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Abstract

We investigate the atoms of the lattice £(G) of all group topologies on a group G by
using the close connection between atoms of £(G), and minimal Hausdorff elements
of the lattice £ (G/N) for appropriate quotient groups G/N. We show, among others,
that virtually hypercentral groups have only degenerate atoms.
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1 Introduction
1.1 Generalities about posets of topologies

The study of the poset (T(X), C) of all topologies on a set X has been initiated
by Birkhoff (see [13]) in the thirties of the last century (see the extended
survey of Larson and Andima [51]). This poset is a complete lattice, with
bottom element the trivial (or indiscrete) topology tx on X and top element
the discrete topology 6x of X.

For a family #{ C ¥(X), the infimum of {{ is the intersection () 4(; while the
supremum of 4l is the least topology on X containing all elements of 4.
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In case X = G carries also a group structure, one can consider the sub-
set £(G) of T(X) consisting of all group topologies on G and its subset £1(G)
of all Hausdorff elements of £(G). (£(G), C) is a complete lattice. While the
join (supremum) in £(G) coincides with the join formed in the bigger lat-
tice (T(G), ©), the meet (infimum) T A8 in £(G) is not the intersection (that
is, the infimum in T(G)) of 7,8 € £(G) (see [16]).

The lattice of all group topologies is largely studied (see [8],[6],[18],[17],
[50],[58], and [59]).

Long chains in the lattice £44(G) are discussed in [19] and [21], comple-
ments — in [12],[39],[40],[29],[50],[64], and [67]. Various subposets of £1{(G)
are discussed in [10],[25],[26], and [20] (precompact topologies), the pseu-
docompact ones in [27] and linear module topologies in [43]. The lattice
theoretic aspects of functorial topologies on abelian groups are discussed
in [30]. Sometimes, whet it is clear from the context, we simply write 0 in
place of 1.

A minimal group topology T on a group G is a minimal element of the
poset £1(G), in such a case one says that (G,7T) is a minimal topologi-
cal group. Historically, much interest has been focused on minimal group
topologies (see [28],[33],[34],[35],[44],[451,[561.[571,[61], and [63]).

According to current terminology from order theory, if 8,7 € £(G) , one
says that T is a covering of 8, if § C T and for every U € £(G) with8§ CUC T,
either U = 8 or U = T holds (that is, T contains § and T and 8 are immediate
neighbors, adjacency is another term coined to describe this situation; see [1]).

Problems related to this “covering” aspect of the lattice of topologies is
studied in [1],[7],[4].[3][5], and [52].
Now comes the central notion for this paper:

Definition 1.1 A topological group (G, 7T), is said to be atomic if T is an atom
of £(G). In addition, we may say '7T is an atom’ instead of "T is an atom of £(G)".

In the above terms, the atoms are the elements of the lattice £(G) covering
its least element tg (and dually, the coatoms are the elements covered by the
maximum element dg of £(G)).

To the best of our knowledge, the first systematic study of atoms in the
lattice of group topologies was carried out by Mutylin in [54]. According
to [54], a topological algebra is completely simple if any continuous homo-
morphism of it onto a topological algebra with two or more elements is
a topological isomorphism (so that completely simple topological groups
are topologically simple in the sense of our Definition 3.5 below). It was
explicitly noted by Mutylin (see [54], Definition 1’), that completely sim-
ple topological groups are precisely the Hausdorff atomic groups in our
terminology. We do not use his term completely simple group preferring the
term Hausdorff atomic group. Here is one of the principal results of [54] most
closely related to our paper.

Theorem 1.2 (see [54], Theorem 7) Let (G,T) be a Hausdorff atomic abelian
topological group. Then, G is isomorphic to Z.p for some prime number p.
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Mutylin in [54] proved also that complete completely simple commutative
rings must be either complete fields with minimal ring topology or else the
abelian groups Z,, with zero multiplication.

Atoms and coatoms are investigated in [18], as well as in [58] and [59].
These authors were unaware of the much earlier Mutylin’s paper [54]. In
particular, Theorem 1.2 was proved independently (yet much later) also
by Remus in [59].

1.2 Main results

In this paper, we study the atoms of £(G) extending the results from [18],[54],
and [59] in several directions: firstly, we extend Mutylin’s theorem (Theo-
rem 1.2) to hypercentral groups and we obtain a new immediate proof
of Clark and Schneider theorem (see Corollary 4.13). Secondly, we show
that large classes of infinite groups admit Hausdorff atoms, and we pay
particular attention to their number and size, as well as, the possibility to
have Hausdorff atoms with additional compactness properties. We charac-
terize the atoms of £(G) in terms of Hausdorff minimal group topologies.
Therefore, the chaise for nondegenerate atoms (see Definition 1.3) becomes
a chaise for Hausdorff atoms on infinite groups. In order to explain our
cor11tribution in more detail, we introduce below some notation and termi-
nology.

For a group topology T on a group G, we denote by Fy the filter of all
neighborhoods of 1 in (G, 7T), where 1 is the identity element of G. One can
easily recover the topology T from the filter Fy, this is why in the study
of group topologies one studies mainly the filters F5, which form, on their
own, a poset order-isomorphic to £(G), and its members are much easier to
deal with than those of £(G) (see [48] for more details).

Let N be a normal subgroup of a group G. We denote by T the unique
group topology T on G, with

Fr={LCGINCL}.

Then Ty is an Alexandrov topology and all Alexandrov group topologies
have this form. Therefore, the assignment N — Ty embeds the lattice Nor(G)
of all normal subgroups of G into £(G).

In the opposite direction one has a natural map from £(G) to Nor(G)
which is a left inverse to the above map. To define the map, for each T € £(G)
let

coreT = ﬂ Fe.

Actually, core T is a T-closed normal subgroup of G (being the T-closure of
the trivial subgroup {1}, see Example 3.2). The map

T+ coreT € Nor(G)
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is a left inverse to the map
Nor(G) — £(G), N — 1N,

as mentioned above. This pair of maps witnesses the fact that the subset
of all Alexandrov topologies on G is a sublattice of £(G), order-isomorphic
to the dual of the lattice Nor(G). In particular, the atoms of £(G) that
are Alexandrov topologies correspond exactly to the coatoms of Nor(G)
under this correspondence.

If T € £(G) has core T of finite prime index, then 7 is obviously an atom.
More generally, we introduce the following useful notion:

Definition 1.3 For a group G, we call a degenerate atom any T € £(G) such
that G/core T is a finite simple (not necessarily abelian) group.

Clearly, degenerate atoms are Alexandrov (however, we will see that Ale-
xandrov atoms T need not necessarily be degenerate; see Example 4.8).

The paper is organized as follows. In Theorem 2.2, we establish a useful
correspondence between the lattices £(G) and £(H) induced by a surjective
homomorphism

f:G—H.

