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Abelian group: set A of elements, composition (addition) a + b of the

elements of A such that

1) in the equation a + b = ¢ any pair of elements determines uniquely the third
one,

2) a + g e &,

3) (a+b) + ¢
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There exists O satisfying O + x = x and -x satisfying x + (~x) = O.

Isomorphism: f 1s an isomorphism of the group A upon the proun B ods

——— s

f is defined for x of A and meps x upon a uniquely determined element xf of B,
and if furthermore Af = B, the correspondence between A and B defined by £ is a
one-one-correspondence, and if finally (a+b)f = af + bf.

An isomorphism of A upon A is an automorphism (proper automorphism).

Subgroup: The subset S of A is a subgroup if S contains for any pair
x, y also their difference x - y.

Class-group mod a subgroup: if S is a subgroup of A, then a = b mod S

if, and only if, a = b is in S. . The classes of congruent elements form the
class=group A/S,
i. =

since if a % Bumod 8, 6 ' d mod S, thew a

Generators of a subgroup: If M is any subset of the group A, then the

intersection of all the subgroups of A which contain M is a subgroup (M, the
mallest subgroup, containing M, or else, the subgroup generated by M.

A Cyclic groups: Groups which are generated by a single element.

Order of an element: Number of elements of the group, generated by the
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element. If the order of the element x is infinite, then all the elements mx
for integer m are different; if the order of x is a finite number n, then
rx = sx if, and only if, r = s mod n,

F(A) = set of all the elements of finite order in A, F(A) is a sub-
group of A which contains only elements of finite order and the only element of
finite order in the class group A/F(A) is O.

If A and A' are isomorphic, then F(A) and F(A') are isomorphic and A/F(A) and
A'/F(A') are isomorphic, F(A) and A/F(A) are invariants of A.

Group F is a group all of whose elements are of finite order.

Group J is a group such that O is the only element of finite order.

Direct sum: A is the direct sum of its subgroups S(v), i.e.

e, T S(v)
if, and ondy if,'A is generated by the Zlements of all the S(v) and if the inter-
section of 3(v) and of the group T(v))generated by the S(w) for w # Yide 0

To any set of groups A(v) there exists (apart from isomorphic groups) a
uniquely determined group which is the direct sum of groups S(v) such that S(v)
and A{v) are isomorphic. This group may be defined as the group of all the
"vectors" (...a(v)..)with the v-th coordinate a(v) in A(v) such that only a finite
number of coordinates of a vector is 7! O and the addition is defined by
(.,.a(v)...) e (v )une) = {eesa(v) + Bl )esi]s

Direct summand is the subgroup S of A if there exists a subgroup T of A

such that A = § + T,
f=J-group is a group A such that F(A) and F, A/F(A) and J are isomorphic.

To every group F and every group J there exists at least one F-J-group, namely

Wi dlle There exists essentially exactly one F;J-group if, and only if, F(A) is

a direct summand of every F=J=group A. For if ®(4) is a direct summand of Al

leee A = F(A) + B, then A/F(A) and B are isomorphie.
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Primary component: If p is a prime number, then the set g{p., F) ofmli

the elements of the group F whose order is a power of p is a subgroup of F and F
C( ' F)
is the direct sum of its primary componenﬁEX%“”T% x is any element,; then
x = > c(p, x) for ¢(p, x) in C(p, ¥) and almost all ¢(p, x) = 0. The c(p, %)
Aé;~ :

are uniquely determined by x.

Biéz.gfiéf If 1 is an integer, then piA is the subgroup of A consist-
ing of all the elements pix for x in A and p*’ A is the intersection of all the
piA.

Linear dependénce, rank: The (different) elements a(l), ...a(n) of

the group J are linearly dependent if there exist integers o(j) not all = O such
n
that 5 o(j)a(j) = 0. Any (finite or infinite) subset of J which is not de-

J=1
pendent is indevendent.

There exists always a greatest linearly independent subset of a group J, and any
two greatest linearly independent subsets of a group J contain the same number cf
elements. This number is the rank r(J) of J.

Closed subgroups: C is a closed subgroup of the group J, if O is the

only element of finite order of J/C (i.e. if J/C is a group Ji).

p-complete, almost p-complete: The group J is p-complete if

0 % J = pd. The group J is almost p-complete if it contains a closed subgroup
C of finite rank such that J/C is p~complete.

THEOREM 1: C(p,F(A)) is a direct summand of every F-J-group A (for
given groups F and J) if,and only if, at least one of the following two condi-
tions is satisfied:

(a) The orders of the elements of C(p,F)/p™ C(p,F) are bounded.

(b) There does not exist any almost p-complete subgroup of J.
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Rational coeffiq}ggfgﬁigﬁgrovpgag; If x is any element of the group J,

n# 0 an integer, then there exists at most one solution Yiof ny'= = in J, 1%
a solution of this equation exists it is therefore possible to denote it by
n %, Hetins there exists to every element x of J a certain set R(x) of rational
numbers such that rx exists in J if, and only if, the rational number r is in
R(x). If rx and ex exist, themn (r % s)x = rx X §x and thesefdre R(x) is an ad-
ditive group of rational numbers. If x # 0, then R(x) and the smallest closed
closed subgroup of J which contains x are isomorphic, since this smallest closed
subgroup consists exactly of the elements rx for r in R(x)..

Note that it may havpen that rx and ry do not exist in J but ¥ix % ¥)
exists in J so that the distributive law for these rationsl operators is not un-

restrictedly true.

n(x,p) = n{x,p; J) for elements x of the group J and prime numbers p is

1l

the greatest number i such that piy x has a solution y in J. n(x,pf is there-

fore infinite if every equation p'y = x has a solution in J. Obviously

n(

xty,p) 2 min (a(x,p), n(y,p))
and therefore in particular: if n(x,p) < n(y,p), then n(x+y,p) = n(x,p). Clear-
1y n(x,p) = a(*x,p).

Additive groups of rational numbers: Since direct summands of groups

J are closed subgroups, additive groups of rational numbers (= groups of rank 1)
are not true direct sums, i.e. direct indecomposable.

