mamber o dihs
promes whhick dinde |6].
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© Pogp i U) Suppese 4 possible Mat 36 A G contuiis an eliment | o
prome eder p, bt H be o fylono posibpenyp o G confasiing § . Sice
H & AMelian vt can wee Mo nolation o 1225, Theo fFe3NnH=C
awd Fe GCAH=D. Bl CAD=A o §umd, a conbadietion . Mo
}G’AG’SI.

) Let K/L be a chisf fackor ¢ 6 wth K< 6. Thea G/L & o
A-frowp by 56, ls darved group o G/L . [ flloun from (1) tat
K/L a et o cotial fadse i 6. HNewee SAK<L by g to-4,
Siew B i fua foo b sued KL |, we have SnG'=1, By 1042 , S’
and B preves (i) .

G) Mere K & an A-proup by sib and So ThK'=1 by @); ik
by 10-8 i) ad (v) , Tk =6 . Sice K< TK' by 042, we Lave TK'=
awd [k preves (@) .

@) Sppese Kt 1G] Rae fist n differcak prime factors . lf n=1,
G o AMdan ad 6=t by depiilion. Lt n>i au b M be
a  moumal rormat """f""“f o4 G. it IM|=p™, Hen evew \{:,Io-of-&,lq
H wodaia M. Siw H i Mdan , H= MY ad hena He
andomizer 'G/CG_(M) u a /:'—r'our. Move J‘Mﬂ\‘,, % K/L éq.v
chaf fadoc 4 & ad Y [K:L)=pt | C=GUk/LY i o il prie
bp w6 Mo [6/C] Ran ab most n—i Sfferenl prome factses. By
Mdchten o M, we may assume fLab lhe n-i-sb denvel Frovp o G/C
b Mo wail fbprowp.  Snce (/€)= CETTYC | Hi maama Hat
G@‘-')S c ., T G cenFralizes every c/u.tf fxd‘or g G . Nemca
GO has o codul senes  and So @ wlpelent . But 6™ G oo an
A-group and So ik & o hieh produck of Abelin groups vz,
$Hlow sbproups . Hewea GV o belf Adelian and 6™=1 “
'FCV«.;(J : s, o5 i




/03

(F)  Nob & pasaiy o follownig (forpothin)

Lemma 12.F (i) In any dovp G, e Fliy subgrog o Ke
idersection o Be cediubics o he hif facties 4 C.

W A any M‘r\m’& lf-—‘y/-z.mdi-c-u Ihhﬁnc.dio..of/h
Srﬁuq.u,,a al—@

Rosg - ) Let F=26, ad Lt C= N~ CoH/KY over ML chisf
factos H/K o4 G. By §3 (), we ke F = AGmadK) < C (H/K)
w) so F= C. O He othir haad, C hae o ceatind serica via. dhg
pack of way chief sevien o G fom 4 5 C . Hece C ia ailpolink ;an)
o C=F by 7.4 e CG. T C=F.

@) Lt H= 376 o &b K be I wliwediic of fo Syolimizers o4 G
b L/M & any chif fador ¢ 6 B L <K, Heo ® L5 MS for asy
Splimirer S axd So, by tok, L/M ia o cntial fache of G . Houer
[L,6J=M ad o K=H. Covorely, o L/M is aey chisf fackor 4
G fubice b L= H |, Bow LM & a el fadir 4 G and 5
by 104 again L= MS. Tho ie faun for dl Suck L/M and 5o H< S,
e -’o'f'.u,frl all &r&.-wun 31- G aud s6o H=K, Hew H=K .

(G) L& C, M&cve&r.fmwfao’—odsrn and bt ¢ = AutC, .
B C=1F1 ad we D, M C =0} ad o %= % wdoe
(=1, ‘47’ 25 . Qnmuel:,,i}@l,n)=i, fan §°— F™*
($=0,1, csm=) & an adrorplians 4 C.. [ Ped, av
o bF, Ho FP=p bt Now'd 4 Aleie. e il
o i deliruied by He wdimoplion & ol mobilo n. Then @, i
zom?&-; widt Ko %LWMM clasgges mod n | (e,
of M Kne reeidue closies () mod n fw~«/l-£-4.(q,n)=i,

Fa numhee ) =12,] o call) Elers fumebion . I} (n,m)=L,
hin B o e dieck podeck of Sbproups omonhic M D aud
D, repecdiiely by 82, Thus, i (=1
i %&ﬁ.xi‘ ______ ML,?’('\"B 7("\)‘(('\)
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Heve "'""""'lﬂ red & rececd

Lemna 12:8 ) The grop of afomsrplioms of o eyolic group o
ooder dﬁaa.,%mfo.&r T(n)

@ K paaprme, PE)=PTG-D.

) Lt H be « Sylow p-sbjoup o G, whoe p o le smallost prie
&.n.l—-} 6. I H & eyclic, llen 6 haa a nommal Sy ~Subgroncp . .
&of:u’) Kas M ‘az. Shown and Vi) & clar Sice C,-‘.{f,un o-.,lj
e maxual ‘u-‘-‘COuf vz. {7 ¢ onder p™'.

) Sica H 6 Abelan, we have H < C.(H) < N (H)-Nand 50 [t
adimizer Ag(H) 2 Ne(HY/C (H) Kao order prima & p. Ay pric g hid
findea [Ag(H)] i toefme p«lﬁr&...f ,A} defaibiin, 4 p. Bt g =
by @), 5 ne such proe exih . Hace H <3N ad Mo resll follmn n

fn. 2-51.

H) A group G oo calld & Z-growp }alloli fif{"‘""““’&”‘“f‘m‘?"&‘
A prowp G i calld Spertoldle Y all b chif factors we cpelic .
Teoven 12:9 . () Z-groups are Superseldle .
@ Iif 6 & Jufcﬁm,ftu G’hxi‘ro&J;Ct’cvwd :«L?fou,,:
G has idex a prie ; aad Y & comsih f M priw = p, B G
lao a novmel Sm-—u-t-(muf. ‘kﬂ-f{-nn\-”m&;.
@) f G & a Z-group , Men G’ i epelic and I are He Sylomiien
) ot G; mmeser [G'] ad |S] aw Coprrme and G :olt..,:’l.:l:cxl?uw;
o 6" by S. Faether, for ead Krsor d g |61, G cmtaiee ome and
m\«l’ one clasa ?W‘ﬂ“b“"“"f"‘f‘ q.wdwal..
; Bog » ) Lt 6 ke a Zprop. By /2:8, G A a normal
Spr —subgroap G Awe p i Be smllot prie divdig [G. . By
Wk ction om [G] , we may assume G, Soludl . G/G, o @ pogroup and
Roefee Sobudle . Hewesr G io soldl. By 5.4 all Sediin 4 Z- growps
are Z-MS. Iu ’mﬁ.’w‘nﬁ@}@fuj‘w v‘- G muok e ‘7’6&‘:
of prme order | Smea b s an IML:Z.A\._ prme-posec proup by Mo sl ddd
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od G. :

#) L& G be Supertolodle 8& 12.30y, F=06 = N CeUH/K) oxr
all chisf facos H/K of 6. By defiikin, eacd H/K i ogcbic axd 5o, b,
228 (), G/Co(H/KY o Abcim . Al Kee eentabisers contarn 6/ by 7
Hoce G'< F and 5o G i nilpolint .