In Section 3, we pay special attention to topological simplicity, that turns out
to be one of the main ingredients of an atom. More precisely, we show in The-
orem 3.9, that a topological group (G, T) is atomic precisely when (G, 7) is
topologically simple and 7/core T is a minimal.

Section 4 is entirely dedicated to the main topic of the paper — Haus-
dorff atoms. Since minimal topologies are essentially involved in the chase
of Hausdorff atoms (due to Theorem 3.9), we dedicate the initial part (Para-
graph 4.1) of this section for recalling some relevant facts about mini-
mal groups.

In Paragraph 4.2, we find relevant necessary conditions for the existence
of a Hausdorff atom on an infinite group G. One of them is: Z(G) = {1}, the
other is: G has no finite normal subgroups but {1}. As a consequence, all atoms
on a virtually hypercentral (in particular, virtually nilpotent, or just nilpotent)
group are necessarily degenerate (see Corollary 5.3). Therefore, these groups,
in case they have no subgroups of finite index, carry no atoms at all.

In Paragraph 4.3, we discuss the number of Hausdorff atoms, providing an
example of a group G that admits infinitely many Hausdorff atoms in £(G).

In Paragraph 4.4, we show that a free group admits Hausdorff atoms, if
and only if, it is nonabelian. In such a case, the Hausdorff atoms can be
chosen with some additional properties (see Theorem 4.20). Let us recall that
free groups are hypocentral (to compare with infinite hypercentral groups
that admit no Hausdorff atoms at all, see Corollary 4.14).

Section 5 is dedicated to not necessarily Hausdorff atoms. Here we find
necessary conditions for the existence of nondegenerate atoms. We show
how these results provide a connection to the well-known Schur theorem.
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Finally, we discuss the impact of the existence of atoms in £(G) on the
structure of an abelian group G (see Theorem 5.7 and Theorem 5.8).
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Notation and terminology

Group theory, topological groups and ordered sets concepts and notations
are compatible with those in [2],[15] and [14], except those redefined oth-
erwise. The identity element of a group G is denoted by 1 and its center
by Z(G). For A, B C G, we denote by [A, B] the subgroup of G generated by

{aba—‘b—‘ ’ acAbe B}.

The cyclic group of order m is denoted by Z,,,. The socle of a group G, de-
noted Soc(G), is the subgroup generated by the minimal normal subgroups
of G (that is, the atoms of Nor(G)). The rank of an abelian group G, is
defined by

rank(G) = sup { rank(F)|F is a subgroup of G, F is a free abelian group},

where rank(F) is the cardinality of a freely generating set for F. For an
abelian group G, Soc(G) coincides with the subgroup of G generated by all
elements of G with prime order.

The upper central series (Z«(G)) of a group G is defined as follows,
where « is an ordinal number. Let Zy3(G) = Z(G), assume that o« > 1
and Zg(G) is already defined for all B < o. If « is a limit ordinal, let

Z.(G) = ] Zp(G).

B<ax
If @« = 3 + 1, consider the quotient map
m: G — G/Zg(G)

and let
Z4(G) =n ' [Z(G/Z3(G))].

This produces an ascending chain of characteristic subgroups Z«(G) of G,
their least upper bound Z* (G) = {J, Z«(G), is called the hypercenter of G. A
group G is hypercentral, if G = Z* (G), equivalently if G = Z(G) for some «.
The group G is nilpotent if Z,(G) = G for some n < w, in this case, its
nilpotency class is the minimum such n.
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The lower central series (y«(G)) of a group G is defined by

Y1(G) =G, Ya+1(G) =[y«(G),G]

and

Ya(G) = [ vo(G)

p<o

for limit ordinal numbers «. This produces a descending chain of character-
istic subgroups vy «(G), their greatest lower bound

Z,(G) =()Z«(G)

is called the hypocenter of G. A group G is hypocentral, if Z,(G) = {1}.
If vy (G) = {1}, G is residually nilpotent, that is, G is isomorphic to a sub-
group of a direct product of nilpotent groups.

A group is hyperabelian if it possesses an ascending (possibly transfinite)
normal series where all the successive quotients are abelian. For any set X,
we denote by Sym(X) the permutation group of X. For a group property P,
we say that a group G is virtually P, if G has a subgroup with finite index
and with the property P. For example, P can be hypercentral, and in this
way, the definition of virtually hypercentral is known.

A compact or totally bounded topology need not be Hausdorff, we take pre-
compact as a synonym for totally bounded Hausdroff. The weight of a topologi-
cal space (X, 7) is the cardinality of the smallest base B for T and is denoted
by w(X, T). The density character of (X, T) is defined by

d(X,T) = min {IAI | A is a dense subset of (X, ‘J’)}.

The character of a point x € X in (X, T) is the cardinality of the smallest local
base for x in (X, 7). The supremum of the characters of all points of X is
called the character of (X,7T) and is denoted by x(X,T). The pseudocharac-
ter of (X,7), denoted by (X, T), is the smallest infinite cardinality o such
that for each x € X, {x} is the intersection of the elements of some U C T
with [U| < «.
We denote by
T={zeCllzZ=1)},

the circle group, and by G*, the group of all (algebraic) homomor-
phisms (called characters) of the form

&E:G—=T

for a group G.

For a Hausdorff topological group G, we denote by G, the completion
of G with respect to the two-sided uniformity (known also as Raikov com-
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pletion of G). Let us recall that G is determined up to topological isomor-
phism. A Hausdroff topological group is called locally precompact, if the

group Gis locally compact.

¢(G,7) or simply c(G) denotes the connected component containing 1 in
a topological group (G, T).
For a cardinality k > 1, we denote by Fy the free group of rank k.

A topological space (X, T) is Alexandrov, when arbitrary intersections of
open sets are still open, that is, when T is a complete sublattice of P(X).

2 The lattice correspondence theorem

The following Proposition is a special case of a more general result proved
in [48] and [50].

Proposition 2.1 Let (G, T) be a topological group and N be a normal subgroup
of G. Then {FN | F € F} is a base for the set of all neighborhoods of the identity
element in the topological group (G, T A TN).

Let G and H be groups and

f:G—H

be an onto group homomorphism. If T is a group topology on G, we denote
by T the topology with base

{flWue7T}

on H, it coincides with the quotient topology of H (sometimes we write
also J/ker f, when we identify H with G/ker f ~ H). On the other hand, if &
is a group topology on H, we denote by

f(8)
the initial topology on G with respect to f, namely the family
{711V es}.
Letting f (7)) = T for T € £(G), one obtains, in this way, two maps:
f:£(G) = £(H) and f:£(H) — £(G). (2.1)

Now we show, among others, that the range of the map f coincides with
the interval [Lg, Tkerf] In the poset £(G) (see items (b) and (c)).
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Theorem 2.2 Let G and H be groups,
f:G—=H

be an onto homomorphism and ff the maps from (2.1).