Let R be any additive group of rational numbers and x % O an element of
R. Suvpose that r % 0 is m ratiomal number such that rx exists in R. Then
n(x,p) # n(rx,p) if, and only if, n(x,p) is finite and p is a divisor of r, i.e.
if r = ch'-Jc where s and t are relatively prime integers, then p divides either s
or .  If n(x,p) is finite and p divides s, then n(x,p) < n(rx,p), anf if p di-

vides t, then n(rx,p) < n(x,p). Hence: if x and y are two elements ¥ 0 of R,




then n(x,p) = n(y,p) for almost all prime numbers p and nix.p) = n(y,p). if &%

least one of these numbers is infinite. n(x,p) = oo if, and only 1£,0R a5 pe
complete.
Suppose now that R and R' are two groups of rank 1 containing elements

x and x' respectively such that

n(x,p; R) = n(x',p; R') for almost all prime numbers p and in particular for
eévery prime number p such that one of these numbers is
infinite,

Then there exist integers v, v' such that n(vx,p; R) = n(v'x',p; R') for every

prime number p and in mavdping vx upon v'x' an isomorphism of R upon R' can be de-

fined.

Jasis of a group J is a greatest linearly independent set G such that

m
nx = $;~'njgj for integer n % 0, nj and elements gj in G, x in J implies that
=1
every njn"lgi exists in J.

Then the subset G of J is a basis of J if, and only if, G is the direct

sum of the closed subgroups (of rank 1) which are generated by the elements in G,

ooy IR B TG
g ani&
A basis of the group J exists therefore if, and only if, J is a direct

sum of groups of rank 1, i.es of subgroups of the additive group of retional num-

bers.

Complete groups are groups J which are p-comvlete for every prime num-

ber p. The only comnlete group of rank 1 is the additive group of all the ra-
tional numbers. If G is a greatest linearly independent subset of the complete

group J, then J =‘;§>~—_ (g) where g is the smallest closed subgroup of J which

s in G

(5

contains g, i.e. G is a basis of J. Tvery (g) is isomorphiec to the additive
group of all the rational numbers. The number of summands is the rank of J and

uniquely determined by J. T l% is a well 'known faet of linear algebra ! ;. if
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the nuﬁber i\ fgnﬂte sanded foat e dnfinake ab 0 exactly the number of elements

Ll In particular therefore two complete groups are isomorphic if, and only

‘operators Torm any field)., _ Furthermore every closed subgroup of a comolete
if, they have the same rank. (An analogous theorem holds if the group is a
direct summand. llore generally:

Svery complete subgroup of a group J is a direct summand of Ja

For if C is a complete subgroup of J, then let S be a greatest linearly
independent subset of C and T a greatest linearly independent suBset of J which
contain S. If T* is the smallest closed subgroup containing all the elements of
T but not im 8, then J = C + T*,

Every group J is contained in an essentially uniquely determined small-

est complete group. qu form the set P of all the pairs (x,n) for x in J and in-

teger n # 0, defining identity by

(x,n) = (y,m) if, and only if, mx = ny
and addition by

(x,n) + (y,m) = (mx+ny,mm).
Then P is a smallest complete group which contains J (= the elements (x,1)) and if
P' is another smallest complete group containing J, then there exists an isomor-
phism of P upon P' which leaves all the elements of J invariant. From this fact
and the invariance of the rank of complete groups follows the invariance of the
rank of every group J.

Any two decompositions of a group J into a direct sum of groups of rank
3 D & I I

are isomorphiec, i.e. if J = ;- J(v) = > Jd'(w), where J(v), J'(w) are of rank 1,
e w
then there exists a one-~one correspondence between the J(v) and J*(w) such that

corresponding summands are isomorphic.
In order to prove this Theorem we have to define the

Invariants of a group J. Let R be any group of rational numbers,

t % O an element of R, If x is an element of the group J, then type of x by type

of R if, and only if,




(a) n(x,p3d) z n(t,psR) for almost all prime numbers p,

i}

[ (v) n(t,psR) = == implies n(x,p:J)e o=,
If in (a) for the inequality-sign equality is substituted, then type of x = type of
R. Therefore type x = type R, if and only if, type x £ type R é type x-
\ If type x 2 type R and type x # tyve R, then type x 3 type R.
Type x > type R if, and only if, (a) and (b) are satisfied and in (a) inequality
holds infinitely often.
Equivelent with these definitions are the following statements:
(¢) The type of the element x # 0 in the group J is the type of the smallest closed
subgroup of J which contains x.

(d) If R and R' are two groups of rank 1, then

type R! if', and only if, R and R! are isomorphic;

i

type R

(VN

type R 2 type R' if, and only if, R is isomorphic with a subgroup of R!,
Wote that two groups of rank 1 are isomorphic if each of them is isomor-
phic with a subgroup of the other one.
If R represents any type of group of rank 1, then

(R) is the set of all the elements x in J satisfying type R & type x,

(2

giﬁ)—'is the smallest closed subgroup of J containing the set of all the elements

.

x in J satisfying type R < type x,. From the formulae derived f- = the functions

n{x,p;J) it follows that J(R) is a closed subgroup of J and that J(R) 2 T(RY &

They are invariants of the grouo J and therefore the rank d(J,2) of J(R)/J(R)”

is also a group invariant.

If J has a basis, is8. if J is a direct sum of groups of rank 1, then

there are in every decomposition of J into direct summands of rank 1 exactly

4(J,R) summends isomorphic with R.

For let J = J(v) be a decomposition of J into direct summands J(v)

P
9y
R
v

ST J(v) and

E}%e R 3 type J(v)

of rank 1. Then J(R)

A

e

JR) = i J(v),
type R € type J(v)
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i
since n( > r(j)v(3),psd) = m.:'s(.n< (n(r(3)v(3),p3J)) holds for elements b(j) of a
J=1 1232k
basis and rational numbers r(j) such that r(3)b(j) # O exists in J; and this
proves our statement, From this statement follows the
Theorem 2: Suppose that the group J has a basis. Then the group J and

the group J! are isomorphic if, and only if, J' has a basis and d(J,R) = d(J',R)

‘or every type R.

P-adic grouns: Suvpose thet A is & group such that pi4# 0, p“ A = O.
£11 the elements of A/pA are of order (1 or) p and therefore there exists a basis
3 of A mod pA, i.e. to every element x 7 O mod pA of A there exists a uniquely de-
termined finite subset b(1l), ..., b(t) of 3 and uniquely determined integers c(j)

t
is of a complete group.) Therefore if x is any

such that 0 < ¢(j) < p and x = ¢(3)b(3) mod pA. (Proof exactly like the

proof of the existence of a bas

element of A and B a fixed basis of A mod pA, then x = >  e(x,b)b + px(1)
b in B
where O £ e(x,b) < p and almost all e{x,b) = 0. 1In applying the same on x(1)

and so on it follows: +there exist numbers o(x,b,i) with 0 & c(x,b,i) < p such
el 3
5 p ST c(x,b,j)b mod p*A
J=0 b in'B

s A ;
or i ( =7 pJe(x,b,3))b mod pA.
! bliin B 350
Since the intersection p'vA of all the p*A is 0, not only every element x deter-

m

that for every i almost all ¢(x,b,i) = 0 and x

mines uniquely the coefficients c¢(x,b,1) but conversely: x = y if, and only if,

o - . P o . Py
c(x,b,i) = e¢{y,b,1) for every b and every i. Furthermore c¢(x<y,b,i) =

31}

c(x,b,i) I c(y,b,i) mod p.