By 72, ¢ M o any maxmal “‘"i""‘f ,;-quam&,/h..
[6:M] = [H:K] for dmme chif faclr HIK of G. If G i supersolidle,
H:K| i a pree and so evory maxiel Sibgoup o 6 6 of adix a prie

Lt 6-6,>6,> .- >6 =4 be a chif ermin o 6. Sice G &
Supersolible , eadk (6, ,:G:)=p: & a prie. Closse o disf series fo
ke Bl =S b maxiam and Soppee o poib Bk p > ),
for domei. A Sylos p.-tlpep G261, ¢ 6,16, b memal &
Gy /Geps by S W), 6/G,, o Berefne charachoskl & GiyfGuipy o ha
GG ad we may o‘faévauwcklf-bium'ltlaqcrs'l]ufl«a:
G by 6F. Tha codralich our clovee o clief Soriea . Hemen p: <.,
for all (=1,2, -, A=l  and s of Ko Gmo G will be an S Sulgs
o G Wl U pen seb of prie T
@) Lt G be a Z-group. By @) ad G), & o wlpolink . G i ol
o Z-fproup , honce 6" io cpelc by 82 () and @) . Sica G i an A
we have G--:C—'S,G-'n8=i,‘; 124 (i) 3 and S0 S 2 G/67 o Aba
Sica S o abe « Z-group , § o cpelic by £2 afaie .

let ¢ be It-,;«.-.b.t,mkvdda_lc;l. By (1) and @) He
Jylow g~ subgrop of G @ nomal & G. (b i abe yelic. Hewer G Aa
e and only one Subgronp @ of ordec g . g dnidee d, every sikgen
H o & o erder d sial comtain ® . By idicdin on [6], we may
assume Kot lt.z-m G/ Ao ome and ey e clase ot Copyal
Subgroups o ordur dfg . e result for G now follrss.

g denet dide d, ad Y H i any slprop of G- of ovdar d
lew QH=1 ad QH/® a-JuJ;!mT i eder d op G/R , and so
H b an Spr-Subteoup o OH . By idicibn , we may asrume that
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BNWgowps G/ K a sigle closs of congugels Subgroups K/Q of odar d .
- By 9°5, eack suek K Keo Q'MJLCLAJO}%-:faﬁ,JuW H of enderd

amd K=HR . Heace & Hi case aboo Iizfz"&’ftt’”{ow..» for G,

Tin complelio He prorep of 12:9.  Fedaps we showld add

Lemma 12.9] Lt A &muleMMJWo&d‘

;‘“f‘*"&J&E’"“fG’- Tea A = CLA).

Pﬂmj,! Lk C=CA). e A o Adedian | we have A<C, Hia A<é
we hkave C<9G. Heaeww § A<C, Hue o o chif faclr B/A of G suck
ot B<C. Sice G o supersolbdle . BIA i cyclic of ordir o prime.
Sice B8 < CAY, we bave A< 3B, @l 3o B/3B i eyelic. Homea
B=38 & Mdan by 7-2060), todrany & flo defilin 4 A. Thie
cololctlion Showe ot A =C.

Nob It -u.lpﬁ..btmvf; ue,:-fm-&.ld,. Newce 12:9( applis
u/luG'\;L/'—M,

Crrval.:tlljz Lka‘.%Lu,b-sJ‘m.fq Sy provp G and £
A be a wMum&MJJM 4 H. T A .'.-.J:-,[au)

’)'S-Jrgmuf t C = C . (A).

Proop : i AaH, welawe H<N=N(A). H & Hucfore o
Slons pskgoup o N . Sice CaN, i folows #at HnC & o
Hles f‘k“""“f’ 4 C byst. Bk HAC=A ‘J 12 91.
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él3. H—Mmq[uum

A) Lt V=X@Y bk an odhhic Abelian pgrowp and bt [ ke «
prgroup cpombip e Voaad leaving Mo diseck Summand X invariant : 5o
v(§) ~(v¥)y prveV, fady @l ; @+rWE< wfrvy
for w,veV K Fal ;, ad XC=X.

Evea} W‘»\rev A um’M ufmauu-.u. /ia.f-mx-f-y wiik
xe X, ye Y. For er }erumwubfu}%y
ad Yy e X by Mo eppatin

‘ yf_f-f-y}.

Ex/'w-{, Italz YD) = @N 7, we fn obtai

=GN ed oy, = E, %Y @)

for JL} »,el- '

Let | = . S g.p=1, wc.m..o(o-manu;k{«{
CSuck Kot gk =1 med V] ad 80 ghu = v for sl veV.
Defuie

U‘l;)**Z },-, 5 (@)
to/b,l:}—au‘(}z)uam”u’_gvywx Then fordel,

- )_{5;7 =‘4§y1.,§
by It..fio!' Ww-v ¢ @) axd S0, 5y He secoud efpatiin op L), wek

w(;‘)-ié'.u,. T8 =4 -y 1)

B.t ;1—; i ;ao yf..,/&..’u.béw.,r' S @) 4

y.’ =:-} and mo'ﬂ?u'-v

“(?’) =~ Hh +r WS @
Foo 3,59, = Y wve ke (37038 =35+ 0E i foa
@+aY= 3 +9) . @, =) (), W s

w(,+ 8 = @ @)+ wln (@ .
So y—-)hr(’) o a Lhnh-ovr‘wy.y ity X  and e JL('T’]—@“
) = 3+ w(m : (yeY)

“ fﬂrc/o-n. mlulfn\.fﬂ, Vv tv-f(u-ufud & X ,he. V=Xe&T,
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A)SM. Hpf = gbrw@y = Foy+ Py = Fv wlf) = &y) O, we

{.1"  see. Kat T o I- Gavariank. This frsta

: Temen 131 ket Be pgrosp T be reprosents) by automorplions ¢ lhe

‘ QW@A'LJJ‘../hmV. I‘r&ural;umﬂ;ak o hied Sunmand X
o V, HKen foe o o [“imarink Sbgroup T Such ok V=X@ T,

Nobo Mot Mo Mumho 4 Sdprowps Y of V suck Bukt V=X oY
o el & [Hoem (V/X, XY , chich o a power of p. Hence /3:1 w vamediale
mo e case M =47, g pree.

V & el F—A&mﬂa& ¢ & canneb b expressel a I
direck Sum ot G prepec f'»'..vu-;aw(-.rul.rm.f:. Obviowsly , we can alumus
wxpras V e o Ak Sam Vi@ V@ - @V (F>0) o BHEhaan
[~ swvaviad s W . #+0 <ack of whiek i —t;u’tCnufch(l—. The V.

-“}ew cm;l:nhb 7 V.

A Mebin p-prowp v called homoxyelic i all b ivariank are que
/ bisoua. Crollary 13-t . Mo I2 widecoprcdl componenks of V wre il
Aomeegelic .

frogf v Mo nay apsen Mab Vi F sdeconprclls. Jippe if
/xm..‘-(a, Kt V & aot »L»-lu‘-/o[-c. and Lt 4 be /e Ll"'{eod' invarcand 4V
Then 421 ad 4 W=V ad X=WA U, V, we hae O< X< W.
Srce W io elomedany , X & o hmt.rq...m.! g W, Sice Xad W~
are haradirchl iV, Rey ae I Gvariant. Hemca' lee o « IFisrana
Sbgrowp T, Such Hat W=X@T, by 13.1. S XnT, =0, h
et onvadont o Vy=V/T, o sl L. lfr X, ﬂ.:;.,t Aomocgelee
we can procedd siilly, & M exioliee +f Y, T.>T, suk
Mok T, n X+T, =T, ad 806 T,nX =0, ad lha lufel ivanaud y
V, = V/IT, & ftve/ov-c sta L. Cnﬁ;u.'.j i s vy we eve ol
i fid o [= avariad slgrowp T g & suck Mok XnT=0 wad VIT
b hemoegelic . M IX[= pT, K wplan et VIT o o bpe (¢, 50
Noe + i mmw,,l;‘.;lg.,luuauw.,v,q.&v ——r
Subgroups U R VIT. Forany sch U, R, (V)= (V) =X od 50 V=Te
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K felloun fom 13- Bak U say be choen & be 1= ivariant . Thic contradids
Ba T= idecomppoadlily g V ad we eodide Bak V must & fack be homocgelic

(B)  Theoen 13-2 Lebt la plprop B [ be represcnti) by audrmrmphion
o Mo p-powp & bt H=1I[G,I] aud bt C=Co(r). Thea () G=HC ;
@) [H,r]=H ad G 4 H=9eG), tna H=1.