~ o~

(a) Forevery 8 € £(H), one has f(f(8)) =, so f is surjective and fis injective.
(b) The range of the map f: L(H) — £(G) is contained in (g, Tker fl-

(c) Putting T=f(T ) for every T € £(G), one has ?(5’) = T A Ter - Hence,

: 2(H) = [0, Tker ¢

is surjective and

£ = F [(0,ty0r]
is injective.
Consequently, R
f:2(H) = [0, Tker ],

as well as its inverse

fl=f f[o Trer £1° 1[0, Tkerf} — £(H),

are order-isomorphisms. Moreover, T preserves connectedness, compactness, total
boundedness, the property of being Alexandrov, as well as various cardinal invari-
ants such as weight, character, density character and cellularity.

Proor — Let N = ker f.
(a) The first assertion follows from the equahty ! [V]} =VforV eS8
The equality fof = idg(n) implies that fis surjective and fis injective.

(b) Follows from f(8) C T for all § € £(H).
(c) Fix a T € £(G). Obviously, ( ) C T, as

f:(G,7) = (H,T)
is continuous. On the other hand, 1?(‘}) C 1N, according to (b). Therefore,
f(T) C TAN.
Conversely, if W € Ty, then there exists U € Fy, such that W O UN,

by Proposition 2.1. As
UN =T [f[U]],
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o~ ~

this proves that W ¢ 3";(%. Therefore, f(T) = T A TN.
The equality
f({I) =TAN TN

o~ o~

implies f(T) = T for all T € [0, Tyer ¢}, that is, fof is the identity of [0, Txer £],
so ' is injective. By (a) and (b), f’ is surjective as well. Since f’ is obviously
monotone, this proves that f/ is an order-isomorphism.

To prove the last assertion fix a topology & € £(H). The subgroup N of the
group (G, 1?(8)) is indiscrete (so, connected, totally bounded and compact).

Hence, it suffices to note that each of these three properties P satisfies the
so called three-space-property, that is,

(G, f(8))

has P whenever N and the quotient (G/N, §) have the property P (here we
identify H with G/N and we use the equality

~

that is, the quotient topology of f(8) is 8). As far as the the Alexandrov
property is concerned, § is Alexandrov, precisely when H has an 8-open
indiscrete normal subgroup K. Again by the three-space-property, applied
to the open normal subgroup =1 [K] of (G, 1?(8)) and P = indiscreteness, we
deduce that f~' [K] is indiscrete. Hence, (8) is Alexandrov.

Now note that f~' [D] is dense in (G,?(S)) for every dense subset D
of (H,8). This proves that

~

d((G, f(8)) = d(H, ).

Since T (8) is the initial topology on G with respect to the map f,

~

X(G,f(8)) = x(H,S).

~

These two equalities imply w(G, f(8)) =w(H, §).

Finally, the cellularity is preserved since for every pair U,V of disjoint

~

open sets of (G, f(8)) the sets f(U), f(V) remain open and disjoint. ad

The pseudocharacter is missing in the above list of properties preserved
by f since f fails to have it.

Remark 2.3 The counterpart of this theorem for nonsurjective homomor-
phisms is not valid even in the case of injective homomorphisms. For sim-
plicity consider the essential case when G is a subgroup of H and f is the
inclusion map. This assumption does not bring much loss of generality as
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any homomorphism can be written as a composition of such a one and a
surjective one, so that the above theorem can be applied.

Let us see now that the whole setting of the theorem needs to be
properly re-formulated in this case and the situation radically changes. In-
deed, now f(8) is simply the restriction 8 | of a group topology 8 € £(H)
to G. Let us see that the map f need not have any right inverse, that is, f

need not be surjective in general. Indeed, if such a right inverse of T exists,
then it would assign to each T € £(G) an extension T7* € £(H), as

~

HT5) =T |g=T.

It was shown in [38] that this extension is not available in general even
when G is a normal subgroup of H, that is, f need not be surjective even in
this case. The range of f is described in [38] as the family

Sext,H (G)

of those T € £(G), such that the restriction to G of every inner automorphism
of H is T-continuous. For
= SeXt'H(G),

the extension T of T is defined exactly as before, by taking as a base of the
filter F5 of neighborhoods of 1 in (H, T) the family

{fIU U eFq).

Clearly, T is the finest (although not necessarily unique) topology extend-
ing 7.

Almost all our uses of Theorem 2.2, in this paper, are through the follow-
ing immediate corollary.

Corollary 2.4 Let N be a normal subgroup of the group G. Then, £(G/N) is
order-isomorphic to the interval [0, TN] of the lattice £(G), where 0 = \g. In par-

ticular, T € [0,TN] is an atom in £(G), if and only if, 1?(‘3') is an atom in £(G/N).

So £(G/N) can be embedded in £(G) as a sublattice.

3 The poset C; and topological simplicity

We need another poset related to a topological group G, namely the family
of all closed normal subgroups of G:
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Note The set Cq of all normal T-closed subgroups of a topological group (G,T)
will be ordered by C. It is a sublattice of the complete lattice Nor(G) of all normal
subgroups of G.

If N € Cg, then T/N is a Hausdorff group topology on G/N.
The following definition introduces an important ingredient of Cs.

Definition 3.1 Let (G, T) be a topological group. The intersection of all elements
of Fq is called the core of T and is denoted by core 7.

Example 3.2 (a) If N is a normal subgroup of group G, then coretn = N.
Hence, the map £(G) — Nor(G), defined by T +— core 7, is surjective.

(b) For T € £(G) one has:

core(TNATN) = ﬂ UN =N,

where N is the T-closure of N, in view of Proposition 2.1. In particular,
core T coincides with the closure of {1}, and so it is a closed normal subgroup
of G (see [15], chapter on uniform spaces).

The connection of core T to C is given by the next lemma.
Lemma 3.3 For a topological group (G,7T) with N = core T:

(a) T is Hausdorff, if and only if, N is trivial;

(b

(c

(d) T isan atom, if and only if, T/N is an atom.

Cq is a complete lattice with least element N and top element G.

T € [0,tN], where 0 = 1.

)
)
)
)

Proor — (a) is a well-known fact in topological group theory.

(b) Clearly G is the top element of Cy. By Example 3.2, core(T) € Cg.
Let K € Cy. Since K is closed, we have:

N={1}C K=K

So, N is the least element of Cy. Finally, Cy is a complete lattice since for
every family A C Cg the infimum of A is simply the intersection of all
elements of A.

