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Basic definition

If S, T are subsets of a group G, then we denote
ST :={xy|xeS,yeT}

$2=SS:={xy|x€eS,yeS}
ST is also called the product set of S and T

If G is an additive group, then we denote
S+T={x+y|xeS,yeT}

25=S+S={x+y|xeS,yeS}

S+ T is also called the (Minkowski) sumset of S and T,
2S the double of S



Background

Basic Problem in Additive Combinatorics :

To estimate the cardinality of ST in terms of |S|,|T|,
if S, T are finite non-empty subsets of G



Background

Basic Problem in Additive Combinatorics :

To estimate the cardinality of ST in terms of |S|,|T|,
if S, T are finite non-empty subsets of G

Remark

max{|S|,|T|} <|ST| <|S||T]|



Background

The bounds are sharp

SEE
IfS =T is a subgroup of G, then ST = S

More generally, if S = xH, where H is a subgroup of G and xH = Hx,
then S? = xHxH = x?H and |S?| = |S|



Background: an inverse result

Proposition

Let S be a non-empty finite subset of a group G.

|S?| = |S| if and only if S = xH, where H < G and xH = Hx

Proof. Assume |S2| = |S|. Write H = S~1S.
Obviously 1 € H and a—! € H, for any a € H.

Let a,bc S. Thena=s"1t,b=x"1y, s t,x,y €8S.
But tS=52=5x=xS,s0ot715=56x"1=x"15,
hence x !y = t~!v for some v € S and
ab=s"1tx"ly =stt7lv=s"1lv e H.

Therefore H is a subgroup of G.

Moreover, H = x1S = Sx~1, forany x € S,

thus S = xH = Hx.

//



Background: an inverse result

More generally:

Let S, T be non-empty finite subsets of an abelian group G.
|ST| = |S| if and only if S is the union of cosets of some finite subgroup
H of G and T is contained in a coset of H

Problem

What lower bound one can get on |ST]| if we assume G torsion-free?



Background - direct results

If S, T are non-empty finite subsets of the groups of the integers, then

we have

S+ T2 |5[+[T] -1

Proof. We use the fact that the integers are totally ordered. Write
S={xi,x0, - ,x}, T=A{y1,¥, -+ ,yn}t and assume
X1 <Xp < < Xe , y1<ys»<--+<yp Clearly

X1ty < ...<X1+tyn<Xxo+yn<..<Xk+ V¥n

Hence |[S+ T| > h+ k — 1, as required. //



Background - direct results

More generally:

Theorem (J.H.B. Kemperman, Indag. Mat., 1956)

If S, T are non-empty finite subsets of a torsion-free group, then we have

ST = [S]+ [T -1

Is this bound sharp?



An example

If a,r # 1 are elements of a group G, a geometric left (rigth)
progression with ratio r and length n is the subset of G

{a,ar,ar? --- ,ar" *}({a,ra,r?a,--- ,r""1a})
If G is an additive group

{a,a+r,a+2r,---,;a+(n—1r}

is called an arithmetic progression with difference r and length n

SEE
IfS ={a,ar,ar? ---  ar"~1} is a geometric progression in a torsion-free
group and ar = ra, then S? = {a°, a%r,ar?,--- | a°r?>"=2} has order

2IS| -1
e



Background - inverse results

IfS, T are finite subsets of the groups of the integers, |S|,|T| > 1,

IS+ T|=I|S|+|T|-1
if and only if
S and T are arithmetic progressions with the same difference

More generally:

Theorem (L.V. Brailovsky, G.A. Freiman, J. Algebra, 1990)

If S, T are non-empty finite subsets of a torsion-free group,

SLITI>1,
ISTI=I[S[+[T]-1

if and only if
S= {37367,"' 73qk71}= T= {bqbv 7qn71b}r avbvqe qu# 1



Direct results

In particular, if |ST| =|S|+ |T| — 1, then S is contained in a left coset
of a cyclic subgroup of G. In fact, we have:

Theorem (Y.O. Hamidoune, A.S. Lladé, O. Serra, Combinatorica, 1998)

If S, T are non-empty finite subsets of a torsion-free group, S not
contained in the left coset of a cyclic subgroup, and |T| > 4 , then