Mee C & lho sibgoup of all § ¢ 6 whick are Lft lvariant by
every ¥ €. We can form Mo HLt exloamo G o G by [ delivmicad
by Mo fuom represstifan o 7. By Fo1Gn, H= 6T

Procf : i) . Lek @ =p(G). By $:20i), G/F & an ehmondnyy Abckin
pr-gvap o deb [G:B)=pm an) b B8, ,. . LF be a bais o G/
By 9:06), 6=13,, - &]. Leb A b e prop of alh adomorphions
X € Ak G Such Bt [6,6] < @ . The A, < A=Al G d A/A,
s omorphic B a subgroup o At G/, ik A ooder ‘
E-DGP=P - P=F) by e-81. I e A, Man T8 €S for <ach |
(o and e bhe ¢ MG, X a‘M delerm eed by le 1 elomenk
L3, 9] . Moe goorally , o F:0; € $ foc cacki, Men G={y,, .0}
and So no elecendt o 1 - A, lasiss any Suck ovdesced seb 0,5 =5 )
nvariont . e blal number of such ordesed sl o @7, Heew [A)
Sisden 1217 asd Rus Ajie o poprowp. I H<2, K audrmophions
4 6 ul.;d\vatowbr ‘a‘-tlrntb'A, Mafﬁur&‘y‘wwd'u(-
2% I‘LM-’ 7ot ﬁtl.wq Kot H=1 ad C=6G, Thes Gi) i proved .
m;wl-.m) ‘mw&w&:f«:ﬁ-}u

Lesma, 13-21 lt G be Any  frowp and K Qneng
of G coduad & PG)-

harmnclirbic.
-a-ncé.)-lu%m:.f
let A= Ak G aad bt A, conist o M ey
buch Bab [G,u] <K, 5 Bt A< A w0 A/A, o crmplic K
Ro Subproup of Auk 6/K wdueed by clomeds o A. Then |A|] dndea [KI”
whie T i Mo miiiim rumber of gemordis of G

pally o G/ PN .
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() Suppron fiat Mak H=36. Thon Mo mapgpy T~ [X:7] . (FeG),
o Aomemeplic by F10) for eack ye . Sie [G,y] <H, hid .

Aelin | B kemel o Bic dommoplion tontasia 67, by 7-107) . Tia ia fre
-f..-eac& yer.,Hc-u. ¢c/<c¢c. 6/¢ . gumd%-(b(;\»/,-x-.lygn
b GG’ asd 8o, by 1205, b o Ho diseck prodncl o C/6" a H/G'
doe H= HG' aud T comeick of all e G such Mak [§,7] <G Heac
c<C., W H=06", we kave H=1 by (i) ad C=6 and Mo reentl
HW. I[- H>G—’) fen C < G ad we  may Mlyééndh'ww

—

16| Ittt T=[C,rlc. B4 [C,r]<CTAHA=6"KC ad £ C=C.

 She HG, CH iow slgroy 4 G o) we have CHG'=TH =G-. Hewe
“CcH =f5’ “J gl () ad S 2.

f H$t36, b K=Hn36. Ten L<K<6Tl.
Fe G such Mot [f,J<K.
assume Mot HC, =G.

Lt C, comecl of ol
Tl € <C, ad by cditin we may
Sice H¥E 36, we have €, <G . By dhchin
afais we may assume MHat [C,,F]C =C,. Mipves HC =H[C,T]C =HG
Fnca [c,',r’]sH. Thio () o provel .

G) Lkt H,=[H, ). By >, H=<HC i s G=HC. B Aenadk
Memee G = CH, MJ&WV‘MV'G‘.“#L%?'),M:RTGC,‘],GH,
Tercfwe H i genrraled by Ko elemenk L34,,¥3=101,,0) , wB g ¢H,

wd ye . Bkt H a3 H, we normaliced by [, 40 [,57] € H, aud
H,ﬁH. ”(au. H,‘-’-H.
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©)¢ Lemma 133

let G Lca.,b-JrLJ&.m,LtMl’c_-\mau;d
Subgroup of G an) JSupprse Kok [M]=p Wl m> 1, bt Rat

ewewy chif pofactec of G/M kao order p. Tem G o fe HPLL exbosun
o M $JuWAJS«WH-}AJqf'°.;G-.

w: If K26 &) KnM=1, fen G/K sabisfico lhe combibiinn
lbreoon'LcJ ﬁrG-_ If H/K i -\lerfvo-r fmmm‘.l,kkl“l/l( mw G/K
fow HAM =1 ad HM=G. B&&&ddwml@l,uewmﬁ»(
WMMM“&bﬁ-l}NMlMJ%#G,

Lt LM le o chif faclor o4 &, ad Supprse fet frak LM G
a P'—m. 5} 9%, L Lk o ‘-&ch.elnu o+ Cmvugnﬁ.s;.—w
H and Hoe ot ihiaveract o L. [ N=N (H), &t fllowy lat

NL=6G b 108 i) . Sice HM =L, we lawe NM=G Sic M .

Abelin and rovmal aa G, NAM i normal oo NM =6 . Jice M ie a

minial nemel sbgroup of G, tfec NoM=1 or M<N. h le second
Cane , H L -J,a a an.-:%#-L,H&cm
characlavibic & L. Thio wel) wply H< 6 codoy & Ko assunpbion
Rt M o Bi oly mised normal wbgroup of G, Hewe NAM=1 ad
Sace G i posoludle, L/M i} net a p-proep musk be a poprous
and Mvefere | by Me asamphion sboul G, we have |L:M]=p. Then L
& pogrowp ad BuAELn. yLAM + 1 5} $23@). Siwe 3LAM<G
& fllrn Hat M < 3L, Bt € LM o opelic and hemee L=3L i
Abelan by 7-2(5)., Sice M i elimedany f onder p™, L muok
be elmoskamy of ordir P! oo Mo by allimahic o for L be o
Lpe U™'2) and shce m> 1 Hi weld ply M=n,(L) >V0) > 1,
V<G, wodmey & kb Lypillesic Rk M i & minial nesmal

Sobgrop o 6.
Neo Lt C,=AC5(L). New C<G. Lkt D/C be a CWMJU'? G.
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Sqpac fist Mak DJC ‘s o p-growp . Ron ID:Clop by hypottunia and R
CyD)#+1 by s 51, Sice QD)< 6, it fllows Bak [M,DJ=1,
Let D=YC,§} aud L={M,n}. S [L,C]=1, [L,D] i femwndsd Ly
J=L8.9] od b coyugelia & D. Bt [L,DJ<M by 5./ aud So [1,D)=:
Hewce LL,D] = (¥} i cpelic . Swee [L,P) <9 G, Ki codmbich e bypoth
fat M i « mivmal revmel Subgroup o 6.
e comchde Mok DJC must be & Pprop 7. Tia i rgprsetid by
adrmetphions ¢ Mo elemedany Abelin p-group L. By 13-1, we fave L
. el sk Lo L, oLy o u e soedie o sl

Ao‘hnal«-"-w L; @D,WWWWMMzL,L

2L, to
lb.t ILOI =P,

Toiiy lgoller toe L whic ae I iomepbic b a pien
one , we oblai L ao Mo dicck product Wo W, .. W, ,whue cack W, a
« Wumam’vuul: v[.Lw'.#ws,ad'b'I". Lebt W, cnda L .
Ten W, W, W =M, Sice DG, e wappiny A .
permikatiin of Wy oo Wy, e & Thmer 89. Sice M G, & follo
kot Wy, 9 G and #ice M i musial mopmal | we mut Ffave WonM=
and o W, =L, . Thia codradcli fla Lypolloin Mk M & fa ondy minla
WJJ% 4 G . Jo Rl cane abo o wipossille and we Conclude
ML/M"AA&‘%&P’-W. :

Thie comclidea Ule prosf of 13:3.

M‘ls-‘f éu/"lkawdw‘-rq&.%
¢) i{- [G- M| & <l o /wwoarli., Jw7«/m;...,f,.-¢am,
fam 6 i solidle . '

W) # 16: Ml o o prie for al M, lhn G o superseldle .

Nobe ot i) srzisdta/ohipgam o Uo covone of pat g
129 ) . M allown we B charmclinie supusibdl prewps an fhine grmapc
i el WWMJ%?a F prima mdex . Thio vesuth o due &
B . Huppat.

