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Abstract

First, we prove that when a finite solvable group G has a faithful irreducible charac-
ter x such that xx has two irreducible constituents, both must be real-valued. Then,
we study the situation where xx has exactly three distinct nonprincipal irreducible
constituents, two of which are complex conjugates. In this case, we prove that G has
derived length bounded above by 6.
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1 Introduction

Throughout, we let G be a finite solvable group and denote the irre-
ducible characters of G by Irr(G). Let x € Irr(G) be faithful and, as
usual, denote its complex conjugate by X, which is also an irreducible
character of G. We are interested in studying how the number of irre-
ducible constituents of xx affects the structure of G. We will write 1g
for the principal character of G. Then we know that the principal
character has multiplicity 1 in ¥, since 1 = [x,x] = [xX, 1], where
the second equality follows from comments on page 48 of [7].

In [2], Adan-Bante was able to completely classify those solvable
groups which had some faithful character x € Irr(G) such that

xxX = 1g + ma.



4 L.R. Hendrixson — M.L. Lewis

In the same paper, she also proved some facts about the solvable
groups with x € Irr(G) faithful and such that

XX =1g +mix; +maay,

including that the derived length dl(G) < 18. We proved in [6] that
in this case, dI(G) < 8, and that this is the best possible bound. In
this paper, we will go further and show that both «; and o, must
be real-valued characters, i.e., they cannot be complex conjugates of
each other. It should be noted that this work has appeared in the first
author’s dissertation [5].

Theorem 1.1 Let G be a finite solvable group with a faithful character
X € Irr(G) such that

XX =1g+mix; + maay,

where «1, oy € Irr(G) are distinct nonprincipal characters and mq and m,
are strictly positive integers. Then both o1 and «; are real-valued charac-
ters.

When this is complete, we will use Theorem 1.1 to study the situa-
tion that G is a solvable group, x € Irr(G) is faithful, and

XX =1g+mja; +myocy +myo;.

We are most interested in the possible derived lengths of such groups,
bounding that derived length, and finding examples of groups with
such a character x.

At this point, the only known group satisfying the conditions
of Theorem 1.2 is A4, the alternating group on 4 letters. Notice
that d1(A4) = 2, which means that there is a gap between our known
example and what we prove here. This suggests that either our bound
can be improved or that there are more examples with higher derived
lengths that have yet to be discovered. Regardless, the existence of
even one example shows that it is impossible to extend Theorem 1.1
to the case when xX has three nonprincipal irreducible constituents.
It should also be noted that Adan-Bante proved a result in [1] which
applies in this situation. However, because the number of nonprin-
cipal irreducible constituents is so small in this case, that bound is
quite weak.
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Theorem 1.2 Let G be a finite solvable group and let X € Irr(G) be a
faithful character. Assume that

xXx=1lg+mio; + Mmooy + My

where «1,xy € Irr(G) are nonprincipal characters and my and m, are
strictly positive integers. Then d1(G) < 6 and ker(«4) is an abelian group
fori=1,2, with ker(«;) = Z(G) for exactly one i.

In the next section, we will prove Theorem 1.1. Sections 3 and 4
will be devoted to the proof of Theorem 1.2. This proof will require
the use of several new lemmas and propositions.

2 Proof of Theorem 1.1

To prove Theorem 1.1, we will need two lemmas. The first includes
more information than is needed at this point, since we will be using
it again for Lemma 3.5.

Lemma 2.1 Let G be a solvable group. Let V be a vector space of
orders q™ for q™ = p?, where p is a odd prime and p < 71, or
qre{34,54,74,3%,310 . Assume that V is a faithful, irreducible, and pri-
mitive G-module. Finally, assume that G £ T'(V). Then G contains the
central involution of GL(n, q).

ProorF — Since V is a primitive faithful G module, it restricts ho-
mogeneously to every abelian normal subgroup of G. Thus, every
abelian normal subgroup of G has a faithful, irreducible module.
This implies that every normal abelian subgroup of G is cyclic, and
we may apply Corollary 1.10 of [10] to G. This result will be used
extensively in what follows.

Set F = F(G). First, assume that dim(V) = 2. Then by Theorem 2.11
of [10], F = QT where Q ~ Qg, the quaternion group of order §,
and T < Z(GL(2,p)). Also, QNT = Z(Q) ~ Z;. Thus, if dim(V) = 2,
the central involution is contained in G.

Next, assume that dim(V) = 4. Since V is a faithful F-module, we
know that q does not divide |F|, where q € {3,5,7}. Since G is not
a subgroup of I'(V), we may assume that F is nonabelian by Corol-
lary 2.3 of [10]. Let Z be the socle of Z(F). Then by the first conclusion
of Corollary 1.10 in [10], there exists normal subgroups Q and T of G
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such that F = QT and QNT = Z. Also, the Sylow r-subgroups of Q
are extra-special or cyclic of prime order by the second conclusion
of Corollary 1.10. Hence, by Corollary 2.6 of [10], we have that there
exists an integer e such that

e =[F:T|=1Q:Z|.

