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Abstract

A transfer is a group homomorphism from a group to an abelian quotient group
of a subgroup of finite index. In this paper, we give a natural interpretation of the
transfers in group theory in terms of noncommutative determinants.
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1 Introduction

A transfer is defined by Issai Schur (see [7]) as a group homomorphism
from a group to an abelian quotient group of a subgroup of the group. In
finite group theory, transfers play an important role in transfer theorems.
Transfer theorems include, for example, Alperin’s theorem (see [1], Theo-
rem 4.2), Burnside’s theorem (see [6], Hauptsatz 4.2.6), and Hall-Wielandt’s
theorem (see [5], Theorem 14.4.2).

On the other hand, Eduard Study defined the determinant of a quater-
nionic matrix (see [3]). The Study determinant uses a regular representation
from Mat(n,H) to Mat(2n,C), where H is the quaternions. Similarly, we
define a noncommutative determinant. It is similar to the Dieudonné
determinant (see [2]).
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Téru Umeda suggested that a transfer can be derived as a noncommuta-
tive determinant (see [8], Footnote 7). In this paper, we develop his ideas
in order to explain the properties of the transfers by using noncommutative
determinants. As a result, we give a natural interpretation of the transfers
in group theory in terms of noncommutative determinants.

Let G be a group, H a subgroup of G of finite index, K a normal subgroup
of H, and the quotient group H/K of K in H an abelian group. The transfer
of G into H/K is a group homomorphism

VG—)H/K :G— H/K

The definition of the transfer V5_, 1,k uses the left (or right) coset represen-
tatives of H in G. We can show that a transfer has the following properties.

(1) A transfer is a group homomorphism from G to H/K (see [4], Theo-
rem 3.1).

(2) A transfer is invariant under a change of coset representatives (see [4],
Proposition 3.1).

(3) A transfer by left coset representatives equals a transfer by right coset
representatives (see [4], Section 3.1).

Let R be a commutative ring with unity and RG the group algebra of G
over R whose elements are all possible finite sums of the form

Z Xgg,Xg € R.
geG

The noncommutative determinant uses a left (or right) regular representation
from RG to Mat(m, RH), where m is the index of H in G. Our main result is
the following.

Theorem 1.1 We can regard the transfer Vg_,y /x as the noncommutative deter-
minant Det. That is, we have
Det(g) = sgn(g)Vgn/x(9) (g€ G)
where the map
sgn: G — {—1,1}

is a group homomorphism and 1 is the unit element of R. In addition, we can show
that the above properties of the transfer (1), (2), and (3) by the following properties
of the noncommutative determinant Det.

(1") The determinant is a multiplicative map from RG to R(H/K).
(2") The determinant is invariant under a change of a reqular representation.

(3") The determinant of any left reqular representation equals the determinant of
any right reqular representation.
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2 Definition of the transfer

Here, we define the left and right transfer of G into H/K.

Let
G=titHUtHU...U tmH.

That is, we take a complete set {t1,t2,...,tm} of left coset representatives
of Hin G. We define g = t; for all g € t;H. The definition of the left transfer
is the following.

Definition 2.1 (Left transfer; see Definition 3.3 of [4]) We define the map
VG—)H/K G — H/K

by

—

—_

Ve on/klg) =

——\—1
{ (gti) gti} K.
1
We call the map Vg _,v/x the left transfer of G into H/K.

Next, we define the right transfer of G into H/K.

Let
G =Hu; U Huy U...U Hupm.

That is, we take a complete set

{uth/---/um}

of right coset representatives of H in G. We define g = u; for all g € Hu;.
The definition of the right transfer is the following.

Definition 2.2 (Right transfer; see Definition 3.3 of [4]) We define the map

VG—)H/K : G*)H/K

m

Voonkl(e) =]] {uig (wig) " } K.

i=1

We call the map VG%H/K the right transfer of G into H/K.

The definitions of the left and right transfers use the coset representatives
of H in G. But, we can show that the left and right transfers are invariant
under a change of coset representatives. Furthermore, we can show that
a transfer is a group homomorphism from G to H/K and a transfer by left
coset representatives equals a transfer by right coset representatives.
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3 Definition of the noncommutative determinant

Here, we define the noncommutative determinant.
First, we define the left regular representation of RG. We take a complete

set
T={t,t2,..., tm}
of left coset representatives of H in G. Then, for all « € RG, there exists a
unique Ly () € Mat(m, RH) such that
a(t; t2 ... tm)=(t1 t2 ... tm)ly(w),

where we regard «(t; ... ty) as scalar multiplication (ot ... oty ). The R-al-
gebra homomorphism

Lt :RG > a— Lv(x) € Mat(m, RH)

is called the left regular representation with respect to T.

Let
T ={t],t5, ..., th}

be an another complete set of left coset representatives of H in G. Then,
there exists P € Mat(m, RH) such that Lt = P~ 'Ly/P.

Example 3.1 Let G = Z/2Z = {0,1}, H = {0}, and o« = x0 +y1 € RG. Then,
we have

5 T—@ T 0 v
x(0 1)=(0 1){;‘0 EO]

To obtain an expression for L1, we define the indicator function x by
. _J1 ge€H,
x(g) = {0 gé¢H

forall g € G.