Reop = (). lek p le Ko lagest prie divism of 6], bt B he
Sylos p-subgrng o G . [} B A6, we may ossume Hak G/P i seldle
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by idicdiom on IG]. Hemee G G sl , tice B o @ p-proupp aud Besefome
Qrt% soldb . WN<N_(P)< G , bt M he a maxuwad ""Lf"“f o4 G
u-f..um.s N, e lG=N’=L .ri,z frr.tm l"“:‘" z<,,,LJk,r.d,..’.
Bak |6:M) =1 med p by 5§43, Sulew (p.3-N=1, we mult fave[6:M]
and p Nwdie g0, HNeww p=3, 9<2 aad G o selodle Ly 97, covllary .
@) By iy, G & sludle . Lt 6<G, >G> -~ G =i ke a
chicfptones f 6. If & & rot Supersolidl |, Lt i b lha least hiper for
wlich (G, 6 4 net a prae . Thea G, /6; & an eluwentury Abelan
p opoup o ordar PN, m> 1, for Some prme p; add He prowp 6/G Subipis
B hypotleses of 13-3 B G, /6. =M . Homce Moe v & maxiad sbpous
H oo G such Mok HaG, =6 ad HGo = €. Tan [G:HI=pr, codiuy

Comchide Ikt G c'ol‘ufmo(../(..,

(w) Mese.. 13-5 /(- every max sl .fwttfauf of G-U-t:o u:ﬂfvéwli , e
G o sobudle . |

Tio  laovem i dun & O Sehuidt and waa found lalir Wdopedetl,
LJ lorvsase . |

R—ooj«: Suppore lﬁrc:rc fwo distiict maxieal Salgroups M, axd My
of G such Bt D=MAM +1, Chovse M, ad M, S0 fakt D i as
Lirge as possible. , and Lk N=Ng (D). By 68 (@), D< M N =N, (D)
and boifacdy D<M, AN. [f N< G, bt M b o maxudd Sdgrog
4 G cnfw N, 8y fe Mx-,-'-JJj of D, we sheull lhin have M, =M =M,
tndrany &5 M+ Mo, Hence MMM N=G aad DG, By whiclide om [6]
we may assame Mokt G/D i sobdl . Lice D i idpeloat , & fllnrs lhak
G » Soludl .

We may novd assume Mat M, M, =1 ﬁri:g_—rwa} masamal
slgrrups M, and My, of 6. MG, we olain e solkilly o G
‘3 mdiodfion m /1G], Race M=1 ‘*\flcu fat 6 i cvoblcvf-u'rd_u &})N;u
Ond  inm Aty Cant M,,.,.'.,,_Su.rrtxJA&,,‘_o -\J.rob:.f,. e ary /tgx#m Suppose
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at no maxumal Subgamg M, @ 6 G nermid @G . Lok [M]=m; 0ud [G:M]=m.
C T M, e n, cmjugulia & 6 and ligelter lice coduin exacdly 1+ m, (1)

deviki 4 6. Ri number o lss Ban 16]= nymy and 6 G muck Rave o

mascmial Slbproup M, of ordee m, ad Sdix n, & G, hicd & ot coyya & M,

n 6. Sda M, axd b coyupalin codann lescdes Mo nnik elemenk exacthy

ny (my—1) -ﬁ.’lb.r elessnks o4 &, we oMain 1G] = nym, 3 14+ 70ny=1) 47y (m~1)

and fo M —I Z n(m—=1) = %, . -Cv'udnll#, n—1 3 ny , whid G a Condradceh

o 188 o proved

(ED. Suﬂnu— HRat G & et u.l.f.lia.t bk ok all proper subgrowps
quue-Jfr&.-l: Ba_ B-s 6 & sbdl . Mones G hao a maxumad
rotmal Subgroup M of dex & priep  and 5o 6=1{M,53 Aee § & o
mlu—/:" for Soma T wd FPem. S M io wilpelick but net G, we
kave M= NG Mo Fltip subgroup of C. For Some g 4p, He Sl
g- Jubgronp Qo M muet Cotain an element § which doce nof commuls
wlh § oy for offirnce G wwdd be nilpibit . Tean G={3.9] s
(E.n} i nol silpedik 5 and S0 Q= (7S} ad M i B died prodet
of A bt {2'%. MGnms,LtquQ by B cgebic
p- M(g} Meveover every proper Ju“f’vrltl-a which @ mormalizel
by ¥ muct be cantoaliend by F oy fir ellmnie {8,516 wold he
a  props Subgrop of G lat nol silpelat.

lak comocdir a Jijq, nuocj:.-m,l- shatisn wn

MM" Lek ﬂi.lml_ ‘c,n.fm-li)‘ aulomorphisma
of lhe z-m@\ u&&.f,mkntk‘méanzwyer
which centralizes vy proper  Subgrowp of Q chich G nevmal o M
splt exlonsse QI bt hick does net centralize . Thew =3 &
and /&' o o chaf fockw o QT . AWMR Elle & is clnundary ;
o :.,;clmz wlt QR ad O both elementary ad Q=38 .

Freg . Bice Q'S PR) ad y kao onder prme &g ad he
aet cadnbie & , b fellown frm 21 Kok y dees wot cedemlio Q.
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R/ is I=ihecomposcdle ; for olhinoie b wodld be o I ivanit
T Sbgrowp @, eonfainiy Q1 ad sucd Hak [Q,,7] & &/, condiney & Ajpotiini
By 12:5, Q/K’ & Mo direck produck of Cqiqr () wilk ancllor growp . e
7 doeo not ctiabie Q/R', & flines Bt y Ioee nel cetralize N, (R/Q7)
el But N1,(Q/Q7) = &/’ ittt Q charmclirilic m R . MNewen Q=8,
and O/Q" o elomstang . i U i T idecompotadle , b & Moefore achicf
f::.daro} Qr,

Let Ig={yT}. Ten 7915 and [; tndimbisos @ decanse y doeo 50. A
[8, ] < QF ad [@,3]) & net coticie) & ®' stice y doce et continbes
R/ . Sie Mo bl o o hif facdoc o OF, b fllows that &'[R,73]
=Q ad hena [Q,R] =R by 90.6). Séa [@,;]= 1, bt
[a/,8, ] ad [5,8°,Q] we sppel & 1. Mewce [a, a'J=[a, ro,R]=
‘.‘l 7 (). T @'<3Q. .

It & & nﬂf&[&ud-_v , we have R'F 1 and 50 ®'< }Q<Q.. 8.t
FR<G A ad Q/Q' o o hisf fackir o QI 5 50 W Mo Case Q/=3 Q.
Lt §,9 bei @ and Lk J=<LF,7]. Then J€ 3R aud § 5757 =FY an) 5
o 7y qloFyl. But nle &= 38 ad Lo §l commudss wilt F. Mewcu
Yl il The Adein gooup & i gowradid by elomesks § f odir g. Theo

Qi thsdiy  and 13- i proved.
Q be a §-§roup Such Makt
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m, [eéx&«ﬁducm#ﬂiu'/o ad b
G:X’\,r Il' I’-l* ,lhgucwv’}éwwsvwm
_"o#onl:rf,“‘a‘.‘uw X, (-tel') Such Mk x““~.‘fﬁ-d(.
Mhu%hW#rMp
let 1=V, <V, <--. <\ =V L_,.rb;md.u./um,,?v
Rew T i represcakid | il kemal [7 suy , by aslomorplima o Vo/Ve.
/‘ A=r\r,0¢A..u LV-,4] < ‘:,,fw-lu auJJoAus,Ib-frwr
b 19 G-

I & calle) momelilhec if-iflxmvxl‘,mm;u;.»l,nm.l,

J-\,’g‘xmf M. 71»»—-,14.(- r+ 1.

Perrem 132 () Lt T be a memoliblis provp Such Hat O =1,
Then T Rus a faichhful crhnalle epracidation f md p.

) l‘ Probas b are prmes Sk Rat p 4 p (=2 5%)
Hhea /imq.’.l:msG Mu-.),.ldmdyum
G=6,>6,>:-- >6,=1

] and suck Kot Gr,/G; i an cln....uf‘uy A“olnﬂn-—h—m ﬁreu‘ C=ly-ym,

FProsf - 1) J‘n;uq,r=1, e Awe A= 1 5 and B eploa Hat

..i fo(.fmc }uurmmm #cua.’_ur?me-h)
fuﬁf.lb and drdacidly by adomsplinn g V.V, .