Therefore it is possible to write

x = o>  d(x,b)b wherc d{x,b) = :?f'pic(x,b,i) is an integral p-adic number and
b in B 1

for every integer i almost all d(x,b) are = 0 mod pi.
Note firstly that it is quite possible that an infinity of d(x,b) # 0 and that

secondly not all possible developments _.>  d(b)b where the d(b) are integral
b in B




p-adic numbers almost all of which are = 0 mod pi exist in A.

But there exists an essentially uniquely determined group A which con-
tains A such that every basis B of A mod pA is a basis of X mod pA and such that
in A for every basis of A mod pA =ll possible developments exist. An invariant -
construction of X is the following: a defining series of A is a series C(i) such
“hat C(1) is a class of A mod pA and C(i+l) < G(i). The intersection of the
clesses of a determining series is at most one element of A and, if it is an ele-
ment of A, then This element may be identified with its defining series. The sum
of the defining series C(i) end D(i) is the defining series C(i) + D(i). Then
the set of all the defining series becomes a suitable group K, as can be verified
easily.

K is the p-adic closure of A.

If in particular Z is ean infinite eyclic group, then its p-adiec closure
7 exists and is exactly the additive group of all the integral p-adic numbers.
E/p? is a cyclic group of order p and therefore holds: Ivery closed subgroup of
7 is a direct indecomposable group. There exists an infinity of different closed

subgroups of Z, but a characterization of the possible different types of closed

subgroups of Z is an unsolved problem.

Note that all the (formerly defined) type-invariants d(Z,T) = O with the
excoption of one d(Z,R) = 51%0 But 7 is not a direct sum of a continuum of groups
of rank 1 and therefore not characterized by these type-invariants.

Similarly it is possible to derive from the p-adic closures of groups

J (if existent) indecomposable groups. Whether there exist other types of un~-

decomposable groups seems unknown though rather probable.
s 28 'Y g
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Reducible is the element x # O in the greup J if x Zx and type x
< type x; for every i. The element x # 0 is irreducible if l—i = EL_.xl and
type x b type Xy for every i implies that type x = type x; holds for at least one 1i.
Theorem 3: Suppose that the group J is a direct sum of groups of rank 1.
Then the subgroup S of finite rank is a direet summand of J if, and only if,
(a) S is <losed in J, mod J(R)™ for every tvpe R;
(b) the elements irreducible in S are also irreducible in J.
Proof: l. If J =8+ T, then S satisfies (a) and (b). For if s, s'
are in S, ¢, t!' in T and n(s*'+t') = s+t, then nst = s, Furthermore,
n{s+t, p; J) = n(s, p; J) if n(s, p; J) = n(%, p; J) and therefore
type (s+t) £ type s and type (s+t) % type %. fence ¥(R)™ = S(R)” + T(R) for
every type R and therefore J/J(R)” and S/S(R)™ + Q/T(R)- are isomorphic and this

implies (a). If finally the element s in S is reducible in J, then there exist
elements s; in S, t; in T such that s =‘§§; (si + ti) and type s £ type (si+ti)
for every i. But since J is the directlgum of S and T, it follows that

gl = EE: sy and, since type s < type (s; + ts
lowslziat the element s of S is also reducible in S, i.e. (%),

) £ type CH (as proved before), it fol-

2% If S is of finite rank and J a direct sum of groups of rank 1, then
S is a subgroup of a direct summand of J which is a direet sum of a finite number
of groups of rank 1.

For let G = (s(1), ..., s(k)) be a greatest linearly independent subset
of S and B a basis of J. Then there exists a finite number of elements b(j) in B

and rational numbers r(i, j) such that r(i, j)b(j) exists in J and

a(i) = f r(i,j)b(j). Turthermore, if s is any element in S, then there exist
J=1 k G
integers w # 0, w(i) such thet ws = > w(i)s(i) #he therefore s is contained in
i=1

the direct sum of the closed subgroups of J which are generated by the elements

b(J3).

‘7—,
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Se In this sectien of the proof it will be shown that it is sufficient
to prove the following statement:
(3:1) Suppose that the group J is the direct sum of a finite number of
groups of renk 1, that the subgroup S of J satisfies the conditions (a) and (v)

and that

(¢) all the elements s # O of S are of the same type S* and that type S* S type R
for every type R of groups of rank 1 such that d(J, R) # 0, and that d(J,5*) # 0.

(As proved before, d(J,R) # O is equivalent with the fact that in every
decomposition of J into direct summands of rank 1 there occur summends isomorphic
with R, )

Then S is a direct summand of J.

For let us suppose that (3:1) holds true and that S is a subgroup of the
direct sum J of groups of rank 1 which satisfies (a) andb(b). Then from sec. 2
of the proof we can assume that J is of finite rank and since our Theorem clearly
holds true if J is a group of rank 1 we may assume (by induction) that the Theorem
holds true for all the groups J of a rank smaller than the rank of the considered
group and therefore in particular for every proper direct summand of J.

Since J 1s of finite rank and a direct sum of a finite number of groups
of rank 1, it follows that J = Ef; Rl where the R1 are groups of rank 1 whose type
is uniquely determined and ther:;ore there exists at least one number w such that
type Rl é type Rw implies type Ri = type Rw’ i.es such that Rw is of minimal-type
amongst the Ri.