ISTI =[S+ [T +1

Theorem (K.J. Boréczky, P.P. Palfy, O. Serra, Bull. London Math. Soc.,

2012)
If S, T are non-empty finite subsets of a torsion-free group, S not
contained in the left coset of a cyclic subgroup, and |T| > c(k) for k > 1
and c(k) = 32(k + 3)®, then
IST| > |S|+|T|+k
o



Doubling problems

Let G be a group and S a finite subset of G.
Let «, B real numbers

Problem

What is the structure of S if |S?| satisfies

1S?| < S| + 57

Problems of this kind are called inverse problems of doubling type in

additive number theory. The coefficient «, or more precisely the ratio

% is called the doubling coefficient of S



Doubling problems

Inverse problems of doubling type have been first investigated by G.A.
Freiman

During the last two decades, they became a central issue in Additive
Combinatorics

E. Breuillard, Y. O. Hamidoune, B. Green, M. Kneser, A.S. Llad,
A. Plagne, P.P. Palfy. Z. Ruzsa, O. Serra, Y.V. Stanchescu, T.
Tao...

There are two main types of questions one may ask



Doubling property

What is the general type of structure that S can have if

52| < afS| + 37

How behaves this type of structure when « increases?

Studied recently by many authors
E.Breuillard, B.Green, |.Ruzsa, T.Tao...

Very powerful general results have been obtained (leading to a
qualitatively complete structure theorem thanks to the concepts of
nilprogressions and approximate groups)



Small doubling problems

But these results are not very precise quantitatively

Problem

For a given (in general quite small) range of values for « find the precise
(and possibly complete) description of those finite sets S which satisfy

5% < olS| + 8,

with « and |3/ small

Problems of this kind are called inverse problems of small doubling
type



Small doubling problems

We know that:

If G is torsion-free, S a finite subset of G, then

15| > 2|S| -1

Theorem (Freiman, Schein, Proc. Amer. Math. Soc. 1991)

If S is a finite subset of a torsion-free group,

S|=k>2,
1S?| =2|S| -1
if and only if
1 —i

S={aaq,---,aq" '}, and either ag = qa or aga™! = q



Small doubling problems

Theorem (Y.O. Hamidoune, A.S. Lladé, O. Serra, Combinatorica, 1998)

If S is a finite subset of a torsion-free group,

S| =k >4, then
|5 =2|S]
if and only if there exist a,q € G, aq = qa such that

S= {37 aqg, - - 7aqk} \ {C}7 with ¢ € {aa aq}



Small doubling problems

Theorem (G. Freiman)

Let S be a finite set of integers with k > 3 elements and suppose that

|25] < 3k — 4.
Then S is contained in an arithmetic progression of size

2k — 3:
{a,a+qg,a+2q,--- ,a+ (2k — 4)q}

Conjecture (G. Freiman)

If G is any torsion-free group, S a finite subset of G,

S| >4, and

then S is contained in a geometric progression of length at most 2|S| — 3



Small doubling problems

Freiman studied also the case |25| = 3|S| —3 and |25| =3|5| -2, S a
subset of the integers. He proved that, with the exception of some cases
with |S| small, then either S is contained in an arithmetic progression or
it is the union of two arithmetic progressions with same difference

Conjecture (G. Freiman)

If G is any torsion-free group, S a finite subset of G, |S| > 11, and

5% <3|S] -2,

then S is contained in a geometric progression of length at most
2|S| + 1 or it is the union of two geometric progressions with same ratio



Small doubling problems

Small doubling problems have been studied in abelian groups by many

authors
Y. O. Hamidoune, B. Green, M. Kneser, A.S. Llad, A. Plagne, P.P.

Palfy. Z. Ruzsa, O. Serra, Y.V. Stanchescu...



Small doubling problems

Small doubling problems have been studied in abelian groups by many
authors

Y. O. Hamidoune, B. Green, M. Kneser, A.S. Llad, A. Plagne, P.P.
Palfy. Z. Ruzsa, O. Serra, Y.V. Stanchescu...

In a series of papers with

Gregory Freiman

Marcel Herzog

Patrizia Longobardi

Yonutz Stanchescu

Alan Plagne

Derek Robinson

we study Freiman's Conjectures and more generally small doubling
problems with doubling coefficient 3, in the class of orderable groups



Orderable groups

Let G be a group and suppose that a total order relation < is defined on

the set G.
We say that (G, <) is an ordered group if for all a,b,x,y € G,

the inequality a < b implies that xay < xby.