Ql Ufan an={[, we Cam EA—LI. G b’ e cyeLr_ oé o-rlu-fl Lebn>y,
53m3~d$~mmvammmuub.¢go,. ml'm&--—l,m
chif Seaeoe =15 >T) 7 - > 7L and Sucdd Kak [, [T o & pofroup
fre C=d, e ner, Then ™ & mondldhe . & andgpe mimsmal notmod
:%I:_l'u “ pho s B R oHp o, wehae G =1
Ba w, f«—# u«}muld rejfue-fdu.. F 1 aufo»acrlu-—-a
of an d,.w.t:, Medin p-goup 6 _,. Lt C= <r,c,w,f> be It
Comorpemhip 5Lt exlivaun. . Sice £ i dvadaill |, 6, & a medd
w:% + G ; & b B ely e by 6.9 , face f
MM Hewee G o meneldtc . &qa.G/.-,gr' G-Luaugm
f—‘d.{l‘a,m wll breo G =1 | G ,l:_k (k=1,2,..,90) and
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& 4 Soma S:/.u.._'.,e p- Gﬂmfu

(A)  Lemma 161 [aéflearefm«tdwoflhmH by axtomorplioms
{o‘f I“'WK““A ld'G‘(HK,f) [dalzauwua?[«.
Mﬁ"‘? &[SJmM%HuﬁK JuJMﬁrﬂﬂC’N 76”
and Icl( we Aave
I“Of‘ﬂ: ,"I’ 1)

471“&@.,&,@, @ p°%) b pe M fooma o el sbgeones
M o4 G suckh Bk HAM <KnM =1 ad Mx=M.

‘ ch«e:a&:%ﬂuml%ﬁém&m&t?-a
paes (7, 1), geH ; end suilaly for K.

Pnrvj. Zeé s Pa be . M. N /‘Of(fu') 5 /‘: /‘2. ~SC‘:./"I

ad S0 (BTN AB S pE (,« pt s pPTEEL 8y L (s, apn®) €
—ﬂ‘M Fq- e a J

. mfrumfvf»od,y; £ by D) e
Ry KT < Lqu") P ik o M. e Franform o
s o °) by 1) & fﬂ" f)%WAW

s ~' )% é})" "f)‘fb' ’) ik o o w M. 71...M<1G
= HK . Ik o cleas Bk HAM <K M=1 5““—3“%“0‘-&7’1‘-”

Tle Mf’u\a, Q:’,,b’)—-slu" o am umnra»? M oM. o
Iy {./nuvc-l_.

Clady , ¢ =GC/M = H, K, hoe Hy= A/ = H a2
K, = MK/M = K.

and f f”")= r"a.

Mertover K, <96 ad HinK, =M 2 M,

Covemely, et 6= HK wll K9G ad bt M=<HnK .

Ld‘ FOD ,reH, b e adomorplion o K wdiced by #.»ﬁ..;.,%,_
f v a ”1""“"‘&"{"" o K. Jice O, 5 ) )= 1§, whee

7s= 1% uﬂf‘l'f("‘)f for ol . eH, fie K, le nappuig

(71,8) =t o G=<XH,K;f> o & & a homomprplion,

wilh keoel M sued Ut HAFM<FKEAM =1 . Mercower M comsints

of all paces (W pll) Gl opeM. 0 b e dekly mappu

g H ﬂta.b# uhuJu-d a0 & J’»‘ro.r
- pu1° o FFOL ot L for oL FeK,




_1eH ad peM. Nenee M o e of Hi normal sulgroups 4 & dsacidad
el . Neee e bave
Lemma 112 F 6=HK th K96, ften 6 2 G/F whoe
= CHK5F> , f o Ko rgpracbiti o H by Re audmomphioms o
K iduced by Frareformis i G and M cmsieb of all paiea ()Y
Mﬁ/té M=Hn K, %
Te condifiona (1) o} Ir-1 e Nirefere necessany and Sufficiont
&l‘ HKe exiolinee 4 a &-L-u.md'kmkg G = HK obtawad l o
fron reprecetafin. f o H by automecplisns o K andy & fuiren inkifonkii
8 o o Subpep M 4 H W& a :ulfc-uf%[;tk,-.ahdﬂat
M=HANK . =
mlky,lul‘faurmio/bt?ggckcu[;u@; HNere. we
ARave
Lowma 113 Lot & be an atomophion of fhe forp K icd
leaves wvariant & codain elomet § oo K .MJJuf/mc ot «™ L& He
wauj()%&'?‘m\. EEY ¢ K. Than fare o a frop 6G={K,n}
Suck Mak =% , fipn = Y for MPeK and |6:K|=n.
If § oo of ordec m, we Ghe H=(9} & be of ovder mn
M= {7“} awd (77’=f nn.cn’\fﬁo'w-@)qlv-l are Man fulfilled.
Sm,m,CAfnuhmfc.d‘onijoM(;Mm.lchkc
G P ovder, 113 puies by repeakid application a melked of
constuchyy ol \gER olble growpr , ab bast & prceiple. I smple
though Coaes, Al wethed & woahle and o il ucbals b by b cunsting
JM:,W%‘#—P*W




g

(B) mgltw?\}m*&éku-;b}gr " >0 Such kat
6"= 1 for st 8 c &. Obviewly »n dividea 6] and i lha Lem. o
Me orders of Be elmeks 3 & A slpotict pop o expoment n
ad‘....l@ hao elewents of order n .

} Lemna 1421 A frowp G of espemet 2 o Abchan .

For, =87 for A Fe6 ad s F=UBGY =YY= for ol
¥ oaud 9y € 6. '

Taevern. 12 () h « prevp G of expomact 3, vtry element
Commulio Mk all 'L enjugalis 6, ad fo ($CF & Abelan for i FeG,
@ If (8% - Molw-ﬁr-ltfc—G Ren & i lpolink of cleas
alt meab 3 and %G- v qu(rcu.—bd
Pocp U1.L3e Kave \9)P= 1 fe L 7...(; adse £y "= p¥y. Hoo
[7,%,8) =895y 3° 76353 = §9789.987-75-8 = £0) smien
W=y ad 5o Iy,%, r] =1 . HMeen § commubio B §7= §LE7]=X 95T
fre ML e G.
@) Ucwu-d:,w[7f§]1frd£f7&.6“fk¢¢u7
sk ¢ G ok M ME Coqugelin 6. Then e have

®
1= [¥5,9] = [¢, ,”! [§.9] ad % L[ 7]=B7]m
wlh [3.7] . Newe and n.ruhjg ve Shall wuse F-1U)ad i), [T w o
bird elimesk ¢ G, e have L=L[§,97,97] =[ LIS, 9Y)

< [6,5, 93] L03,q3% 98] sdee L)Y aed [6.7) bott Lo & X = {56} o0
Moegre ermmuds | [5,5,93) = [£,9,9] $hce [E,1.3]) =1 «d T commilec
wlt e elomet L[F,.1.7) € Z=(3%. Sauiloly 9 Commulia Nl fa element
Lt 77 ¥- (n®1 ad so LC§.73%. vﬂ =[[3.77, 1] = LL»},IJ T e
At 8,970 = [hn 817 7 B [5,5'0= L0 = L0 1) by &
we have [E,q7, 571 [E.759) =[085, 9) ad 77 () @ben lle selatisn
LY,%,531%,9,8008,x, 7J=1 ®.

@D 6d @ Togelbr shos BRL [L.5,7) ch-‘..-.tJ; mverse wihen
ay tew of 1.7, ae wbrckange . @ Neeo b o wallied by o
eyclic pemudifim of Foy,f ) Mo fue [§,5.9]°-1 —@

F=®
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Rl Y v b gek amsller thesk of G, we oifai
0=L%,7, 1>€) =[L.v, [5.9)] b el pemditon , = I8, 9,051,900
MW Bk by @ ) @, O hangs & ik Kvene for any o¥
Pmufd"w % e four arfumenti . fewce 0 = Zr,t,§,7]=[§,'),[3',’¢])=8-‘.
So we have 6= 1. By @, 6°=1. Haw 0=1. Mo i tue for lLFy,)x
of G ad s g G=1 by 156, Tuo & o nlpolink of cliss ot maat 3.
By ¥-5U) ofasn , Re Abelin growp 9,6 i genaraled by eleks [§.7,1]
o} eder L or 3, 5 96 o o qlmn-.b.}.
{ Corvllary 1v-23 N p+3, any p-gromp & i Aok (3G & Abelian
for sl FcG @ o class at most 2.
Not Hat ... Iy-2 | lh.mu-fwaGuMchLa-b
It o elc‘rMLa-j ulro&l:(—m«f,G-fd-uz avery eliment §
Commadin wilk dl.atf.mjﬂaﬂ. Fre 6'<36 aui {f,6'} < G.
Lewma 1424 Lebélcmfmv}clnuz and Gt pobe .
Ten He elemenki 6 ¢ 6 Such Mat 6F= 1 frm & Sulproup 2,6, gk
@ i an A‘Lduu.f-m
Posg: Lt E.n € G and &b J=LE.7]. Rew Y€ G'<36 and S
FTEm =87 fr b T=t2,o0 by Qo on . Now & ay
proup we duse Mo idukly
IR L o
In mrwltugumgj)=73:( Sice § Bramake Wil Y.
Sufrmfk-t §P=7P-.i a) bila -l"sf Thea x' (s, '),J = 1 ;aad
f PE2, EPGRD o« malliph g P Hew QFY=gFERAY,

%?"HTWW

)
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(C) We SAdl now comeider fle shucloe 0} a non- Aelian f’f"‘"“f G-
whiid lea ¢ch'c :..Ig«u’ ¢ wdix p. By -2, [6]=p" il
n> 2.