Notice that e divides dimy q(W), where V = - W for some inte-
ger f. Since q cannot divide e, we have that e € {1,2,4}. Further-
more, e # 1, since otherwise Corollary 2.3 (b) of [10] implies that G
is a subgroup of I'(V), which we have removed by assumption. So, |F|
is even and |Z(F)| is also even. Since Z(F) is cyclic, this implies it has
a unique subgroup L of order 2. Now, since V is irreducible, the in-
volution x € L can either fix everything in V or nothing. If x fixes
everything, then x is in the kernel of the action of G on V. How-
ever, this is a contradiction since we are assuming that V is a faithful
module. Therefore, x fixes nothing and sends every element v € V
to its inverse —v. In particular, x is the central involution of GL(V)
and x € G.

Next, assume that dim(V) = 6. Then, by a similar argument, we
see that e = 2, and [F| is again even. Then we may apply the previ-
ous argument to F to get that G must contain the central involution
of GL(6, 3).

Lastly, assume that dim(V) = 10. The previous argument works
in the case that e = 2 or 10 but fails when e = 5. However, by The-
orem 1.2 of [4] and comments made on page 1 of that paper, we
get that G has a minimal normal nonabelian subgroup N with even
order. From this, we can use a similar argument for all possible e,
which completes the proof. O

We are now ready to prove the following lemma, which will ma-
ke Theorem 1.1 possible.

Lemma 2.2 Let G be a finite solvable group. Let V be a symplectic vector
space of dimension 2n over GF(q), where q is a prime power. Assume that V
is a faithful irreducible G-module and the action of G on V preserves the
symplectic form. Also assume that G acts with two orbits on V¥ =V —{0}.
Call them O1 and O and set e? = |V| = q*™. Then ifve Oj, s50is —v.

Proor — Notice that our hypotheses imply the hypotheses of Theo-
rem 4 of [6]. Therefore, we will study the cases given there. We know
that v and —v are in orbits of equal size. So, if O1 and O; have differ-
ent sizes, we obtain the conclusion. Hence, we may assume that the
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orbits have equal size, which implies that |G| is divisible by

1 1

2 s
e =1 =5(q 1).

Assume Theorem 4(i) of [6]. Then G is isomorphic to a subgroup
of I'(V), N = GNTy(V) is a normal cyclic subgroup of G, and G/N
acts faithfully on N. Also, since N is cyclic, we know that

|Aut(N)| = @(INJ),

where ¢ is the Euler @-function, and since G/N acts faithfully on N,
we have that |G| < [N|@(|N]).

Suppose that [N is not a prime number and is not equal to 4. Then
@(IN]) < IN|=3.

By Lemma 2.2.3 of [2], IN| < e+ 1. So ¢(|N]) < e —2, which implies
that |G| < eZ — 1. Therefore, |G| = %(ez —1), G acts Frobeniusly on Vv#,
and G = N. This implies that elements are in the same orbits as their
inverses.

Now suppose that [N| = p, a prime. Thenp < e+ 1.If p <e—+1,
then p < e, and

Gl < NI@(IN)) =p(p—1) <ele—1) < e —1,

which yields the same results as the last paragraph. So assume
that p = e+ 1. Notice that p(p —2) = e? —1 and %p(p —2) in an inte-
ger dividing |G|. However, e > 3 implies that p > 4 is an odd prime.
Hence, p(p —2) is an odd integer, and %p(p — 2) is not an integer.
This is a contradiction.

So assume that [N| = 4. Then |G| divides 8, and thus %(e2 -1

divides 8. Hence, %(e2 —1)is 1, 2, 4, or 8. Since V is a symplectic

vector space, V| = e? = r2 for some prime power r. Thus, V¥ = 8
and G < SL(2, 3). Therefore, G ~ Qg, the quaternion group of order 8.
However, since Qg acts on a vector space of order 9 transitively, this
case is impossible.

Next, assume Theorem 4 (ii) of [6]. Then the vector space V has two
spaces of imprimitivity V; and V, with V =V; @ V. If H=Ng(V7),
we know that H/Cy(V7) acts transitively on V# and v € Vj is in the
same orbit as its inverse.
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Finally, assume Theorem 4 (iii) of [6]. Then by Lemma 2.1, we know
that G contains the central involution of GL(2n, q) and therefore v
and —v are in the same orbit, as desired. O

Using this lemma, it is now possible to prove Theorem 1.1.