Suppose now that Rv is also of minimal-type though tyve RW % type Rv'
Then J(RW) is a proper subgroup and direct summand of J and therefore the inter-
section S' of S and J(RW) is a direct summand of J(RW), i.6 J(RW) = St % T
Therefore if J = J" + J(Rw) = Jd" + T+ 8!, and, if S" is the intersection of

J" + T and S, it follows that S = S* + S"., But since the rank of J" + T is also

L e e i
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smaller then the rank or J, provided S! # 0 it follows from the induction hypothe-
sis that S" is also a direct summand of J" and therefore that S is a di%ect sum-
mand of J.  Since by (b),if S # 0,for at least one minimal-type Ry, the intersec-
tion of S and J(R, ) is # 0, it can be assumed that

type RW é type Ri for every 1i.
Then J = U + J(RW)— where U is a direct sum of groups of type Rw' Let SW be the
intersection of S and J(RW)-. Since the rank of J(RW)~ is smaller than the rank
of J, it follows from the induction-hypothesis that Sy 1s a direct summand of
J(Rw)- ies J(Rw)- i g Therefore if S, is the intersection of S and U + V
it follows that S = B ¥ SW. Since the rank of U + V is smaller than the rank of
J provided that SW % 0, Sv is, by the induction-hypothesis, a direct summand of
U + V and therefore S a direct swmand of J if only 8§, # 0. But if S = 0, then
because of (b) the condition (¢) is satisfied and therefore by (3:1) S is a direct
summand of J.
Thus it has been proved that it is sufficient to prove (3:1).
4, In this section it shall be shown that it is sufficient to prove
the following particular case of (3:1):
(4:1) Suppose that J is a direct sum of a finite number of groups of
rank 1, that the subgroup S of J satisfies the conditions (a), (b), (¢) and
(d) If s # 0 is an element of S, then n(s, p; J) is for almost every prime number
p either O or infinite,
Then 8 is a direct summand of J.
For let P be the set of all the prime numbers p such that S is not P
complete, let n(p) = n(s, ps J) for & fixed element s #£ 0 in S and every p in P,
and for every closed subgroun T of J let Tp be the intersection of all the groups

pn(p)T Hop phdn Py If S is a closed subgroun of J, then SP is the intersection

of S and JP. If J and S satisfy the conditions (a) - (¢), then Jp and Sp satisfy

h-.l-l-----:;__———————————————————————————————_________________________________________—__*Ab
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the conditions (a) = (d) and therefore irf (4:1) holds true it follows that S is a
i
direct summand of Jp, 1.4, Jp = SP + M If T is the smallest closed subgroup
CRyiE ) 3 1 4 =
of J which contains T', then ’.[P = T' and therefore J = § + T. Hence it is suffi-
cient to prove (4:1).
Be Pwgal of (4:1):
From the assumptions it follows that
k
1=y (b(1)) *+ I(s*)
: i=1 ‘
(*) wwhere type b(i) = type (b(i)) = type s for every s # 0 in §
:and n(b(i), p; J) is either O or infinite. In particular therefore J is p-
complete for every prime number p such that S is p-complete,

b(i) for 1 # n

1

If b(i)!

b(h) + £ with £ in 3 (b(i)) * J(8%) for § = 4
i#h
then the elements b(i)' satisfy also the conditions (*).

/e are now going to prove that there exists a set of elements bt (i)
which satisfy (*) such that at least one of these elements b'(i) is contained in
S. To prove this, note that every element s ¥ O of J has the form
s =Zk_‘l: h(s,i)m(s,1)"tb(1) + s*

i=

where h(s,1) and m(s,1) are relatively prime integers (m(s,i) = 1 if h(s,i) = 0),

]

m(s,i) is prime to every prime number p in P {such that S and J are not p-complete)

and where s* is in J(S*) .  From the conditions (b) and (c¢) no element s #0 in S

is contained in J(S*)” and therefore, if S 7( O, there exist elements s in S such

that h(s,i) is positive for at least one i. Therefore there exists a number
i

g=gMm(1), eve, b(k)) and an element w in S such that 0 < g L jh(s,1i)| ¥ every

. g ¢ S i
sin S and h(s,i) # 0 and w = gb(i,) + > h(w,i)m(w,1i) "b(i) + w*. Iege .

iFi,
then the elements b"(io) =w, b'(i) = b(i) for i # i, satisfy (*) and one of these

elements is in S, If 1 €. g, them
h(w,i) = ght(i) + hr?(i) with 0 £ n"(i) < g




14

il

and eht elements b'(i) = b(i) for i # 3
o

il

b(i) + = h' (i)miw,1) 1b (1)
T Ai
satisfy (*). Then the element w in°S has the form:
wegb' (L) + 5 n"(1)m(w, 1) " Mb(1) # w
1#1
) ; : 0 y
If h"(i) = O for every i # i_, then™) from (a) the element g % exists in S and

O ————a.

*Ntore accurately:{:here exi§ts by (a) in S an element u such that gu-w is in J(S*).
3ut since the intersection of S and J(8*) is 0 because of (£) it follows
that gu = w or that g exists in S.

this is not possible, since 1 < g, Therefore at least one of the h'(i) is # 0
and therefore g(b'(1), ..., b'(k)) < g(b(1), ..., b(k)). Hence it follows by com-
plete induction with regard to g that there exists o set b*" (1) swse BI(E) aptige
fying (*) and containing at least one element of S Then
e (b (z)) +Z;: (Br(1)) + J(s*)” = (b'"(z)) + 2

where b'"(z) in S and theref;rs, if 8' is the intersection of Z and S,
S=(b"(z)) + 8'. But since Z is of lower rank than J it follows that S!' is &
direct summand of Z and therefore that S is a direct summand of J and this com~
pletes the proof of the Theorem.

Note that we have actually proved slightly more; mnamely the

Corollary 1: If J is a direct sum of groups of rank 1 and if the sub-
group S of finite rank satisfies the conditions (a) and (b) of the Theorem, then
there exists a basis of J which contains a basis of S.

Corollary 2: Suppose that the group J is a direct sum of groups of rank
1. Then every closed subgroup of finite rank of J is a direct summand of J if,

and only if, all the non-complete direct summands of rank 1 of J are isomorphic,

i.es if, and only if, all the elements f/ O of J are of the same type, mod the

greatest complete subgroup C of J.

. .
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Proo__f::

Obviously every closea subgroup of J satisfies (a) and (b) of the

Theorem if the condition of the Corollary is satisfied, since the greatest closed

subgroup C of J is a direct summand of Je e If conversely the condition of Corol-

lary 2 is not satisfied, then J = y + v + W where U and V are groups of rank 1 of

different type and neither of them ig complete,

Case 1: type U < type V.
Since V is not complete, there exists a prime number p such that V (and
therefore U) is not p-complete and therefore there exist elements u and v in U and

V respectively such that n(u, p; J) = n(v, p; 4) = 0,  7The slesed subgroup (putv)
of J and U + V which is generated by pu+v does not satisfy (a) though (b) is sat-
isfied and though, which is noteworthy, the typgglU and of V form an ordered set.

Case 2: type U 7( type V but néither is smaller than the other one.