(d) Since £(G/N) embeds into £(G), for any atom = of £ (G/N), 7t(Z) is an
atom of £(G), and, for any atom T of £(G), contained in Ty, T/N is an atom
of £(G/N), and (a) says that this atom is a Hausdorff one. O

Remark 3.4 If T is a degenerate atom on a group G, then this topology
is Alexandrov (equivalently, F5 is a principal filter), since G/N,
where N = core(7), is finite, so /N is Alexandrov and by Theorem 2.2, T
is Alexandrov as well. Moreover, (G, T) is disconnected, as N is a proper
nonempty clopen (i.e., both closed and open) subset of (G, T).



34 Dikran Dikranjan — Hossein Khass — Behnam Bazigaran

3.1 Topological simplicity

Definition 3.5 A topological group (G, T) is said to be topologically simple, and T
is said to be simple, if |Cq| = 2.

This term is motivated by the fact that an abstract group G is simple, if
and only if, the discrete topology 6¢ is simple.

Remark 3.6 Let (G, 7T) be a topological group and N = core 7. It is easy to
see that the following are equivalent:

(a) (G,7) is topologically simple;
(b) (G/N,T/N) is topologically simple;

(c) Nis a coatom of Cg (that is, a maximal proper closed normal subgroup
of G).

Now we provide two prominent examples of topologically simple groups.

Example 3.7 We give here two examples of nonsimple topologically simple
groups.

(a) Let « € T be a nontorsion element and let C be the cyclic subgroup
of T generated by «. Then C, as well as all its nontrivial subgroups, are
dense subgroups of T, since T has no proper infinite closed subgroups.
Therefore, C is topologically simple. Using the unique isomorphism

Z — C

sending 1 to «, we obtain a topologically simple precompact topology on Z
that we denote by T. Note that for «, 3 € T the equality Ty = T holds if
and only if B = ot.

Actually, Z admits much more simple topologies, obtained in a similar way,
replacing T by any monothetic group (that is, a group having a dense infinite
cyclic subgroup C). For this purpose, one can use the fact that there are 2¢
many pairwise nonhomeomorphic compact monothetic groups. This gives
the maximum number possible of such topologies, namely 2°.

(b) For every infinite set X the symmetric group Sym(X) carries the so called
pointwise convergence topology Ty, that is the topology induced on Sym(X)
by the natural embedding into the product XX equipped with the product
topology letting X carry the discrete topology. Then (Sym(X), T, ) is topolog-
ically simple.

Lemma 3.8 If N is a normal subgroup of a dense subgroup H of a topological

group (G,T), then M = N, the T-closure of N, is a normal subgroup of G. Conse-
quently, H is topologically simple whenever G is topologically simple.

Proor — Let g be any an arbitrary element of G. To prove the first assertion,

it suffices to check that g='Mg C M. There is a net (hy) in H with hy, — g.

Pick n € N, then

h;]nho( — g_lng
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and
hy'nhy € hy'Nhy = N.

So g~ 'ng € N = M. This proves that g—'Mg C M.

To prove the last assertion take a nontrivial closed normal subgroup Ny
of H. Then .
Mo = Np

is a nontrivial normal subgroup of G, so, My = G. This yields No = H
in view of the equality No = My N G due to the closedness of Ny in H.
Hence, H is topologically simple. O

Example 3.7 above shows that the implication of Lemma 3.8 cannot be in-
verted. Nevertheless, under some additional restraint on H, this implication
becomes invertible (see Lemma 4.5 below).

Next comes a simple and natural criterion for a group topology to be an
atom involving the well-studied class of minimal topologies.

Theorem 3.9 Let (G, T) be a topological group and N = coreT. Then, T is an
atom of £(G), if and only if, T is simple, and T/N is minimal.

Proor — Suppose T is an atom of £(G). According to Remark 3.6, to see
that T is simple, it suffices to check that N = core(7) is a coatom. Toward a
contradiction, suppose that

NCKCG

for some K € C5. Then
T =T A1k € £(G)

obviously satisfies
0CT CT,

where 0 = (. Since K is T-closed, we deduce core T/ = K, by Example 3.2.
So:
coreT =N C coreT' =K C G = core.

This gives 0 C T’ C T, a contradiction, because 7 is an atom of £(G).

By Theorem 2.4, [0, Tn] is order-isomorphic to £ (G/N) and since T is an
atom of [0, Tn], T/N is an atom of £ (G/N). By Lemma 3.3, T/N is Hausdorff,
and so,

T/N € £4 (G/N).

Clearly, T/N is a minimal element of £ (G/N). This proves the necessity.
Conversely, suppose T is simple, and T/N is minimal. Let § € £(G)
and 0 C 8 C TJ. We need to show that § = 7. Clearly,
core(T) C core(8) C G.

Since T is simple and 8 is not trivial,

core(8) = core(T) = N.
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By Theorem 2.4, §/N C T/N and by Lemma 3.3, 8/N is Hausdorff. By the
minimality of T/N, §/N = T/N and by Theorem 2.4, § = T; as required. O

Here we give an immediate corollary of Theorem 3.9:

Corollary 3.10 If G has a nontrivial normal abelian subgroup N and allows a
Hausdorff atom T, then G is abelian.

ProoF — The closure N of N is a closed non-trivial normal subgroup of G,

soN =G, by Theorem 3.9. Thus, N is dense in G. Since N is abelian and G
is Hausdorff, this implies that G is abelian too. |

Many groups have nontrivial normal abelian subgroups, among them
hyperabelian (in particular, solvable) groups.

In the next remark, we anticipate some first elementary results which will
significantly be strengthened later on in Theorem 4.12. We prefer to antici-
pate them here, since the sharper results make use of some nontrivial facts
(for example, Theorem 1.2 or Prodanov’s precompactness, Theorem 4.4),

Remark 3.11  Let G be a group and T be an atom of £(G).
(a) If G is abelian, then T is pseudometrizable. In particular, if (G,T) is
abelian and Hausdorff (and atomic as assumed), then it is metrizable.

Indeed, let By # G be any symmetric element of Jy. If By, is defined for
some positive integer n, pick a symmetric element B,, 1 of T3 with

Bn+1Bn+] C Bn.
This gives is a sequence (B ) satisfying
Bni1Bni1 € Bn

and
B ={Bn|neN}

is a base for the neighborhood-filter J5+ of a first countable group topol-
ogy T* with 7% C T. Hence, T* = T, because T is an atom of £(G). This
means that T is first-countable, so pseudometrizable, by Birkhoff-Kakuta-
ni theorem; see [2].

(b) If the group G is hyperabelian (in particular, solvable) and T is Hausdorff,
then |G| < c.

If G is finite, there is nothing to prove, so assume that G is infinite. Accord-
ing to Corollary 3.10 (see also the comment after the corollary), G is abelian.
Pick a nontrivial element a € G and let C = (a). Then, by Theorem 3.9, a is
not torsion, and so, C ~ Z and N = C is a nontrivial closed subgroup of G.
By Theorem 3.9, G = C. By item (a), (G, 7) is metrizable. Hence, |G| < cas a
metrizable separable space.