Lemma W31 Lot C={$} be a cyelic growp o ovder p, nz2

G) lf p=2, n=2, MHen A=ALC i o order2 and o penerabid &
@) I} p=2, n>2, Ml A v au Mz—m of Gpe (-2, Wl
o basia “,P lla.‘u:‘J LJ

«: §F¥* d p: YY"

@) It p oo odd, UK Sylos p-sulgrop of Mo Melion o A G geacralid

by Ko audomeplio o ¥ — T and hes oeder pr
Proof : (i) i clear. ‘ _

@) Sz med ™ bt F 1 omed 27 Honce & Lao ooder
w‘ B¢ («}. Hew A ={«,p} b baic €, P, hke A=)
= 4,

@) Hew IA]= QU = P (p=1) and (+4) = | med p=* bt
F1 wed P Newew o pum.b.llnfulo.o,-sdtm.f g A.

/ Gorillany I+-32 F C=A08} ko order 27, n> 2, Ken C Lao exactl,
livee

l-.W(.:fay aufa_,?‘.,.... v,

W f— },H-z"" PR € aud “f: -5 I-u.z"".

We can now preve

Remvem 143 Leb 6 he & prop of ovder po Bl « cyelic slgrmy

H‘-‘{f} 1_ ia dex p- -ruf,nc Rakt M >2 and lHakt G i not Abelian
W) pioedd, G i dbimid b il vomemplon and G=(H,7}
where 7': 1 ad j'Ey e A of dasez and R,G={sF 1 p}a
o oode p*.
G) I} p=2 and n=3 , [ we o wilhii omorphiom Too ditiick
Gpae o frowp & = (H,q} ¢+ Mo eebic growp O i delipmaie) by e
Ypadiome =1, gk =5 Mo palimie pop Q by y 3, < E
H o a“m@éﬁ,.&‘w.ro‘o an)d I‘GM‘-‘*W J‘.Jr‘,.o..f.: 4
‘ ovdec 4 w O are cLuJi-y . hQ, ew,.vclgu.t ?\a“‘_&’:}q hisa




122

on:l-.r‘f-.

Ui) AkO 2 0; AdQ® %2, . Tl adoorphioms
o : §—+7—’x7 and fB: Feoyq'!

4 K J-hu.nvb— ~ froup ioo-hrl-'ou-ﬂ 5. T .t,b(a:t exlinsion (&,«,fl} +
ordis 48 o called Mo biary: odokSnl gro 3 (®,x) of edec 24 G lte
L:mg-(d'mlbnl, m

(V) Jf p=2 adn>3 | flea G s of class elller 2 oc n—t. b la former
Ccace , G ={§,0} © delimuced & Sk ovmeplinn by Ko velitiina
Prat, 78y =X 6 A exaly oo dovbiiaa, formig will 1
He haradivibi sbgromp (82759} .

M lf p=2, 2>3 and € Ao clasa n-t, Han love ase biree diatiicl
bpea of froup & 6 wiltii somephin, SPATTRlare Al
will be deasld by Opn | Pn and Qun . We hae 6= {7} whee

$ 9=, 4ty =% wo HE didedl growp O,-

YT e ilinmddind provp Fim

7= 1, =%

1‘-; {"‘H, 7"f7=§-' - LIWJBMW&I*‘
Nt lhat O=0p , Q=®,. Besidee He eyelic sulgrep H={(t} , G
hkao Furo ofter -\‘-J»‘ro-r: of wdix 2, /n O,n , lise are ‘arﬂ“o}lg/u.o,_-w.
I Bn, ome i o bpe Opner and le offer g Gpe Qpues. I Q4 bott
are of Gpe Qpn-t . G has codie (}FTI=Z of ovdec 2 and w
e provpe, G/Z o o lpe Opaes.
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Note Bk H< G by SY(). Sia G+ 1L, He adomizer Ag=Ag(H) o of order p.
Pnnj— v () By 131 i), MMase o only ome choiee foer Ao wa.

Ay =t Moo g=af i ES e FToEY S 36 =Y -

o7 wdix proad =AY} b f ordic pand G G0 of elua 2. Aleo

G =5, 5t hoe 2789, =XT. Then 9 =§"F for tomar, sr

Commadio Wl q . S [E79,] =7 ad §P=1, wehan @, )=t

becasne p o ob. Then G =t} wilt §57=5"F, 9= 1.

K=Y79,%1 o novmel i G and o(v-udi-y s G={(K, ¥} o0 6/K i b,
No dewent k«bt&o”( Can ‘n»coﬂlu-,s,JoK:ﬂ,G.

@) By I-310), lBa chova of A, & aan anigpe and G ={(f, 7} K
7 =Y. HNee G'=36=(f}t u 4 oder2 and lhere are only oo
lbm“d‘ﬁu -ﬁr *)" w2, 9=/ M 0 . o 7‘:!"&;’;71, . Suice

QF)= g 7 5= 97, and gE Frmmaforae b il b dverse
for all C‘:'fzuf'l‘, Hroe bro cases we difiack. O, H={}} ot
oly tyelic gromp § ovdir b is churmcliilil ;3 JAk O =8 becaune ench of
e Mfrmf. £ g’t', y - 7§' (r=0,1,2,3) ,,l.’.,_“ an ud'w-.ovlalu’.-.
o 0. ¥ 7* e }'Q)f"',',—»? ad ¥ o ¥, 99 , K
Auto={§'*,7“f wAoe f’ ie 7 ocder 4 ')*-j ordec 2 and 9%
Trameforme € B & mvese. Thue At O 20 .

(1) b /e case of &, all MRree Subfroups of wmdix 2 are gpelic . Nemee
Y4 5.7 ac ay o om. Commutng elemerts o A, we have ®=Y%,,7,}
wd §2F,, 79 @ an adiasrphion. Hemee [Aut Q= (E-2)(84)=24
o o Eon) >y ad potey’, M S=p-1 ...Jp‘alxg.('
JoS(4, Y % Z;. S ki Mo licee Subprowps of widix 2 2 &
frllpully . Tese ubgroups ase roomel in @ aad So Aub& = ST , whoe
SAT =1 ad T & M growp of srmur aubomorphions of & .

T2 A/ o elowestary of ovdec 4, 56 JAkT] =6 . Buk Cs(T)=1t.

E 2,. b At nT=,_.
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U, Nee e have fhree ,ml‘. cheices foc Ao by 1432, add G= (¢,93
Aoe 5§y i eilee §YT ) 5 0o 77 et §2 ¥ Lk
Frl caan, @ w () for pod), we hwe G'= (T} < 36=(§?} aud G-
hofclnuz) and agam fl-Ls 4 G ae alt Alelian . /‘l&;};}
ke, we may Suppmse hrm §P wd obtarn ET)=1. Jf (3 rot
epelie , & & 1.9,4, n-2,0, A @y Cose m.m..:,d,,u_7=1, Thso
G b dlirid & Gl womemplion  ad & fack ik b o e e
:Wo;uuzmc,&.mlwgtwﬁ;g ;'-;
Gpa (-2, . Hoce QL eotuia oll Ko ivvolitises 4 G ad o an
wsstaey proup of order 4, harmcliibl w 6.