A group G is orderable if there exists a total order relation < on the set
G, such that (G, <) is an ordered group.



Orderable groups

Any ordered group is torsion-free.

Theorem (F.W. Levi)

An abelian group G is orderable if and only if it is torsion-free.

Theorem (K. lwasawa - A.l. Mal'cev - B.H. Neumann)

The class of orderable groups contains the class of torsion-free
nilpotent groups.



Orderable groups

Free groups are orderable. Pure braid groups are orderable.

The group
(x,c| X =c1

is not an orderable group.

More information concerning ordered groups may be found, for example,
in

R. Botto Mura and A. Rhemtulla, Orderable groups,

Lecture Notes in Pure and Applied Mathematics, Marcel Dekker, Inc.,
New York and Basel, 1977.

A.M.W. Glass, Partially ordered groups,

World Scientific Publishing Co., Series in Algebra, v. 7, 1999.



Small doubling in orderable groups

Let (G, <) be an ordered group and let S be a finite subset of G of size
k > 2. Then

t =|S% >2|S| - 1.

t =|S% <2|S| -1,

then (S) is abelian. Moreover there exist a,q € G, g > 1, such that

S = {aa aq, aq27 T Jaqkil}'



Small doubling in orderable groups

Theorem (Freiman, Herzog, Longobardi, - , J. Austral. Math. Soc., 2014)

Let (G, <) be an ordered group and let S be a finite subset of G of size
k > 3.

Assume that

t = |S% < 3|S| — 4.

Then <5> is abelian. Moreover, there exists a,q € G, such that
ga=aq and S is a subset of

a,aq,aq?, -+ ,aqt k1.
q,aq q



Small doubling in orderable groups

Theorem (Freiman, Herzog, Longobardi, - , J. Austral. Math. Soc., 2014)

Let (G, <) be an ordered group and let S be a finite subset of G,
|S| > 3. Assume that
|S?| < 3|S| - 3.

Then < S > is abelian



Small doubling in orderable groups

Theorem (Freiman, Herzog, Longobardi, -, J. Austral. Math. Soc., 2014)

Let (G, <) be an ordered group and let S be a finite subset of G,
|S| > 3. Assume that

|S?| < 3|S| - 3.
Then < S > is abelian

Let G be an ordered group and let S be a finite subset of G, S > 3
If
5% < 3|S| -3,
then one of the following holds:
o (1) [S|=6;
@ (2) S is a subset of a geometric progression of length at most
25| —1;

@ (3)S={act |0<t<ty —1}U{bct |0<t<t,—1}
o



Small doubling in orderable groups

There exists an ordered group G with a subset S of order k (for any k)
such that (S) is not abelian and |S?| = 3k — 2

Let

G=(ab|at=2)

the Baumslag-Solitar group B(1,2) and
S = {b, ba, ba®,--- , ba*71}

Then
52 _ {b27 bZa, b232, b233, . 7b233l<—3}
Thus (S) is non-abelian and |S?| = 3k — 2



The structure of (S) if |S?| = 3|S| — 2

Theorem (Freiman, Herzog, Longobardi, - , Plagne, Stanchescu, 2015)
Let G be an ordered group and let S be a finite subset of G, |S| > 4. If

5% =3|S| -2

then one of the following holds:

e (1) (S) is an abelian group, at most 4-generated;

e (2) (S)=(a,b[a,b] =c,]c,a] =][c,b] =1). In particular (S) is a
nilpotent group of class 2;

o (3) (S)=(a,b| aP = a%). Therefore (S) is the Baumslag-Solitar
group B(1,2);

o (4) (S) = (a) x (b,c | c® = c?);

o (5) (S)=(a,b|a® =aab, aab = a’a).