Then let u and v be elements #0in U end Vv respectively. The closed
subgroup (u*v) of J and U+V which is generated by utv does not satisfy (b) since
type (utv) < type u and < type v as has been proved in sés. 1 of the proof of the
Theorem,

(utv) does not satisfy (a) and therefore it is undecided whether condi-
tion (b) depends on (a) or not.

lemark: DNote that the finite-renk-condition is essential as the follow-
ing example shows:

J = .d/ (ai) is the direct sum of the infinite cyclie groups which are
generated by t;:lelements e, and the subgroup S is the direct sum of the cyclic sub-
'groups generated by the elements ai_l~2ai. Then S is a closed subgroup of J, but
J/8 is 2~complete and therefore S not a direct summand of J.

Theorem 4: The group J is a direct sum of isomorphic groups of rank 1

if, and omly if,




(a) the elements # 0 of J end of J/S have the same type for every closed subgroup

S of finite rank;

(b) J is a direct sum of countable groups.

Proof: If J is a direct sum of isomorphic groups of rank 1, thenm all
the elements # 0 of J have the same type as thess direct summends of rank 1.
Since by Corollary 2 of Theorem 3 every closed subgroup S of finite rank is a di-
rect summend, every class-group J/S is isomorphie with a subgroup of J and this
proves the necessity of the condition (a). Condition (b) is obvious since groups
of rank 1 are countable.

Suppose now conversely that the group J satisfies the conditions (a) and
(b). Since every direct summand of J is a clesed subgroup of J and since there-
fore every direct summand of J satisfies also the condition (), it follows from
(b) that it is sufficient to consider counteble groups J.

Let b # O be any element of J (since from (2) all the elements # 0 have
the same type, the choice of b is of no importance), let P be the set of all those
prime numbers p such that J is not p-complete, and let n(p) = n(b,p;Jd) for every p

inP, If T is any subgroup of J, then Tp is the intersection of all the subgroups

n(p)

P flifer p in P. If S is a closed subgroup of J, then SP is the intersection

of S and JP. Therefore the condition (a) is satisfied in the group Jp end if

¢ # 0 is any element of Jps then n(c,p;JP) = 0 for almos% every p in P (of course

J and J_ are g-complete for the seame prime numbers q). Since, furthermore, every

basis of J_ is a basis of J, it follows thet is sufficient to prove our sbatement

for countable groups J, satisfying (a), such that for every element x % 0 of J
holds: n(x,p;J) is either O or infinite for almost every prime number p.

Every countable group J contains closed subgroups J(i) such that the

rank of J{1) 384,
J(i) < J(i+l) and J(i+1)/J(i) is a group of rank 1,

R e e
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pith- + Flieww walSTS an integer m such that J = J(m) or J is the join of all the

groups J(i).
(*) for every i there exists a basis of J(i) which contains a given basis of
J(i-1).

To prove (*) remember that J(i)/J(i=1) is from (a) & group of the same
Type as the closed subgroups of rank 1 of J. Therefore J(1)/3{i-1) contains an
element x* # O such thet n(x*,p;J(1)/J(i-1)) is either O or infinite. Let B(i-1)
be any basis of J(i-1) and x any element in the class x* of J(1)/d(i=1). If r
runs through all the rational numbers with e denominator prime to every p in P
(where P contains all those prime numbers p such that J is not p-complete), then
every rx exists in J and these elements represent exactly the classes of
J(1)/3(i=1).  Therefore J(i) = J(i-1) + (x) where (x) is the closed subgroup gén-
erated by x, and the elements of B(i~1l) and the element x form therefore & basis
of J(i), and this proves (*).

Since J(1) is a grou» of ramk 1, there exists a basis of J(1) and there~
fore it follows from (*) by complete induction that there exist elements
b(1), b8}, MasesD (1Y, oew such thek the elements b(j) with 1 £ j £ i form a basis
of J(i). Then the set 3 of all these elements b(i) forms a basis of J and this
completes the proof of the Theorem.

Zemark 1: The following statement contains a more constructive proof of

the existence of a basis in some special cases:

Suppose that the group J is of finite rank, is gq-complete for every prime
number g # p and does not contain any almost p-complete subgroup. Then evefyl o
basis for J mod pJ is a basis of J.

Proof: Suppose that B is a basis of J mod pJ. Then B is linearly in- =

dependent, since every linear relation between elements of B leads to a dependence '

mod pJ. Therefore B is finite sinece J is of finite ramnk, i.es B = (b(1),s..,b(k)).

_+
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Let B! be the smallest closed subgroup of J which contains B. Then B!
is of finite rank, Tu

rthermore if x is any element in J, then there exists an

element y in B' such that x 2 y mod pJ i.e. x = pgz mod B' and therefore

J/Bt = p(J/B'). Since J is not almost p-complete it follows that J = B'.

Hence if x is any element in J, x # O, then there exist integers n # O,

n{i) such that nx = EZ; n{i)b(i). Since B is a basis of J mod pJ, it follows

i=
that n % 0 mod p implies n(i) = O mod p for every i. Since J is g~complete for
every q # p, this implies that the elements n n(i)b(i) exist in J and therefors B
is a basis of J,

Jote that the statement and its proof become false if the rank of 318

infinite.

2o That the condition (a) is indispensable show Cege suitable sub-
groups of the group of all the integer p-adic numbers.

3e If the type of all the clements # 0 of J is the type of the group
of all the rational numbers, then J is complete and therefore a direct sum of
groups of rank 1 so that in this case the condition (b) is superfluous. But

apart from this case things behave quite differently. For let R be any group of

rational numbers which is not complete, p a prime number such that R is not p-
complete.  Denote by W(R) the group of all the sequences of elements in R and by
W(R,p) ©the group of all those sequences r, of numbers of R which satisfy:

k

X = piinm R

For every integer k there exists to almost every r, e solution of p §

W{R,p) is a closed subgroup of W(R),

W(R) and W(R,p) both contoin a continuum of elements. W(R,p) contains thg
countable subgroup V(R) of all those sequences r. such that almost every o 0.

If x is any element of W(R,p), then there exists an element y in V(R) such that

\ |
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x = y mod pW(R,p) and therefore W(R,p)/PW(R,p) .counteble. Therefore W(R,p)
cannot have & basis, since a basis of W(R,p) would contain a conbimsum of 'slemawts
and would also form & basis of W(R,p) mod pW{R,p) and this is impossible.