Lemma 3.2 Let

x = Z Xgg.

geG

Then, we have

LT((X)U = Z X (t;1 gt)) th;] gt;.
geaq
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Proor — We have

(t1 t2 ... tm) ZX(tflgtj)thfgti

9ea 1<i<m, 1<<m

m m
Z > Xt gt )xggt Z S X gtm)xggtm
i=1g9geq i=1g€eG

=D xgg| (1 t2 ... twm)

geag

This completes the proof. O

From Lemma 3.2, we have
o 41 -1 .
Lt(g)ij =X (ti Qtj) t gt

t. gty t'gt €H,
0 t; gty ¢ H
From t;] gt; € Hif and only if gtj = t;, we have

—\ —1 _

(95) 'gt; t;'gtjeH,
Lt(9)y =

0 t; gty ¢ H.

As for the definition of the noncommutative determinant, let
1V : Mat(m,RH) — Mat (m, R (H/K))
be an R-linear map such that
VP (hEy;) = (hK)Ey
forallh € Hand 1 < 1i,j < m, where Ejj is the matrix with 1 in the (i j)

entry and 0 otherwise. Obviously, 1 is an R-algebra homomorphism. The
definition of the noncommutative determinant is the following.

Definition 3.3 We define the map Det : RG — R (H/K) by

Det =det ololLr.
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Since there is P such that Lt = P~'L/P, we have
Det =det ool =det opolys.

Thus, the determinant is invariant under a change of left regular represen-
tations, so the determinant Det is well-defined. If K is the commutator
subgroup of H, the determinant is similar to the Dieudonné determinant.
Obviously, the map Det is a homomorphism. That is,
Det(xp) = Det(a)Det(3)
for all «, 3 € RG. Therefore, we obtain properties (1) and (2”).
Remark 3.4 In general, that « € RG is invertible is not equivalent to that
Det(a) € R(H/K)
is invertible. For example, let R = C, Z./27Z = {0,1} be the group of order two, S3

be the symmetric group of degree three, G = Z/27Z x S3, H=S3, and K = [H, H]
the commutator subgroup of H. Then

x=(0,e) + (0,(123)) + (0, (132))

is not invertible, where e is the unit element of H. But, Det(«) = 9K is invertible.

4 Proof of the properties

Here, we prove the transfer properties by using the noncommutative deter-
minant’s properties.
For all g € G and for all t € T, there exists a unique t; € T such that

t; gty € H.
Therefore, there exists sgn(g) € {—1, 1} such that

Det(g) = det (V¥ (Lt(g)))

= sgn(g) [T {(9%) " gt} K = sgn(g)Vam/k(9)-

m
i=1

Thus, we have

sgn(gh)Vg 1 /x (gh) = Det(gh) = Det(g)Det(h)
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= sgn(g)sgn(h) Vg h,/k(9) Ve /k (h).

Hence, we obtain

sgn(gh) = sgn(g)sgn(h),
Veon/k(gh) = Ve sn k(9 Ve oh k(h).

Therefore, from property (1") that Det is a homomorphism, the left transfer

VGH/k

is a group homomorphism (assuming, that is, R = IF,, and we do not con-
sider the signature).

Next, we show that the left transfer is invariant under a change of coset
representatives by using property (2’) that the determinant is invariant under
a change of regular representations. That is, we show that

[T{@0 " aufx=TT{ (o) ot}

where we define g =t/ for all g € t{H.
From property (2), there exists sgn’(g) € {—1,1} such that

m

[T{(g%) " gt} K = sgn(g)Det(g)
im1
= sgn(g)sgn’(g) H {(gt{)] gt{} K.
im1

Therefore, we have sgn(g)sgn’(g) =1 and

m m

[T{e0 "oubx=TT{(s%) "oti}x

i=1 i=1

Hence, the left transfer is invariant under a change of coset representatives.
Now let us prove property (3) that

Ven/x = Ve

from property (3°) that any left regular representation is equivalent to any
right regular representation.

Let
G =Hu; UHu U...UHupm.
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That is, we take a complete set
U={uj,uy,...,um}

of right coset representatives of H in G. Then, for all « € RG, there

exists
Ru(x) € Mat(m,RH)

such that
uq uq
uz uz
o =Ry ()
U U

The R-algebra homomorphism
Ry : RG 3 oo =~ Ry () € Mat(m, RH)

is called the right regular representation.

The same as the left transfer, we can show that the following lemma.

Lemma 4.1 Let o = deG Xgg. Then, we have

Ryu(o)iy = Z X(uiguj_l)xguiguj_‘.
geqG

Therefore, there exists sgn(g) € {—1, 1} such that
(det o o Ru) (9) = sgn(9)Ve -/ (9)

and \7@ —+H/k is invariant under a change of coset representatives of H in G.
We have properties (1) and (2).

Since T is a complete set of left coset representatives of H in G, we can
take a complete set of

—1 —1 41 —1
T ={t G0,y
of right coset representatives of H in G. Therefore,

Rr-1(a)ij = Z X (’El_ g(’c)-_1 )_]) xgti_1 g(t]._1 )_]
geG
= Ly(a)yj.
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We obtain property (3”). As a result,

(det opoRy)(g) = (det opolLy)(g).

Therefore, we have

sgn(g) = sgn(g),

Veon/k = Voo k-

We obtain property (3). This completes the proof of Theorem 1.1.
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