) h HKe Pemasiing fure  casen | ) +ruuf)1'-u £ b b fvere and 36={1i
o of order 2. [7,8]= & o 'S amd  Suecemive Commntations will ]
goe §7, 8, % L Hew 6 o g ase nmt wd g 6= {57
Fr o* O'JQ (oo values are wadade | L and §. However  wlem
7"37-—-'{.’3’ we Kave (1_{")": 7 and fla tfio choices for 9* b & It
Same growp Fpm , of ddimeNak Gpe . Tkis w1, (839} 6 fon
d Gpe Opr od A 9EY 4 Gpo Qs Oen g =7, e hae
@E™ ) = p* for dlhr. Wl piai, we kave le group O in wAied
vty olemekt obide (}} of ordur 2, Chen n'=T, we have Qn g
wlicd  every chmenk okiide (€} & of ovder 4 . Re remainig Sbobivaiks’
4 (V) are tluu' . d

Corollan 146:33  Jf Ha p-grovp G ko no <limenbig silprop of ondar p,
| e et &L ogelic, o e pmz ad G=Gaio 1, e
Some M = 3, chLJ-;J Itscue&=0,,n=3,#..nh4qyu¢~;&.
M) nom - ey clic
Pmo}: Surfcu, G wvu‘fc:,el&:. Ten & contoinn gz.ruix.g..f@, .
vl o celic slbpoup of wdx p. G, c-....tb.At.L.-.,,,c'/b,.Jz,s,g
wondd be elemitany o eder g2 By 143 W) , W followe Rat p=2.
By 14:3 W), ) , G muot be 4 Gpre Qyn for Some n . By

mdction on n wt'nvﬁ“u-u_IG=G)I=1. Lkmcgoomlhl:




l2s

G (5,1) ikt LE} o el 2 aad nemmal i 6= {6,TF; fir {3} edr G,
Y >3 ad Yn=3, G, l..lk.-u.cael‘z h"fv’m’u of ecdes . I Auk{(§}
Ifta..j‘wlm f-—)} mdice) "37 nno‘bq_.l?une Hewee T* G{I} awd
G/ (R} i lemonting of ordar 4. Sice fo asdomoplions F—3 [ cannet

be u'..’\-.cJAG', 14.32 lows Mkt G I\uMMmJMH%(
mdex 2 vz, H‘Cﬁ(ﬂ. 7L¢n H mudt Ll.&yelak ad S0 G Q%Gr_&lnu

)

D). Tawew n3 Lk 6 be o proup of ovder 2, n>3. Then Ik
W 16:6" =%
W) G i of class n—t.
@) G # one of ba growps O,
P.g.# Ln)=}(:)ueluu—. Fwa.%s%oot.bfrvuf@uélttao&g

G/G" mant ;641{- be Cgolér.) L} 1-!(‘_') ad 6-8) , [71,.. shoed) Lave
been made a,:LuI' - §7 (A) Somevhoe]. Hewce |G: 6= 4. Bt |6:6>4

viaplie o G =1 ;50 Mak He class o G wwdd le less Ban n—s

() = i) . 137, 19210 ad 143 (i), O and Q we Be ondy non-Alebin
J'v-ourq ot order 8 . “ﬁﬁ-[d: Z2<aG, IZI:J.,ZSG-'. Such *"“l’l""‘f
Z exiob Ly ) 52 0), and by mdicticn we ey asiume Mt G6/2Z
hao < oelic J‘w&f.«mp HIZ of wlix 2, Lleb Z=1{31 aud H=V5§, 717}
It H=ATFY, MKe reoudt follown from M3 (7) aad ). If H w et

eyelie , ki Alelin of bpe (-2,1) and Y 9=§77, I Y=(3}
¢ M“to -fu.‘-tro\-r -}H e Y G . Ab. Y<G-, Smea G/G'
Ma_,

i L7y
83 A.J»dm, G/Y aleo hkeo « f‘JCLf- -J-f—r'ufz-& wndax 2,
Bt H/IY & Abela o} %,4 (»-3, DI

Hna L B}G— w oj—u{ln—x’f-.
whoe G‘:(ﬂ,f} .

> ;_’!: qa"-

Neee G io 4 lase2 awd G’={£«,fl}
Hoe y=[st,f) is of order2 pice a ¢ 36. Thun

IG']=2, Cnfr-hbb—} n> 3.

i) = @) o codased « I3 (V), )
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LE) We comeider new Mo nOn—A’LJuI..W of ovoler [33.
If p=2., Ben M-21 ad 14:3G) Show Mok Be oche and gualimusn
Wmmolﬂdfm\i&_%m For oJ.cL,» /lut.aw.dl‘olxauag
fro Aotk Epeo i fronp -

Foo Lt |&| =p, G4+ 1, p odd. B G ko an elwet § o
oder g, Men & = {¥sq} wik  gb= 1, gk < U s ).
O K ollr hasd , f G i of exprmek p , tan G ={5,7} Mt
P 9Pt ad T=L§.9). Mee{fl36 =6, a2 G a He splok
xlianon o Mo chmethoy poep {5 by (1), Sl 7By =FT w
o eowrne TIn=T. e Sl dewol feee (5o froups by

e amd Lps

P
mlb-td'wel;, . We s&k ——
Lu.wu. 1435 For of«m f , Roe we um&, lzﬁ.%:immf.éz}

J’““I”?"” oder |7 Booke For bl of Mo, G'=36 i o ovder p

uJG-/G’GMmJ. l\ﬂg..,zz,ﬁlgm/t»wtclmlva-ﬁm;-

frops . Whw p oo o), Moy oo Mo frowps PhrPaes Ps=P . FhP,

Pi Slpops oF mdux p oar dLM?,wLL w P lie i o

W&aw J“T""T‘Q'P of odes p* ol lt"""“"“‘if‘“‘dg"“f’
1Ak Pl= % p)(pp) ad (AP = ppipY)

E) To frm & catnd prodect of doo prowps H and K | we hase §
el an foammr‘w‘-w LM‘{B"i a J""X"“f G <L o Ke cendie .;;H
M&%ﬁf’tcw&-‘.’(. If G=HK‘:,fb.u~t‘~1,,m&‘t
debimuce) in Mo way, Mem [G]= [H)-IKI f1Z] . The doca Z=1 w
b prsidle and Mn G o aipl He diek pudct o Hoai K.
ot Ko amalfasaled sdgop Z o + 1. It 3H and 3K ae of ocder
p « /n-;u., R - h,ly m/bm\‘(c. chav'ca Z——-}Ha}K. 8.k
IAubZ/zlL-l so Mok MMese are p- posable Jmﬁ*‘ab(llh\t}yuﬂ,
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bdrmorplinm) . Noverlliiss , i REBR le adomiser o Z=3H L At
» e full growp Aut Z o Ho cdicl produt G = HZ wll be delimiic)
b wlln iomophiom.  For by depibin 6 =G/Zy, he G=HxK &
lte Cudaiam pwdad aud Zy comoili of alb pas (1,9%) ol TeZ, and
whoe 8 o an c'.m—’,l.’.u f Z=3H el 3K. uulxr/t-.‘m—rho;
mendioned , o p-i .r-Jpx,raufa Zyg o4 G are oll Conjupade undir Aut G .
WH&M0}/&;~~A"JA¢WJ7WPR,LM
muu.l,[:a;fo-ifn.cb Md")u_iowy 6 e, Howe he & we
abiguily o Hhe &6«.\‘&» of Mo cvdral produck of ay nimher of Suck
M:.
MIA@U’L&E G ‘c,a’~J‘n-T Sued ftot 6= }G-u.j,
IL. Then |G = fzﬂd fw fows T=/,2, b', G'/G’ ..du...z‘..v;
ad & o u,»mlll. o many T i{f)l) as fhe centfiad prodect
GGy -G, of + mem- Abehin (oups o ovdec p
@) ks p=2 , we Aase [te canfiml jhro&et' éwlin—o
Q"Tx 0*a"* x o'Q" ¥ x ---
and oxR™ x o’&“" "

Lt & and O’ ase not Comﬂrlic..
() U‘hf&oﬂ,ml‘mfhaafnl/mﬂ\w&dwl&w
Er- e PPt e - w

but PPPT" amd PT we not omeplic. Mee P=Fa s Perh

Proof o Fom ¥-1G)y ad G'=36 of ondirp, & follow lat /6" i
- vy viz. &"G}G -fu--ltfe(s’— I ﬁd‘,-’-.xfnvrqrdaul,
Be mappuy § — L¥,%] o Aomomorphic for amy fied « .