Since W(R,p) is not a direct sum of groups of rank 1, W(R) is also not a
direct sum of groups of rank 1, as follows from -

:_I‘ll_g_q_rgin_j: Suppose that J is a direct sum of isomorphic groups of rank
1, that P = P(J) is the set of all the prime numbers p such that J is not p-com+
plete, that the numbers n(p) (=n(p,J)) for P in P are determined in such a way
that for at least one element x # 0 holds n(p) = n(x,p;J) (or nearly equivalent:
that for every element x ¥ 0 in J holds n(p) = n(x,p;J) for almost every p in P).

Ae If n(p) = O for almost every p in P, then a subgroup S of J which
is g-complete for every prime number q such that J is g-complete is a direct sum
of groups of rank 1 (w:ich are isomorphiec with the direct summands of rank 1 of J)%

Bis If the subgroup S of J satisfies the two conditions:
(a) S is g-complete for every prime number q such that J is g-complete;
(b) Tor almost every p in P and every s in S the elemenb p-ls exists in S if, and
only if, it exists in J3;
then 5 is a direct sum of groups of rank 1 (which are isomorphic with the direct
summands of rank 1 of J).

Proof: Ad A.: There exists a basis B of J such that n(b,p;Jd) = O for
every b in B and every p in P. Let B be well-ordered in a certain way:
B = (b(1l), wevs DUYIE Rune

If x is any element in J, then x = : h(x,v)m(x,v)_lb(v) where h(x,v)
and m(x,v) are relatively prime integers, m(x,:rr) = 1 for h(x,v) = 0, m(x,v) prime
to every p in P and almost every h{x,v) = O. Therefore to every x 7-/ O there

exists a uniquely determined number v = v{(x) such that h(x,v(x)) # 0, h(x,w) = 0

for v(x) < We
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Either there does not exist any elerent s # O in S such that v(s) = z
for a given ordinal z; then s(z) = 0. Or there exist elements s # O in S suoh

bhet v(8) = g,

sy}

nd then amongst these elements there exists one such that h(s,z)
has a simallest positive value h(z). Then there exists an element s(z) in S such

that s(z) = h(z)b(z) + T;—.h(S(Z),v)m(s(z),v)—lb(v). The set C of all the ele-

v<z
4 . .
ments s{z) ¥ 0 is an independent set.*) Furthermore if s # O is any element in

*) The idea of determining C in this way is due to Zippin.

S, then m(s,v(s))—ls(v(s)) exists in S, since S is p-complete for every prime num-
ber p dividing m(s,v).  Furthermore h(v(s)) is a divisor of h(s,v(s)) and there-
fore there exists a rational number r such that rs(v(s)) exists in S and such that
s = rs(v(s)) does not depend on elements b(w) with v(s) £ w.

Since by complete (transfinite) induction we may assume that all the el-
ements t in S with v(t) < v(s) are expressible by the elements in C, it follows
now that every element of S is expressible by elements in C, and therefore that C
is a basis of S.

Ad B.: Suppose that S satisfies the conditions (a) and (b) and that P!
is the subset of P such that for every p in P! and every element s in S the ele-

ment p_ls exists in S if, and only if, it exists in J. Then there exists only a

finite number of prime numbers p in P which are not in P'.

For every subgroup T of J let Tp, be the intersection of all the groups

7ESN { 2
pB\P/T for p in Pty Then S,, 1s the intersection of § and JP' and S,, is a sub-
¥ )

satisfying the conditions of A. At the same time J,, satisfies the

groun of JP'
conditions of A, and therefore there exists a basis of S, . But from the con-

struction of S.,, it follows that every basis of SP' is also a basis of S, and this

completes the proof of the Theorem.
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temark 1: If J is a direct sum of infinite ecyclic groups, then every

subgroup of J is a direct sum of cyclic groups {(by A).

2 <y . .
2e vince every group J is a subgroup of a complete group and since

complete groups are direct sums of groups of rank 1, in general not every sub-
group of a direct sum of isomorphic groups of rank 1 is a direct sum of groups of

rank 1l

<

Ble The subgroup W(R,p) of W(R) satisfies the conditions (a) and (b)
of B, and therefore W(R) is not a direct sum of groups of rank 1.
Theorem 6: J(R) is the direct sum of J(R)™ and a direct sum of groups
of rank 1 if, and only if, J(R)/J{(R)” is a direct sum of groups isomorphic with R.
Proof: If J(R) = J(R)™ + > H(v) vhere the groups H(v) are groups of
rank 1, then each H(v) is isomorphic zith R, since the elements ¥ 0 in H(v) are

contained in J(R) but not in J(R) . Furthermore J(R)/J(R)” and > Hiy) are igow
morphic, and this proves the necessity of the condition. .

Suppose now that the condition is satisfied, that r % O is an element
in R, that P is the set of all the prime numbers p such that R is not p-complete,
and that n(p) = n(r,p;R) for every p in P, If T is any group, then let Tp be the
intersection of all the groups pn(p)T for podR Pl This definition implies the
following equalities:

3005 JP(RP) and J(R)'P = JP(Rﬂ)_.

Hence from the condition satisfied by J and R it follows that JP(RP)/ﬁP(RP)_ is a

direct sum of groups isomorphic with R Furthermore n(r,p;Rp) = O for every p

P.
abm 18
If now there exists a subset B of JP(RP) such that
JP(RP) = :;;'___ (b)P + Jp(R‘)-, where (b)P is the smallest closed subgroup of
in 3
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J(R) = =" (b) & 3(8)
b in B

where (b) is the smallest closed subgroup of J(R) containing b,

Therefore it is sufficient to prove our statement in the particulér case
where n(p) = 0 for every p in P.  Then let B* be & basis of J(R)/I(R)” and B any
set of elements representing the classes in B* mod J(R)". The basis B* can and
shall be chosen in such a way that n(b*,p;J(R)/J(R)7) = O for every p in P.  Then
sb* exists in J(R)/J(R)” if, and only if, the denominator of the rationsl number
s is prime to every p in P and the existence of sb* implies therefore also the
existence of sx for every x in J(R). Hence the closed subgroup of J(R) generated
by B is the direct sum of the closed subgroups (b) generated by the elements b in
B and since this subgroup represents all the clesses of J(R)/J(R)” it follows that
J(R) = E‘; (b) + J(R)™.

Remark: It is not sufficient to assume that J(R)/I(R)” is a direct sum
of groups of rank 1 as the following example shows:

Let (a) be an infinite cyelic group, (b) a 2-complete group such that
n~1b does not exist in (b) if n is an odd number (# 1). Let J be the group which
contains the direct sum (a) + (b) and elements c(p) for every odd prime number p
such that pe(p) = a + (p+2)b. If Z is the type of the infinite .yelic groups,
then J(2) = J, 3(2)" = (b), J(2)/9(2)" is of rank 1, but not isomorphic with Z,
since n(J(2)” + a,p;d(2)/7(2)") = 1 for every odd prime number p.