(c) It is easy to see that the assumption of Hausdorffness cannot be relaxed
in item (b). Similarly the assumption of abelianness in item (a) cannot
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be removed either. Indeed, let X be an infinite set of size k. Then the
group G = Sym(X) equipped with the pointwise convergence topology T,
is Hausdorff and atomic, by Example 4.7 below. It has size 2% and local
weight x(G) = k, so it is not metrizable whenever « is uncountable.

(d) IG| < |core T, if G is hyperabelian.

Indeed, if N = core 7, T/N is a Hausdorff atom of £ (G/N). By (b), IG/N| < ¢
and so |G| < |N|c = |core T]c.

We will see in the sequel that one can replace the hypothesis “hyper-
abelian” by “virtually hypercentral” with a much stronger conclusion in
item (b) of Remark 3.11.

One can trade “hyperabelian” for “precompact” to obtain an extension
of Remark 3.11 (b) (see Corollary 4.18 below).

4 Hausdorff atoms
4.1 Background on minimal groups

A subgroup H of a topological group (G, T) is said to be essential (in G) if H
nontrivially meets every closed nontrivial normal subgroup of G.

Proposition 4.1 (Stephenson-Prodanov-Banaschewski theorem; see p.56
of [28]) Let G be a Hausdorff topological group. Then a dense topological sub-
group H of G is minimal, if and only if, G is minimal and H is essential in G.

We state Prodanov-Stoyanov theorem which plays a fundamental role in
this area.

Proposition 4.2 (Prodanov-Stoyanov theorem; see [57]) Let T be a mini-
mal Hausdorff group topology on an abelian group G. Then T is totally bounded.

Combining Proposition 4.2 and Proposition 4.1, we conclude that the
minimal abelian groups are precisely the dense essential subgroups of the
compact abelian groups.

Definition 4.3 (see [33]) A topological group (G, T), is said to be totally minimal
if T/N is minimal for any closed normal subgroup N of G.

However, in this paper, all we need is the following weaker form of Propo-
sition 4.2.

Theorem 4.4 (Prodanov theorem; see [55]) Let T be a totally minimal group
topology on an abelian group G. Then T is totally bounded.
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In [56] Prodanov studied the coatoms of £(G) for an abelian group G and
the infimum Mg in £(G) of all coatoms, called submaximal topology of G,
proving that Mg is finer than any minimal topology on G, so finer than the
supremum of all minimal topologies. In order to discuss in the sequel some
of the properties of Mg we adopt additive notation, in particular

nG = {nx:x € G}.

In the same paper Prodanov found an explicit description of Mg and noticed
that Mg it is totally bounded if the index [G : (nG + Soc(G))] < oo for all
integers n > 0. This obviously holds true in divisible groups as well as in
finitely generated groups. This implies that all minimal topologies on such
groups, in particular on Z, are precompact. Since all minimal topologies
on Z are also totally minimal, this follows also from Theorem 4.4. The first
proof (although a somewhat implicit one) of the fact that the minimal group
topologies on Z are precompact can be found in Lemma 9 of [54]. Minimal
topological groups were not introduced yet by that time, so the question of
their precompactness was not explicitly discussed in Lemma 9 of [54].

Lemma 4.5 If H is a dense essential subgroup of a Hausdorff topological group G,
then H is topologically simple, if and only if, G is topologically simple.

ProOF — Due to Lemma 3.8, we only have to check that if H is topologically
simple, then so is G. Let N be any nontrivial normal closed subgroup of G.
By the essentiality of H, M = NN H is a nontrivial subgroup of H. Clearly, M
is a normal closed subgroup of H. However, since Ty is simple, and M is
nontrivial, we have M = H, and so, H C N. Thus,

G=HCN=N,

that is, N = G. This proves that G is topologically simple. 0

Note that essentiality is necessary in the above lemma, as a dense nones-
sential subgroup H of a topological group G witnesses the existence of a
nontrivial closed normal subgroup N of G which trivially meets H, so N # G
and G cannot be topologically simple.

4.2 Applications of Theorem 3.9

Here we intend to apply the criterion of Theorem 3.9 to Hausdorff atoms,
that’s why we explicitly give the following immediate corollary:

Corollary 4.6 A Hausdorff topological group (G, T) is atomic, if and only if, it is
topologically simple and minimal.

Example 4.7 The above corollary provides the first example of a nondege-
nerate Hausdorff atom. For every infinite set X, the symmetric group Sym(X)
was proved to be minimal (see [46]) when equipped with the pointwise
convergence topology T},. Since this group is also topologically simple as
mentioned in Example 3.7, the above theorem allows us to claim that T}, is
an atom.
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For a group G, consider the topology

Mg = {TIT € n(G)},

named Markov topology after [37], implicitly present in Markov’s work
(see [53] and the surveys [41] and [42] for more detail on this issue). This
topology is the infimum taken in the larger poset T(G) of all topologies on G
and need not be a group topology in general, although inversion and left
and right shifts are continuous and Mg is a T;-topology. The M g-closed
sets are called unconditionally closed sets, following Markov.

Example 4.8 (a) For every group G the discrete topology 8¢ is both Alexan-
drov and Hausdorff (actually, the unique Alexandrov and Hausdorff topol-
ogy). By Corollary 4.6, 5 is an atom precisely when G is simple and 6¢g
is minimal, in other words the group G is not topologizable (in the above
terms, this means Mg = d¢). Such an infinite group was built first by Shelah
in [62] under the assumption of Continuum Hypothesis.

(b) For every T € £1(G), the center

Z(G) = ﬂ {x € Glxa = ax}
aeG

is closed in (G, T), because every centralizer
{x € Glxa =xa}

is closed in (G, T). Hence, Z(G) is Mg-closed. One can prove by induction
that for every positive integer n the subgroup Z,,(G) is Mg-closed (that is,
closed in any Hausdorff group topology on G).

Proposition 4.9 Let (G, T) be a Hausdorff topological group and let H be dense
subgroup of G. Then H is atomic, as a topological subgroup, if and only if, G is
atomic.

ProOF — Assume that H is atomic, so (H, Ty ) is topologically simple and
minimal. According to Proposition 4.1, G is minimal and H is essential in G.
By Lemma 4.5, G is topologically simple, as well. By Corollary 4.6, G is
atomic.