foce G & net A“&[m’.__ we cam chovse §,,7%, 4o Kokt [§,,7]+1.
Ten Gy = 3,, 1) & mon Abekin of whe pP. Lt G =Co(8). Then
G =X, nY, hoe X;=C(¥) ad £;=C.(0). But & and 4, keve <ad
wadly poemjugakin i 6. Memee [G:X=]G: Y= p. Fheck, and 4,
b not Grmide , K, #Y, ad 5o [6: G| =pt. Abe 6,1 G = 3G6,=6'
wnd S0 Be domiting prip G/G7 i Me dideck produck ¢ 8,/6 0 G /6,
G Hoew G =66 o o candial prduct 4 6, ad T, Smce 36=6, we
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) (a«. ‘aé'::G-’téu. I\k.g}E,-G;' to ?-Ju-f and U)f,lb..n ‘Ju'\uu;,
on 6], ;

@) I Al de seffccust & prove Q20" Lt =8> Tl
G= (X 5, nY ad 6" ={8), dve =1 oud g =192=1I5,7=7
(€=1,2) , wldle L3g,%7=1),%) =8, 0)=020,0]~= e Here =G, G,
hoe G ={E, 1] ad G={h.h} ax fin guabimis groapil
GF =t aml o GF= (5h. %Y R 6=6"6G" o [6567]=1
e Aore G-,*,G-,_" e nb.cm.r
@ T frop R codiva b oyelic subprowps of ocder 4, lhree & G,
and lice m Ga, Al OR cofais 10. Mee jenendly , Q codaies
Srg B(5)+ FT(F)+ = = £ (-0 = 27 (2= o] eqelc subgroups
of order b 3 Al O™ oduia 2T N2y (V)= T2+ 007
675(,.’(. Juvlr&ru'nrd o ocder 4 . & Qr and O™ Canaot le f.......r{..'c,,

@@ Llek p be oM. It 6 & 4 e¥poncal p, Kan all lke ctral
frctms Go muot be op Gpe P=Ps and 50 6=PT. Jt o sufpveiik
b pove (P¥) x> P¥P . Ld: 6= 6,6, Jve G =(F:.9] and [6,,6]=1
and  §L =[50 gemwabi 67 | dile pf=1, =12, S0 & & of G
P*)2 e may asuns Mk f,-. P, 5 Mab 5,8, o o ederp
Tham G = {EE , Bt @ of Gre B and 4 6 & b contrabiver,

G 4 Ui cdial podnckt GT6F. Hee 65 i mecsssaindy 4 bpe P7, for
ctlonere G wml) be of thipment p, by 14124

/I. G=2G -,.&76’\;,’*'4“1&63,-- Gl}glufa—)
St « ‘aﬁ P¥, vhoe nfet, bl NG ={3,,6,,-,6F 2 ¢
wdin p. M b e dueck product o (7,} Mx‘il_iii:‘f-G # G P

Lowma o4t J} 6 & & pgoup suck bab 623G 5 of erdirp,
Han ey audomsipbin o & whid frmmsforne G/6 dinbinlly i an
inner aulfrmorphus n .
Proop : Lek [G: G/ = p*7. S [Gl=p, e nuder o P - SN
F ¢ Trunfrrmidy 6/6 denbically w st most pT. TRis b dos eppal
b 16: 361 , He nundor i iner antommplions 4 6 wd o lllic
L2 4 i~ o] L A AL .. o arns VN
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If C=H, it is an easy consequence of Theorem 14.3 that p=2. Then

Theorem 14.3 implies that G is one of O2n " Pzn 3 Qén -

Suppcse C D H and p is odd . Since &/C is cyclic, Theorem 14.3 implies
that C=G. Let G, = (2(G).H . By Lemma 14.41, G-=G1C(G1) and so G =G, .
By Lemma 14.4, we have G = P*H , and we are done,

Finally, suppose C 2H amd p=2. If IHl = 2 , the Zmxm theorem follows
fram Theorem 14.1, 8o suppose [(H] > 2 . Since . C' is of order 2 , it follows that
{2,(c) = 03 Q}'z,, where 2z, = € (H) . Thus, C is the central product of

0; Qg' and H . If C =G, the proof is complete. Otherwise, we get
G= ,(21 (C).C(Q1(C)) by Lemma 14.41. Furtpermore, H is a maximal mormal abelian
subgroup of G(IZ1(C)) . It follows that C(Q1(C)) is one of P

Q o L
o
The various iff:gorphisms follow easily from Theorem 14.4.
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(&) [&H‘ekf'-gwufmﬂ}y'?ﬂﬁr/: wd bb Z be epclic of
order p7 Z = 1], Then Ko cadil product HZ o defue) & <Hi
w»‘uw,“w’t‘-‘uvf\k) -Jrgn-ufwulg be Z,=F3H itk

-y

Zn{rr} M/t-.a-ad'w'f.z w Ak Z o ALZ,.

} Reovem 145 [o‘:G-‘c.auoq-McL‘qﬁM Suck Fhak

evems charadiselii Melin slprsup o 6 i cyelic  and b Z={f} =36 ke

of order PN Then

O for W), G i e central podckt ZPT for douy =iz,

Aoe P= P,.; and Mo fadsr Z may de Suppressed Y m=1. |G)=p™tAT
W) It p=2 and mat, 6 i « cdral prodact of one of Me form

&", 0&™" (+>0) o Ou®", Pu&", Qu& (A>3, r3o0)

and no Two of Moo we aiam.nr{.'c. (A /uu./t-,mi‘mllam}ud‘ (rtmnetplions

Op & X @ O0Q™" x fEFEEEER 0L 0°Q7 % Q, 0°Q™ ¥
P & x P 0Q™" ¥ LLO®™ X -~

Qe & 2 0,08™" x Q. 0%Q" x 0, o’&""
@) If p=2 owd m>i, G i le ceudral proid ZQ7 f'«-r..._¢>o
ad we fave fe uui'-l./a-o&wl: “"‘”PL"“‘ ZQ>208™ ¥ 20Q"*~ - .
We need Ant

/ Lermma [ b5 let 6 L a '-J'n-.r Swch Mok 36-' - e-"ela:c.
7’\4.- G & ﬁﬁl‘:c.

Pr\"v}'- leb# Z = }G’. Sc'-a.Z'GG', ZSG’,WGMJNOO«.
a nowmal eyelie Sulefroup H of G which o maxuead ubjed &
ZsH=sG' It 6" b net gelc, Mlan H< 6" ad Ly s20),
lbve & o meral dobgroup K op 6 suck lak H< K< G’/ and
IK:Hl=p. Then K to net egelic . I} K o Abeban , it o Gpe
(my 1) whoe [H)=p> , and K G of evdee p2 )t K i ot
Aol , R,K a_fa'uf wdee pt po Al pLby 143 0); and alo
fro p=2 paidd Ko op oy 2, by 3 ). Tle ondy ddliomabie
o for K & l._ oo of Mo frovups 1»-4-,/:-..4,, & e A, 143 4v) ad(v),

L< 36 ad & [L,67=1 b F26). I/m..L<y<.B..ttn
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frovpe Oymes  --- Lave centic of edec 2, 50 K Cannet be ome of Hepe. U
conhde Makt K ke o daradpibc subgroup M=K of ocler p. Thn M<6
and So | a» we hwe piot sean, [M,6']=1. Thi emfadib Mo assumplion
Lk }G—'.’. '7"“""
Posp o 1.5, Sace 36" o « dhamdimli Melin shgrop of G,
b i gl by Lpothiar. Hewce 6 i oclic by K51, ad 26" o a
M%M Subgroup 4 G. $ 26 L gelie lo . Lk H be a
MML[‘JOL:c thpryp 4 G confainiy ZG'. Ten NG H< G,
smd B CmColi), #n 3C i & cunckiihi Mckan dubgrp 3 G
(csd‘a».n.a H . Kemce }C A c,eL'c, and 5 }C*—'H. Abe ¢’ < G6’< H=3C,
f C>H, fn C i o class 2 amd [§,9°)= [£.9]7 focall £,y <C,
by F1G),G). Let Mo Melim prowp C/H be of bpe (5, 72,-- ), oo
G202 -, add bb HE,  HE., - be o basic of C/H. Then we have
CEPS 5g =8, 0™ n 1 fr ca2,3,~ ol e B e H=jC,
Mesce =t o1, we have [i.';. e T2 e
MLC, g, W LIH = U (/m), 4L L e, /=1, LoH,
Kemee L eqelic. , eodrmy & B hoiw of H. HMNeace 7, =L axd C/H G
Mu\,,ua C v o order p. |