Corollary 1: Suppose that the types R with J(R) # J(R)™ form an ordered
set such that every subset contains a greatest clement, i.e. an inversely well=-
ordered set, Then J is a direct sum of groups of rank 1 if, and only if,

(a) for every type R, J(R)/I(R)™ is a direct sum of groups isomorphic with R, and
(v) R # 0 of type X is contained in J(x)~.
Proof: If J is the direct sum of the groups Z(v) of rank 1, then J(R) is

the direct sum of those groups Z(v) which satisfy type R £ type Z(v), J(R)” is the’
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direct sum of those groups Z(v) which satisfy type R < type Z(v), as has been
proved before, and therefore J(R) is the direst sum of J(R)” and those groups

z(v) whose type is exactly R. This proves the necessity of the conditionms.

If on the other hand the condition is satisfied, then from Theorem 6

therg exists a direct sum Z(R) of groups of type R such that ; it

J(R) = Z(R) + J(R). il

The subgroup Z of J which is generated by these groups Z(R) is the direct sum of

all these groups Z(R). For if z(1), ..., z(w) are elements belonging to differ-

ent groups Z(R), then the type of z(i) 7 0 is exactly the type R, belonging to il

the group Z(Ri) which contains z(i). Therefore if all these elcments z(i) are

# 0, then the type of their sum is exactly the type of the element z(i) with the "

lowest type (of all the types R(i)) since these types form a finite ordered set. il
Hence their sum cannot be O and therefore Z = Z Z(R).

Since x = u + v with u in Z2(R(x)), R(i) the type of x, end v in J(R(x))~ f
cad therefore R(x) < R(v) by B) and thercfore after a finite number of steps it }
follows that x is contained in Z, i.6. that J is a direct sum of groups of rank 1. ‘;

Remerk 1: The condition that the types R with J(R) # J(R)™ form not on-
iy an ordered set, but also do not contain infinitely increasing subsets is es-
cential as the following example shows:

Suppose that the groups R(i) of rational numbers satisfy

type R(i) < type R(i+l) for every integer i
and let W be the group of all the sequences r(i) of rational numbers such that ‘

the i-th coordinate r(i) is in R(i). Then the type of tho sequenco r(i) is

exactly the type of the first coordinate r(j) 7( O in this sequence and therefore

W(R) = W(R)™ if R ¥ R({), W(R(1))™ = W(R(i+1)) and W(R(i))AW(R(1))” is isomorphis

i

R(1i).  Therefore W cannot be a direct sum of groups of rank 1 since W contains

2 continuum of elements and by Thcorem 2 would be countable if it.should be a
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direct sum of groups of rank 1.
e That the condition ({£) is indispensable, the following example

shows:

Let p(1), £(2), «va, p(i), «.. be any enumoration of the prime numbers

and J a group generated by elements (il, PP, ik) where k runs through all inte-
gers,i'j = 1, 2 which satisfy the following relations:

(ll: 8o 0 p ik> o (il, ey i1{0 1) b (il’ Ll i A ik’ 2)’ l

n(il, SE0 - ik),p;J) =0 18 5 7’p(2j + ij) For every Je o e e :

n

oc i p e p(ag e ij) for a certain j. ]
Then every element (il, P ik) is the sum of two elements of higher type and |
therefore J(R) = J(R)™ for overy type R. On the other hand J is countable but

of infinite rank.

Note for ocxample that (4 ) is satisfied if the set of all the types of

clements # O in J is ordered, ;

Corollary 2: Suppose that J is of finite rank and that the types R

Ottt oo st

with J(R) # J(R)”™ form an ordered set. Then J is a direct sum of groups of real , % M

] if, and only if,
[ sor every type L, J(R)/U(R)_ is a direct sum of groups isomorphic with R.
/ Proof: The necessity of the condition is a conscquence of Theorem 6.
if on the other hand the condition is satisfied, then we prove:
‘ If X is the type of the elcment x f 0 of J, then x is contained in J(X) but not
in J(X)”, i.e. the condition (.£) of Corollary 1.
This statement is true if J is of rank 1 and therefore we may assume f
6 L that it is true for every group of lower rank which satisfieslthe conditions In
j particular thereforc our statement is true for every subgroup J(Y) where Y is any .

type such that X < Y, since x is contained in J(X) but not in J(Y¥). If x should

k
2e contained in J(X)~, then there exist elements x(i) in J such that x = R
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and type x < type x(i). Therefore,as noted before, every x(i) is contained in
J((%(1)) but not in J((x(i))), and hence the types of the elements x(i) form by
the general assumption en ordered set, i.es type x(1) £ ... & type x(k). But
this implies type x(1) < type x in ocontradiction to our assumption i.ee x is not i
contained in J(X)~.

The statement we have just proved implies that the types of elements of
Jd form an ordered set.

There exists an element of lowest type in J, since otherwise there
would exist elements x(i) such that type x(i+l) < type x(i) and since that would
imply J((x(i)) < J((x(i+1)) for every i. But this is impossible, since the
groups J(R) are closed and therefore the ranks of the groups J((x(i)) would grow
infinitely in contradiction with the finiteness of the rank of J,

Let now L be the type of an element of lowest rank in J. Then
J = J(L) # J(L)” end therefore from our assumption and Theorem 6: J = S + J(L)~
where § is a direct sum of groups isomorphic with L. S is not vecuous, sincc
there are elements of type L in J and therefore J(L)” is a group of leower rank
than J though satisfying our condition. Hence we may suppose that the Corollar:
Lolds for J(L)T, i.6e J(L)” and therefore J are direct sums of groups of rank 1
and this completes the proof.

Remark: The condition that the types R with J(R) # J(R)” form an or-
dered set is indispensable as the following example shows:

Let J be a group containing a pair of elements a, b such that a and b
are independent,

n(a,p;J) = 0 for p # 2, n(b,p3J) = O for p ¥ 3, n(a+b,p3d) = O for p b TG

=g for pli=liag S b Hor mleding e for pi=igy
If J is characterized by these relations, then

J(R(2)) = (a), J(R(3)) = (b), J(R(B)) = (asb), J(R{p))” =0 forp =2, 5,5
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where R(p) contains all those rational mmbers whose denominator is & power of p,
and J(R) = J(R)™ for all the other types R.