The structure of (S) if |S?| = 3|S| — 2

Corollary

Let G be an ordered group and let S be a finite subset of G, |S| > 4. If
1S3 <31S| -2,
then (S) is metabelian

Corollary
Let G be an ordered group and let S be a finite subset of G, |S| > 4. If

5% < 3|S| -2

and (S) is nilpotent, then it is nilpotent of class at most 2



The structure of S if |S?| = 3|S| — 2

If (S) is abelian and the structure of |S?| = 3|S| — 2 can be obtained
using some previous results by Freiman and Stanchescu

Theorem

Let G be an ordered group and let S be a subset of G of finite size
k>2. If
52| = 3k — 2,

and (S) is abelian, then one of the following possibilities occurs:
e (1)|5| <11,
@ (2) S is a subset of a geometric progression of length at most
25| +1;
@ (3) S is contained in the union of two geometric progressions with
the same ratio



The structure of S if |S?| = 3|S| — 2

Theorem (Freiman, Herzog, Longobardi, - , Plagne, Robinson,

Stanchescu, J. Algebra, 2016)

Let G be an ordered group and let S be a subset of G of finite size
k>2 If

1S?| = 3k — 2,
and (S) is non-abelian, then one of the following statements holds:
° (1) [S[=4;
e (2) S = {x,xc,xc? - xck71} where c* = c? or (c?)* =c;

e (3) S=1{a,ac,ac? --- ,ac’, b,bc,bc?, -, bcl}, with
1+i4+1+j=kand
ab = bac or ba= abc, ac =ca, bc=cb, c > 1

Conversely if S has the structure in (2) and (3), then |S?| = 3|S| — 2.



Any orderable group is an R-group.

A group G is an R-group if, with a,b € G,

n

a"=b", n#0, implies a = b.

Remark

If G is an orderable group, a,b € G and if a"b = ba" for some positive
integer n, then ab = ba.



Any orderable group is an R*-group.

A group G is an R* — group if, with a,b,g1,--- , g, € G,

a8 ... g8 = pB ... b8 implies a = b.

Remark

A metabelian R*-group is orderable.



The structure of (S) if |S?| = 3|S| — 2

Theorem (Freiman, Herzog, Longobardi, - , Plagne, Stanchescu, 2015)
Let G be an ordered group and let S be a finite subset of G. If

152 = 3/S| — 2

then one of the following holds:

e (1) (S) is an abelian group, at most 4-generated;

e (2) (S)=(a,b|[a,b] =c,[c,a] =[c,b] =1). In particular (S) is a
nilpotent group of class 2;

o (3) (S)=(a,b| aP = a%). Therefore (S) is the Baumslag-Solitar
group B(1,2);

o (4) (S)=(a) x (b,c|cb=c?),

o (5) (S) = (a,b), with a® = aa®, aab = aba;



The groups BS(m, n)

For integers m and n, m, n # 0, the Baumslag-Solitar group BS(m, n) is

a group with two generators a, b and one defining relation b=*a™b = a™:

BS(m,n) = (a,b| a"b = ba").

These groups were introduced by Gilbert Baumslag and Donald Solitar in
1962 in order to provide some simple examples of non-Hopfian groups.

("Some two generator one-relator non-Hopfian groups", Bull. Amer.
Math. Soc., 689 (1962), 199-201).

A group is called Hopfian (or nowadays Hopf) if every epimorphism from
the group to itself is an isomorphism.

The name is derived from the topologist Heinz Hopf who asked whether
a finitely generated non-Hopfian group exists.



The groups BS(m, n)

In 1962, G. Baumslag and D. Solitar showed that the group
BS(2,3) = (a,b| a*b= ba®)

is non-Hopfian.
More generally:
BS(m,n) = (a,b| a"b= ba")

is Hopfian if and only if :
(i) |ml = |n| or
(i) |m =1 or
(i) [nj =1 or

(iv) m(m) = w(n) where w(m) denotes the set of prime divisors of m.



Subsets of Z of the form
r+A:={rx:xe A}

where r is a positive integer and A is a finite subset of Z, are called
r-dilates.

Minkosky sums of dilates have been recently studied in different
situations by Bukh, Cilleruelo, Hamidoune, Plagne, Rué, Silva,
Vinuesa and others.

In particular, they examined sums of two dilates of the form
A+r«A={a+rb| a,bec A}

and solved various direct and inverse problems concerning their sizes.