Proor oF THEOREM 1.1 — First, notice that x is a real-valued char-
acter. So, if ker(aq) # ker(ay) and «; is a constituent of x¥, then &3
is also a constituent of xX for i = 1,2 with ker(a;) = ker(ay). In
our case, if ker(a;) # ker(a), then «; = &3, and «; is a real-valued
character. So, let Z = Z(G) and assume that ker(o;) = ker(ay). Then
by Lemma 4.2.4 of [2], we know that

Z = ker(xx) = ker(oq) Nker(oy) = ker(ag) = ker(wz).

Let E/Z be a chief factor of G. Then by Proposition 4.2.5 of [2], E/Z
is a fully ramified section of G with respect to xg and A € Irr(Z) such
that [xz,A] # 0. Also, G/E acts symplectically and faithfully on E/Z
with two orbits on (E/Z)". Suppose the «; are complex-valued char-
acters that are not real-valued. Then since XX is real-valued, o, = &7.
Hence the orbits of G/E on Irr(E/Z)* are inverses of each other, i.e.,
if the nontrivial orbits are O and O, and 8 € O¢, then 8 € O,. How-
ever, by Lemma 2.2, we know that 0 and 0 must belong to the same
orbit. Thus, we have a contradiction of the assumption that «; are
complex, which completes the proof. 0

3 The abelian case
For this section, we will assume that

XX =1g +mia; + maay + myax;.
For simplicity, we introduce the following hypothesis.

Hypothesis 3.1 Let G be a finite solvable group with x € Irr(G) a faith-
ful character. Assume

XX =1g + Mg + maoy + moag,

where the o € Irr(G)* are distinct and the my are strictly positive integers
fori=1,2.Set Z =Z(G).
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Our first lemma will be useful in determining when restrictions
of x are irreducible.

Lemma 3.2 Let G be a finite solvable group. Let x € Irr(G) be a faithful
character. Assume

n
XX = ]G +Zmicxi/
i=1
where the oy € Irr(G)* are distinct and the m; € IN. Let N be a nor-
mal subgroup of G. Then xN € Irr(N) if and only if N & ker(oy) for
alli=1,2,...,n.

Proor — Notice that

XN XN] = [N TN

mn n
=[N+ mile)n IND =14 millag)n, Tn-
i=1 i=1
Thus, [xn, xn] = 11if and only if [(a)n, Inl =0foralli=1,2,...,n.
Therefore, [xn,xn] = 1 if and only if N £ ker(wy) for all i. Sin-
ce [xn,xn] = 11if and only if xN € Irr(N), the result follows. O

In [2], Adan-Bante was able to show that the intersection of the
kernels of the irreducible constituents is equal to the center of the
solvable group G. In particular, when there are only two nonprinci-
pal irreducible constituents of the product xx, then the center of the
group must be equal to one of their kernels. The same is true in this
situation, and we will establish this fact in the following lemma.

Lemma 3.3 Let G be a finite solvable group with x € Irr(G) faithful such
that
xXXx=1g+mix; +myor + maags,

with ker(oy) = ker(asz). Let Z = Z(G). Then either ker(;) = Z
or ker(«y) = Z. In particular, if we have Hypothesis 3.1, then ker(ot1) = Z
or ker(oy) = Z.

Proor — Here, we follow the style of Lemma 4.2.4 in [2]. Sin-
ce &y and «3 have the same kernel, we need only consider ker(x)
and ker(x;). Assume that Z is proper in both kernels. Then let R/Z
be a chief factor of G with R < ker(aq). Note that R € ker(x;).
Also, let S/Z be a chief factor of G with S < ker(wy). Set T = RS.
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Then RNS = Z since ker(o;) Nker(az) = Z. This implies that
T & ker(ay) for i =1,2. By Lemma 3.2, x7 € Irr(T).

Notice that T/R is also a chief factor of G. Let 1 € Irr(R) such
that [xg, W] # 0. Then by Theorem 6.18 of [7], either xg = e for
some P € Irr(R) and e2 = [T : Rl or YT = x7. Both of these cases
imply that x(g) =0 if g € T—R. Similarly, x(g) =0if g € T—S. Also,
since R/Z and S/Z are chief factors of G, they are elementary abelian.
Since R and S are normal subgroups of G with intersection Z and
product T, we have that T/Z = R/Z x S/Z. Thus, Lemma 4.2.2 of [2]
gives us

0 if ge T—R,
xx(g) =40 ifgeT-S5,
x(D? ifgeRNS=7Z.

Lemma 4.2.2 of [2] also tells us that xX is a multiple of the regular
character of RS/Z. Thus, x(1)% > |T : Z|. However, since xt € Irr(T) it
is also true that x(1)% < |T: Z|. Hence, equality holds and (xx)1 = 1;
is the regular character of T/Z. Since all characters of Irr(T/Z) are
linear, they appear with multiplicity 1 in 1} = (xX)t and my = 1
fori=1,2.