Now, assume that G is Hausdorff and atomic. Then G is minimal and
topologically simple, by Corollary 4.6. This yields that H is essential in G,
so H is minimal, by Proposition 4.1. On the other hand, H is topologically
simple, by Lemma 3.8. Now, Corollary 4.6 applies again to conclude that H
is a Hausdorff atom. 0

Since this section is focused on Hausdorff atoms we formulated and
proved the above proposition for Hausdorff atoms. Nevertheless, the conclu-
sion remains true without the assumption that (G, 7) is Hausdorff (see Propo-
sition 5.1 below).
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Remark 4.10 One cannot omit density in the above proposition. In-
deed, Sym(X) contains plenty of infinite discrete abelian subgroups H, which
cannot be atoms by Theorem 1.2.

The next corollary shows that the completion of a Hausdorff atomic group
is still a Hausdorff atomic group.

Corollary 4.11 A Hausdorff group (G,T) is atomic, if and only if, its Raikov
completion is atomic.

This fact was proved by Mutylin (see [54], Theorem 1) for abelian groups
(and commutative rings).

Now we see that atomic Hausdorff topological groups are subject to very
rigid algebraic restraints: they are either finite abelian of prime order or
center-free.

Theorem 4.12 Let (G, T) be an atomic Hausdorff topological group, then either G
has a trivial center or G is isomorphic to Zy, for some prime number p.

ProOOF — Assume that G has a nontrivial center. Since Z(G) is a nontrivial
normal abelian subgroup of G, we deduce that G is abelian, by Corollary 3.10.
Therefore, G ~ Z,,, by Theorem 1.2. |

We substantially used Theorem 1.2 in the above proof. Let us recall that
an alternative proof of Theorem 1.2 was given in [59], based on the fact that
the minimal topologies on Z are precompact by Prodanov’s precompactness
theorem (see [55]).

Now, we obtain a short proof of Clark-Schneider Theorem:

Corollary 4.13 (Clark-Schneider theorem) Let G be a group and suppose Z(G)
is nontrivial and is not isomorphic to Z, for any prime number p. Then £(G) has
no Hausdorff atoms.

ProorF — Suppose £(G) has a Hausdorff atom. Then, G ~ Z,, for some
prime number p, in view of Theorem 4.12 and our hypothesis Z(G) # {1}.

Hence,
Z(G) =G ~Zyp,

a contradiction. O

One can replace “abelian” by the much weaker assumption “hypercentral”
or “hyperabelian” in Theorem 1.2.

Corollary 4.14 Let (G,T) be a Hausdorff atomic topological group. If G is either
hypercentral or hyperabelian then G is isomorphic to Z.p, for some prime number p.

Proor — In case G is hypercentral, we observe that hypercentral groups
have nontrivial center. So, if T is a Hausdorff atom of £(G), then, by The-
orem 4.12, G is isomorphic to Z, for some prime number p. In case G is
hyperabelian Corollary 3.10 applies. O

Here we resume briefly what was obtained so far, as necessary conditions
for an infinite Hausdorff atomic group:

Corollary 4.15 Let (G,7) be an infinite Hausdorff atomic topological group.
Then every nontrivial normal subgroup of G is infinite and nonabelian. In par-
ticular, G has a trivial center and G is not hyperabelian (in particular, not solvable).
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4.3 On the number of Hausdorff atoms

In the case considered in Example 4.7, the Hausdorff atom is unique. The
uniqueness is due to the deep fact that 7} is not only a minimal topology
on G = Sym(X), it is actually the least element of £}4(G). In other words, it

coincides with
Mg = inf {‘J‘ | T e £H(G)}.

One can state the general result as follows: if Mg € £(G) for an infinite
group G and (G, Mg) is topologically simple, then M is the unique Haus-
dorff atom of £4(G). Note that Mg € £(G) implies that Mg is the least
element of £4(G).

Now we give an example of a group G that admits infinitely many Haus-
dorff atoms in £(G).

Example 4.16 Let G=PSL;(Q) and recall that this group is simple (see [24]).
Next we consider an infinite family of groups G, where p is either 0 or a
prime number, more precisely,

Go=PSL;(R) and Gp =PSL;(Qp)

when p is a prime and Q,, is the field of p-adic integers, equipped with
the p-adic topology. Again by [24], all these groups are simple. We provide
them with their natural (quotient of the) matrix group topology. These
topologies are locally compact. According to Theorem 7.4.1 of [35], Gg is
minimal and G, = PSL,(Qy) is minimal by Theorem 5.3 of [9].

For every p consider the obvious embedding f,, of G into G, and let Ty,
denote the topology induced on G by the embedding f,. Since all these
embeddings are dense and each G, is a Hausdorff atom (being simple
and minimal), we deduce from Proposition 4.9 that each T, is a Hausdorff
atom. To see that the topologies Ty and T}, are different take a nonidentical
unitriangular matrix A € SL,(Q) and let « be its image in the quotient
group G. Then for p > 0 and arbitrary q,

n
o —1

with respect to T, if and only if, ¢ = p. This shows that T, # T4 when-
ever 0 #p # q.

It is possible to conclude that T4 # T}, for p # q, by arguing that they
have different completions with respect to the two sided uniform structure.
It is worth mentioning that the infinite family {7} of pairwise di-
stinct Hausdorff atoms on G provided by the above example satisfy on one

hand the condition
inf{T}, Tq} = g

for distinct p, g. On the other hand, these topologies are not pairwise inde-
pendent in the sense of [64] (let us recall that independence of T, and Ty
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means that T, N T is the cofinite topology on G). Actually, even the in-
tersection (), Tp is not the cofinite topology. To see this, for every n € N
denote by my the product of the n-th powers of the first n prime numbers
and consider the infinite set

K={1}u{a™ |neN}

with « as in Example 4.16. Then K is closed in (G,‘J’p) when p is prime,
because

o™ — 1
in (G, 7p ), and so K is compact, while T, is Hausdorff. On the other hand, K
is obviously closed (and discrete) in (G, Ty) as well. Therefore,

Ke[)Tp-

For more on this “uniqueness line” see also Paragraph 4.4 and in particu-
lar Remark 4.21).

4.4 Compact-like Hausdorff atoms

The Hausdorff atoms built in Example 4.16 were locally precompact (as
the groups Gy, are locally compact). This suggests to examine further the
impact of imposing compactness or similar properties on atoms. For this
purpose, the next theorem offers a complete description of topologically
simple compact Hausdorff groups.

Theorem 4.17 A compact Hausdorff topological group (G, T) is topologically sim-
ple, if and only if, it is either a finite simple group, or a simple compact connected Lie
group. In such a case, G is a Hausdorff atomic group.

Proor —If G is finite, there is nothing to prove. Assume that (G,7) is
infinite, compact, Hausdorff and topologically simple. Since c¢(G), the con-
nected component containing 1, is a closed normal subgroup of G, c(G) is
either trivial or G = ¢(G) is connected. In the former case, G is a profinite
topological group, thus, G has a set of open (so, closed as well) normal
subgroups that form a local base at 1, according to a well-known theorem of
van Dantzig (see [65]). Since G is topologically simple, this is possible only
when G is finite, a contradiction. Therefore, G = ¢(G) is connected.