For example:

Theorem (J. Cilleruelo, M. Silva, C. Vinuesa, J. Comb. Number Theory,

2010)

Let S be a finite set of integers,

S+2%5|>3|S|—2
and
|IS+2%S|=3|5| -2

if and only if

S is an arithmetic progression.



Theorem (Y.O. Hamidoune, A. Plagne, 2002)

Let S be a finite set of integers. Then

S+ r#S|>3|S| -2

for any integer r > 2.

Theorem (M.B. Nathanson, 2008)

Let A be a finite set of integers, |S| > 4. Then
7
|IS+rxS| > 5‘5|,2

for any integer r > 3.



Theorem (J. Cilleruelo, M. Silva, C. Vinuesa, 2010)

For any finite set S of integers we have

IS +3%S|>4S|— 4.

Theorem (G.A. Freiman, M. Herzog, P. L., -, Y.V. Stanchescu, Europ.

J. Comb., 2014)

Ifr >3, then |S + r S| > 4|S| — 4.



Dilates - Inverse results

Theorem (J. Cilleruelo, M. Silva, C. Vinuesa)

If|S + 2% S| = 3|S| — 2, then S must be an arithmetic progression.

Theorem (G.A. Freiman, M. Herzog, P. L., -, Y.V. Stanchescu,

European. J. Comb., 2014)

If |S+2xS|<4|S5]—4,|5>3,
then S is a subset of an arithmetic progression of size < 2|S| — 3.

Theorem (A. Balog, G. Shakan)

For any relatively prime integers 1 < p < q and for any finite set A of
integers, one has

Ip* A+ qx Al > (p+ q)|A| — (pq)PTa-3Npra)tl,



The groups BS(1,n) = (a,b| ab = ba")

Let S be a finite subset of 3S(1, n) of size k contained in the coset
b" < a> forsomer>0.

Then
S={bae, ba", . .. ba%*1}
where A := {xp, X1, ..., Xx_1} is a subset of Z. We introduce now

the notation

S={ba":xc A} = ba"

Thus ’5‘ = |A|



The groups BS(1,n) = (a,b| ab = ba")

Suppose that S = b'a® C BS(1,n), T = ba® C BS(1,n),
where r,s € Z,r,s > 0 and A, B are finite subsets of Z. Then

ST _ br+san5*A+B

and
IST| = |n*x A+ B|.

In particular,
52 _ b2ranr*A+A

and
1S?| = |n"x A+ Al =|A+n" %A



The group BS(1,2) = (a,b | ab= ba?)

Theorem (J. Cilleruelo, M. Silva, C. Vinuesa)

If A is a finite set of integers, then |A+ 2% A| > 3|A| — 2 and
|A+ 2% A|l = 3|A| — 2 if and only if A is an arithmetic progression.

Theorem (G.A. Freiman, M. Herzog, P. L., -, Y.V. Stanchescu, Europ.

J. Combin., 2014)
IfS = ba" C BS(1,2), where A is a finite subset of Z, then

|S% = 3|S] -2

and if |S?| = 3|S| — 2, then A is an arithmetic progression and S
is a geometric progression.



The group BS(1,2) = (a,b | ab= ba?)

Theorem (G.A. Freiman, M. Herzog, P. L., -, Y.V. Stanchescu, Europ.
J. Comb., 2014)

If A is a finite set of integers, |A| >3 and |A+ 2 x Al < 4|A| — 4,
then A is a subset of an arithmetic progression of size < 2|A| — 3.

Theorem (G.A. Freiman, M. Herzog, P. L., -, Y.V. Stanchescu, Europ.

J. Comb., 2014)

IfS = ba* C BS(1,2), |S| >3 and |S?| < 4|S| — 4, then Ais a
subset of an arithmetic progression of size < 2|S| — 3.




The group BS(1,2) = (a,b | ab= ba?)

Theorem (G.A. Freiman, M. Herzog, P. L., -, Y.V. Stanchescu,
European J. Comb., 2014)

If A is a finite set of integers, r > 3, then |A + r % A‘ > 4|A| — 4.

Theorem (G.A. Freiman, M. Herzog, P. L., -, Y.V. Stanchescu,

European J. Comb., 2014)

Let S = b™a" C BS(1,2), where A is a finite set of integers of size
k>2and m> 2. Then

|1S?| > 4k — 4.