This group J satisfies all the conditions of Cogoliary @, add the types
R with J(R) # J(R)™ form a finite set. But the group J is not a direct sum of
groups of rank 1, since the rank of J is 2 but > d(J;R) = 3

This example shows that we need, insteid of the subgroups J(R), another
tool for attacking our problem,

J(R+) is the smallext closed subgroup of J which contains all the ele-
ments x ¥ 0 of J satisfying type x « type R.

J(R+)” is the smallest closed subgroup of J which contains all the ele-
ments x f’O of J satisfying type X'%'type R,

Note that J(R+) can contain elements x # 0 such that type x < type R,
and that J(R+)~ can contain elements x f O such that type xff type R.

These new characteristic subgroups have the following properties:
(1) J(R) T J(®+), 9®)™ < J(B)7, J@E)T S I
(2) If J is the direct sum of the groups J(v) of rank 1, then J(R+) is the direct
sum of the groups J(v) satisfying type J(v))ﬁ/ type R and J(R+)™ is the direct
sum of those groups J(v) which satisfy type J(v) ?’type R.
(3) If d(J,R+) is the rank of J(R+)/J(R+)”, end if J is a direct sum of groups of
rank 1, then all the classes of J(R+)/J(R+)” are represented by classes of
J(R)/I(R)” and conversely every class of J(R)/J(R)” represents exactly one class
of J(R+)/J(R+)"; emnd finally d(J,R) = d(J,R+).

Theorem 7: J(R+) is the direct sum of J(R+)” and of groups of rank 1
if, and only if, J(R+)/J(R+)” is a direct sum of groups isomorphic with R.

Proof: If J(R+) =7V + J(R+)”, then every element #0 of Vis exactly
of the type R and therefore the condition is neceseary. Suppose now that the con-

dition is satisfied. Let P be the set of all the prime numbers p such thet R is '

Baer
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not p-complete, r ¥ O any element of R and n(p) = n(r,p;R) for every p in P.
If A is any group, then let AP be the intersection of all the groups pn(p)A for
p' in P. If S is a closed subgroup of J,-theh SP is the intersection of S and
Jp+ If U is a closed subgrowp of rank 1 of J, u ¥ O an element of U and
n(u,p;J) < n(p) for an infinity of prime numbers p in P, then U, = 0.  Hence if
U, 7 0, then there exists an element u # 0 in U such that n(p) < n(u,p;J) for
every p in P and n(u,p;Jp) = n(u,p3Jd) - n(p) for all the other prime numbers p.
Henee if U and V are closed subgroups of J of rank 1 such that UP # 0 eand Vp 70,
then type U = type V if, and only if, type UP = type V,, and type U < type V if,
and only if, type UP-< type V?. Therefore it follows that JP(RP+) is the inter-
section of Jp, and J(R+), and that JP(RP+)— is the intersection of JP and J(R+) .
Since J(R+)/J(R+)” is a direet sum of groups isomorphic with R, every class of
JP(RP+)/3P(RP+)~ is contained in exactly one elass of (J(R+)/3(R+)-)P and con-~
versely, l.e. JP(RP+)/UP(RP+)' is a direet sum of groups isomorphic with RP. If
therefore our theorem would hold in the special case where all the numbers
n(p) = 0, then we should have: EP(RP+) - JP(RP+)~ - :;: J'(v) where J'(v) is a
group isomorphic with RP. If J(v) is the smallest closed subgroup of J
(or J(R+)) which contains Jt(v), then J'(v) = J(v)P. Since, as noted before,
essentially the identity

(J(R+) /I (R+) )P = JP(RP+)/3P(RP+)

holds true, and sinee the subgroup generated by the J(v) is the direct sum of the

J(v), the direct sum of the groups J(v) represents exactly tho classes of

J(R+)/J(R+)” and therefore J(R+) = J(R+)™ + > J(v). So it has been proved
v

that it is sufficient to prove our statement in the special case that n(p) = 0 for
every p in P, »

Then J(R+)/J(R+)” = R* has a basis B* whose elements b* satisfy
n(b*,p;R*) = O for p in P and
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Then let B be any set of elements in J representing the classes b* in B*,

B* is independent, Bigkso is independent. Furthermore, every class of

J(R+)/J(R+)" conteains exactly one element of the direct sum of %+i..:d)

groups (b) for b in B and conversely, and therefore J(R+) = J(R+)™ # > (Bl it
bin B

This completes the proof

Corollary: Suppose that the group J is of finite rank. Then J is &

direct sum of groups of rank il if, and only if, for every intersection S of a

finite number of groups J(R+)” holds

(a) to every element x of S there exists a type R(x) = R such that x is contained

in S(R+) but not in S(R+)";

(b) 8(T+)/8(T+)” is for every type T a direct sum of groups isomorphic with Tj;and

(c¢) S(T+) is the intersection of S,and J(T+), S(T+)" the intersection of S and

J(T+).

Proof: If J is the direct sum of the groups Z(v) of rank 1, then

J(R+)” is the direct sum of all those Z(v) whose type is not < type R. If S is

]

the intersection of the groups J(R;+)” for i =1, ..., k, then S is the direct

sum of the groups Z(v) whose type is neither < type Rl,nor'f type Ry, mor ...

< type Ry . In particular S is a direct sum of groups of rank 1. To verify (a)

consider a basis S* of S and an element x ¥ O of S. Since S* is finite, there

oceurs in the representation of x by elements of S* an eclement of lowest type and

this type is a suitable type R(x). The condition (b) is essentially a conse-

quence of Theorem 7,

Suppose now that the conditions are satisfied. Then there exists a

type R such that J(R+) # J(R+)~, provided J contains elements # 0. Therefore

there exists a lowest type L such that J(L+) # J(L+)”, since otherwise there

would exist a series of types R(i) such that J(R(i+l)+) < J(R(i)+) and this is im~




possible since the rank of J is finite. If L is a lawest type such that
J(L+) 7 J(1+)7, then J = J(I+). For if x is in J(R+) but not in J(R+)™, then
J(R+) 7 J(R+)” and therefore type R ¥ type L, i.es J(Rt) S J(I+), i.0a x is
contained in J(L+) and therefore from (a), J = J(L+).

From (b) and Theorem 7 there exists a direct sum K of groups isomor-

(l iul ¢
phic with L such that J = J(L+) = K + J(I+)”. Since the conditions (a) and (Eﬁ

are satisfied in J(L+)” and since J(L+)~ is of lower rank than J, J(L+)” and
therefore J are direct sums of groups of rank 1.
Remark: Condition (a) is needed, since there exist groups J of rank 2

[the example of the remark on p. 26] such that J(R+) = J(R+)™ for every type R.