To prove that G is a Lie group pick a neighborhood U # G of 1. Then there
exists a closed normal subgroup N of G contained in U such that G/N is
a Lie group. As N # G and G is topologically simple, we deduce that N = {1},
that is, the group G itself is a connected Lie group. Since G is infinite, Z(G)
is trivial, by Theorem 4.12. Then
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where each L; is a simple compact connected Lie group (see [47]). As G is
topologically simple and each L; is a closed normal subgroup, we deduce
that n = 1. Therefore, G itself is a simple compact connected Lie group.
The last assertion follows from the minimality of compact Hausdorff groups
and Corollary 4.6. O

Theorem 4.17 implies that a compact Hausdorff topological group is
atomic, if and only if, either it is a finite simple group, or a simple com-
pact connected Lie group. In particular, £(SO(3)), has a Hausdorff atom.
We do not know if this Hausdorff atom is unique. Nevertheless, it is known
that the natural compact topology on SO(3) is its unique precompact topol-
ogy (due to the fact that every homomorphism SO(3) — K, where K is a
compact Hausdorff group, is continuous; see [22]).

Corollary 4.18 An infinite precompact Hausdorff topological group (G,T) is
atomic, if and only if, the Raikov completion of (G,T) is a compact connected
simple Lie group. In particular, precompact Hausdorff atomic groups are metrizable,
have size < ¢ and have the NSS property (defined below).

A topological group (G,7) is said to have no small subgroups (shortly,
is NSS or has NSS property), if there exists U € Fg such that U contains
no nontrivial subgroup of G. It is known that Lie groups are NSS. Using
this fact, one can easily see that precompact Hausdorff atomic groups have
also the NSS property.

Corollary 4.19 An infinite pseudocompact Hausdorff topological group (G, T) is
atomic, if and only if, it a compact connected simple Lie group.

Proor — Follows from Corollary 4.18 and Theorem 4.17, using the well-
known facts that pseudocompact Hausdorff topological groups are pre-
compact and metrizable pseudocompact groups are compact (see for ex-
ample [36]). a

Theorem 4.20 For a cardinality x > O the free group ¥ admits a Hausdorff atom,
if and only if, x > 1. More precisely:

(a) if k is infinite, then F admits a nonarchimedean Hausdorff atom of countable
pseudocharacter and character «;

(b) if 1 < k < ¢, then F admits a Hausdorff precompact atom with the NSS
property.
Proor — The necessity in the first assertion follows from Theorem 1.2.

(a) Assume that « is infinite. Then the assertion follows immediately from a
construction of Shakhmatov (see [61]), who built a dense embedding of Fy in
the group Sym(k), such that the induced topology 7 on Fy has {(F,,T) = w
and x(Fg,T) = k. According to Proposition 4.9 and Example 4.7, (F«,7) is
a Hausdorff atom.

(b) According to [11], every compact connected simply Lie group L has a
dense free subgroup G that can be chosen isomorphic to Fi forany 1 < k < ¢.
Now Proposition 4.9, along with Theorem 4.17, applies. One can see as
above, that again the NSS property is available here. O
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Remark 4.21  From Theorem 4.20, one can also deduce that for w < k < ¢
the group F« admits more than just one Hausdorff atom.

Let us recall that free groups are hypocentral, so this theorem shows that
arbitrarily large hypocentral groups may admit Hausdorff atoms (we will
see below that hypercentral groups do not admit any nondegenerate atoms).
Since free groups F are residually nilpotent (that is, v (F«) = {1})), this
leaves open the following general problem:

Question 4.22  Which hypocentral groups admit Hausdorff atoms?

This should be compared with Corollary 5.3, where we prove that (even)
virtually hypercentral infinite groups admit no Hausdorff atoms.

In view of item (b) of Theorem 4.20, one may ask whether free groups
admit pseudocompact Hausdorff atoms:

Theorem 4.23 No free group admits a pseudocompact Hausdorff atom.

PrOOF — Assume G = F¢ admits a pseudocompact Hausdorff atom 7.
By Corollary 4.19, (G,7) is a compact Lie group. This contradicts the
fact that free groups do not admit even countably compact group topolo-
gies (see Corollary 5.14 of [36]). O

5 Atoms that are not necessarily Hausdorff

It follows from Lemma 3.3, that a topological group (G, 7T) is atomic, if and
only if, J/coreT is a Hausdorff atom in £(G/coreT). Therefore, atomic
topological groups can be built as extensions of topological groups by Hausdorff
atomic groups. Namely, these are all topological groups (G,7) containing
a normal subgroup N such that the quotient (G/N,T/N) has a Hausdorff

atom ©. Let
mw:G— G/N

be the quotient map. Then the topology
T=mn(6)

on G is an atom and N = core T is a closed indiscrete subgroup of (G, 7).
This construction explains the relevance of Hausdorff atoms in the realm of
all atoms.

Proposition 5.1 Let (G, T) be a topological group and let H be dense subgroup
of G. Then H is atomic, as a topological subgroup, if and only if, G is atomic.

Proor — Let G; = G/core T and

T1 =T /coreT.
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By Lemma 3.3 (a), (G1, 77) is Hausdorff. It is easy to see that Hy = HNcore T
coincides with core(7 [) and Hy = H/Ho equipped with T [ /core(T )
is topologically isomorphic to the subgroup

H - core T/core T

of G1. Applying the above proposition to G and its dense subgroup Hy, we
deduce that H; is atomic, if and only if, G; is atomic. On the other hand, H
(respectively, G) is atomic, if and only if, H; (respectively, G;) is atomic,
by Lemma 3.3 (d). This proves that H is atomic, if and only if, G is atomic. O

The dichotomy of Theorem 4.12 and its corollaries now give:

Theorem 5.2 Let (G, T) be an atomic topological group and N = core T. Then:
(a) either Z(G/N) ={N}, or [G: N] =p.
(b) if T is a nondegenerate atom, then Z* (G) C N.

(c) if G is either hypercentral or hyperabelian, then [G : N] = p, so T is degener-
ate.

ProorF — (a) By Lemma 3.3, 7/N is a Hausdorff atom of £(G/N). Now
Theorem 4.12 applies.

(b) Let m: G — G/N be the quotient map. We first prove that:

n[Z* (G)] € Z* (G/N). (5.1)
For this purpose, it suffices to prove by transfinite induction that:

m[ZX(G)] € Zx (G/N) (5.2)

for every ordinal number A. This is clear for A = 0. Assume that A > 0 and
the assertion is true for all p < A and let

7 :G — G/Z,(G)

and
iy : G/N — (G/N)/Z.(G/N)

be the quotient maps.