The group BS(1,n) = (a,b | ab = ba")

Theorem (G.A. Freiman, M. Herzog, P. L., -, Y.V. Stanchescu,
European J. Comb., 2014)

If A is a finite set of integers, r > 3, then |A + r x A| > 4|A| — 4.

Theorem (G.A. Freiman, M. Herzog, P. L., -, Y.V. Stanchescu,

European J. Comb., 2014)

Let S C BS(1,n) be a finite set of size k = |S| > 2 and suppose that

n >3 and

S = ba",
where A C 7 is a finite set of integers.
Then

1S?| = |A+ nx Al > 4k — 4.



The group BS(1,2) = (a,b | ab= ba?)

What is the structure of an arbitrary subset of BS(1,2), satisfying some
small doubling condition?

Definition

Consider the submonoid
BS*(1,2) := {b™a* € BS(1,2) | x,m € Z,m > 0}

of BS(1,2).



BS*(1,2) = {b™a* € BS(1,2) | x,m € Z,m > 0}

Theorem (G.A. Freiman, M. Herzog, P. L., -, Y.V. Stanchescu,
European J. Comb., 2014)

Let S be a finite non-abelian subset of BS'(1,2) and suppose that

:
57 < 55| - 4

Then
S = ba*,

where A is a set of integers of size |S|, which is contained in an
arithmetic progression of size less than 3|S| — 2.




The structure of (S) if |S?| = 3|S| — 2

Corollary

Let G be an ordered group and let S be a finite subset of G, |S| > 4. If
|S? < 35| -2
then (S) is metabelian

Corollary
Let G be an ordered group and let S be a finite subset of G, |S| > 4. If

5% < 3|S| -2

and (S) is nilpotent, then it is nilpotent of class at most 2



Is there an orderable group with a finite subset S of order k (for any
k > 4) such that
5% =3|S| -1

and (S) is non-metabelian (non-soluble)?



Problem

Is there an orderable group with a finite subset S of order k (for any
k > 4) such that
5% =3|S| -1

and (S) is non-metabelian (non-soluble)?

NO



Problem

Is there an orderable group with a finite subset S of order k (for any
k > 4) such that
5% =3|S| -1

and (S) is non-metabelian (non-soluble)?

NO

In fact we have:

Theorem (Freiman, Herzog, Longobardi,- , Plagne, Stanchescu, 2015)

Let G be an ordered group, 5 > —2 any integer and let k be an integer
such that k > 294 If S is a subset of G of finite size k and if

|S?| < 3k + 6,

then (S) is metabelian, and it is nilpotent of class at most 2 if G is
nilpotent.



An example

Example

For any k > 3, there exists an ordered group, with a subset S of finite
size k, such that (S) is not soluble and

|S?| = 4k — 5.

Let
G = (a) x (b, c),

where (a) is infinite cyclic and (b, c) is free of rank 2.
For any k > 3, define

S={aac, - ,ack=2, b}.
Then
|S?| = 4k — 5.



Problems

Conjecture (G. Freiman)

If G is any torsion-free group, S a finite subset of G, |S| > 4, and

|S% < 3|S| - 4,

then S is contained in a geometric progression of length at most 2|S| — 3

Theorem (K.J. Boréczky, P.P. Palfy, O. Serra, Bull. London Math. Soc.,

2012)

The conjecture of Freiman holds if

1
%] <2IS| + 5IS]s =3



If G is any torsion-free group, S a finite subset of G, |S| > 4, and

5% <3|S] -2,

then (S) is metabelian and, if it is nilpotent, it is nilpotent of class 2



Conjecture

If G is any torsion-free group, S a finite subset of G,

S| > 4, and
5% < 3|S| -2,
then (S) is metabelian and, if it is nilpotent, it is nilpotent of class 2

It follows from results of E. Breuillard, B. Green and T. Tao that

Remark

If |S?| < 3|S| — 4, then there exists a nilpotent subgroup H of nilpotency
class c(3) and generated by at most d(3) elements such that S C ZH,
for some subset Z of the group such that |Z| < s(3).



Thank you for the attention !
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