Our assumptiom immediately gives (5.2) in case A is a limit ordinal num-
ber. In case A = p+ 1, for an ordinal number p, one has

71Z,(G)] € Z,, (G/N).
So there exists a (necessarily) surjective homomorphism

7:G/Zu(G) = (G/N)/Z, (G/N)
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such that 7o 71y = 7, o 1. This gives the following commutative diagram:

3

G G/Z,(G)
G/N - (G/N)/Z, (G/N)

Since
1 [Zy41(G)] € Z(G/Zu(G)) and RZ(G/Zu(G)] € Z((G/N)/Zu(G/N)),
we deduce from the commutative diagram above that:
7[Zy11(G)] €7y Z((G/N)/Zu(G/N))] = Zy 11 (G/N).

If T is a nondegenerate atom, then T/N is a Hausdorff atom on the infinite
group G/N, by Lemma 3.3. By item (a), we conclude that Z(G/N) = {N},
and consequently, Z* (G/N) = {N}. This yields Z* (G) C N by (5.1).

(c) As G is hypercentral, (5.1) implies that G/N = Z* (G/N) is hypercentral
as well. Therefore, the alternative Z (G/N) = {N} in item (a) is ruled out.
Then (a) implies [G : N] = p, and T is degenerate.

Assume now that G is hyperabelian. Then G/N is a Hausdorff atom,
by Lemma 3.3. Since G/N is hyperabelian as well, we deduce from Corol-
lary 3.10 that G/N is abelian. Hence, the alternative

Z(G/N) ={N}

in item (a) is again ruled out. Then (a) implies [G : N] = p, and T is degener-
ate. O

It can be helpful to note that

Z* (G) C coreT

in item (b) of the previous theorem is equivalent to Z* (G) = core T (see Ex-
ample 5.6 (b) showing when these conditions fail).

Corollary 5.3 Let G be a group that satisfies one of the following conditions:
(a) G is virtually hypercentral;

(b) G is hyperabelian;
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(c) there exists a finite normal subgroup N of G such that G/N is hypercentral.
Then, every atom of £(G) is degenerate.

PrROOF — Assume first that G is virtually hypercentral or hyperabelian (i.e.,
cases (a) and (b)). Let T be an atom of £(G). By Theorem 5.2 (c), T is
degenerate.

(c) Now assume that there exists a finite normal subgroup N of G such
that G/N is hypercentral. It was proved in [23] that this property is equiva-
lent to hypercentrality of G. Hence, the above argument works. O

Corollary 5.4 Let (G,T) be an atomic topological group. Then, either
Z*(G) CcoreT or G/coreT ~Zp,

so T is degenerate and G' is indiscrete, equivalently, G’ = core 7.

PrOOF — Suppose Z* (G) ¢ coreT. So Z* (G) # {1}. Hence, G/core T ~ Z,,,
by Theorem 5.2. Since G/core T is abelian, we deduce that G’ C core T. This
proves the last assertion. O

Corollary 5.5 Let G be a hypercentral group and T be an atom of £(G). Then T
is degenerate and core T has index p for some prime number p.

ProoF — As T # 1, we deduce that Z* (G) = G ¢ coreTJ. Hence, Corol-
lary 5.4 applies. O

Corollary 5.4 offers a curious topological counterpart of the celebra-
ted Schur theorem. Indeed, according to Schur’s theorem, if

[G:Z(G)] < o0

for a group G, then
|G’| < 00,

that is, if the center is “large”, then the derived group is “small”. Here,
the criterion of being large or small is simply measuring the index or size
of the relevant subgroup. When a group is equipped with a topology, one
can change the method of measurement and consider as “large” the dense
subgroups, and, as “small” the indiscrete subgroups (those with an indis-
crete subspace topology). Through this looking glass on “small/large”,
things become quite transparent in the case of a group G equipped with
a simple group topology since in this case one has a dichotomy as far as
normal subgroups N of G are concerned: either N is “small” (indiscrete)
or “large” (dense). It is this point of view that makes Shur’s paradigm
work in an atomic group G even in a somewhat relaxed form: if Z* (G) is
dense (“large”) in G, then G’ is indiscrete (“small”). Finally, it must be
underlined that Schur theorem cannot be deduced from Corollary 5.4.

Now we provide an easy example with Z* (G) C core 7, so the conclusion
of Corollary 5.4 fails.
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Example 5.6 (a) Let A be any nontrivial abelian group and
G = A x Sym(IN),

equipped with
T =1a X ‘Ip.

Then
coreT =Z(G) =A x {1}

and G is atomic by Theorem 3.9, as
G/core T = Sym(X)

is a Hausdorff atomic group (see Example 4.7). If we take G = A x L,
equipped with T =14 x T/, wher (L,7’) is a compact simple connected Lie
group, then we have similar properties. In both cases, the subgroup G’ (that
is Sym(X), and L, respectively) is Hausdorff.

(b) Let G1 be a center-free group and let p be a prime. Equip G = Z; x G
with the product topology, so that Z, is discrete and G is indiscrete. Then

2" (G) =Zp x{1} £ coreT = {0} x Gy.

The next two theorems show the strong impact of lattice theoretic proper-
ties of £(G) (in terms of existence of atoms) on the structure of the group G.

Theorem 5.7 For an abelian group G, the following conditions are equivalent:
(a) £(G) has no atoms;
(b) G is divisible.

Theorem 5.8 For an abelian group G, the following conditions are equivalent:
(a) £(G/H) has atoms for every proper subgroup H of G;
(b) G/H is divisible for no proper subgroup H of G;

(c) rank(G) =n < oo and for every free subgroup H of rank n of G the quotient
group G/H has finite p-primary components for every prime number p.

The implication (a) — (b) clearly follows from Theorem 5.7. The impli-
cation (b) — (c) is due to [34], a proof can be found also in Theorem 3.5
of [31].

Theorem 5.9 Let (G, T) be a compact topological group. Then following condi-
tions are equivalent:

(a) (G,T) is atomic;
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(b) (G, T) is topologically simple;

(c) G/coreT is either simple and bounded, or a simple compact connected Lie
group.

Proor — (a) — (b) If Tis an atom of £(G), by Theorem 3.9, T is simple.

(b) = (c) Suppose T is simple and let N = core J. By Theorem 2.4 and Lem-
ma 3.3, T/N € £4 (G/N). So, (G/N,T/N) is a compact Hausdorff topologi-
cal group. By Remark 3.6, (G/N, T/N) is also topologically simple. Now The-
orem 4.17 applies.

(c) = (@) The compact Hausdorff group (G/N,T/N) is minimal. Moreover,
it is also topologically simple, by Remark 3.6. Hence, T is an atom of £(G),
by Theorem 3.9. O

Because the structure of any compact topological group (G,7T) with T
simple, is known, Theorem 4.17, characterizes the structure of all compact
atoms of £(G).
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