Notice that
()R, TR] = [((xX)T)R, TR] = [(17)R, TR] =T : R,
Since R < ker(a) and R # ker(«x; ), we have
T4+ o0q(1)=IT:R|

In a similar fashion, 14 (1) + «3(1) = [T : S|. This yields the equa-
tion

T:Zl=x(M?=T+o01(1)+o2(1)+a3(1) =|T:R+[T:S|—1.
Also since T = RS and RN'S = Z, we can rewrite this as
T:RIR:Z|—|T:R|—R:Z|+1=0.

Thus,
(IT:RI—1)(R:Z|—1)=0.

But since T/R and R/Z are chief factors of G, neither of them can have
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size 1. Therefore,
Z =ker(o1) or Z =ker(ay) = ker(az),

as desired. In particular, if we consider the situation outlined in Hy-
pothesis 3.1, we see that since «, and &, are complex conjugates,
they have the same kernel. Thus, if we assume Hypothesis 3.1, we
get the conclusion. 0

It remains to go through all the possible equalities between ker(«1),
ker(xy), and Z = Z(G). We will begin with the case that all three
subgroups are equal. In fact, this is impossible. Then we will con-
sider the case when one of the kernels in an abelian group properly
containing Z(G). Lastly, we will assume that one of the kernels is a
nonabelian group, properly containing Z(G), which is equal to the
other kernel. For the case when Z(G) = ker(aq) = ker(ay), we will
need the following theorem, proved by Foulser in [4] and simplified
by Dornhoff in [3].

For this theorem, we must consider a primitive permutation
group G acting on a finite set Q. A standard reference for this sit-
uation is page 39 of [10]. First, let G be a solvable primitive permu-
tation group on Q with « € Q having as its point stabilizer G = G.
Then G has a unique minimal normal subgroup V such that

G=GV,GnNnV=1,Cg(V)=V,
and V acts regularly on Q. This means that
Q] = V] =q"

is a prime power. Also, the mapping that takes v € V to vac is a G
permutation isomorphism between V and Q. In this case, G acts on V
by conjugation. Since V is the unique minimal normal subgroup of G,
it follows that V is irreducible and faithful as a module of G. Because
of the permutation isomorphism, the rank of G on Q is the number
of orbits, including the trivial orbit, of G on V.

Theorem 3.4 Let G be a primitive solvable permutation group of rank 4;
write G = GV where V is a minimal normal subgroup of G and G is
the stabilizer of a point in Q, the set upon which G acts. Then one of the
following holds:

(i) V has order [V| = q™ for a prime q and G is permutation-isomorphic
to a subgroup AT(q™), the affine semi-linear group. In particular,
dl(G) < 2.
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(ii) G is an imprimitive linear group with V. = ®;_;V; where the V;
are imprimitivity spaces and v = 2 or 3. Here H = Ng(V7) and
H/Cy (V1) is a linear group that acts transitively on Vf =V; —{0}L
Thus, dI(G) < 5.

(iii) G acts as a primitive linear group on V and G has one of the de-

grees q™ for q™ = p?, where p is a prime and p < 71, or
qn c {24, 34’ 54’ 74’ 26’ 36,28,2] O’ 31 0,212}'
ProorF — See Theorem 1.2 of [4]. To see the second conclusion of (ii),

we know that d1(G) < 5 since
G < (H/Cu(Vi))N Gy,

by the argument of Lemma 1.4 from [9]. However, this wreath prod-
uct has derived length bounded above by 5, since from Theorem 6.8
of [10], dI(H/CH (V7)) < 4. O

Using Theorem 3.4, we are able to prove the following lemma,
which will make the situation where ker(oq) = ker(xy) = Z(G) im-
possible.

Lemma 3.5 Let G be a finite solvable group. Let V be a symplectic vector
space of dimension 2n over GF(q) for some prime power q. Assume that V
is a faithful irreducible G-module. Suppose the action of G on V preserves
the symplectic form, and that G acts on V* with three orbits, say O1, Oa,
and O3. Set e* = q*™ = |V|. Then v € O implies that —v € Oy
for 1 <i<3.

Proor — If q = 2, then our conclusion is immediate since V is
an extra-special 2-group and v = —v in this case. Thus, we will as-
sume that p is an odd prime. Our hypotheses imply those of Theo-
rem 3.4, so we will examine the three situations there. Notice that v
and —v must be in orbits of equal size. So, if all three nontrivial or-
bits have distinct sizes, the result is trivial. Hence, we may assume
that two orbits have the same size, which implies that the orbit sizes
are a = |03] = |03| and e? — 1 —2a = |04}, both of which must divi-
de |G|.

Assume Theorem 3.4(i). Then G < T'(V) and N = GNTp(V) is
a cyclic normal subgroup of G and G/N acts faithfully on N. This
means that |Aut(N)| = @(|N|), where ¢ is the Euler ¢-function,
and |G| < |IN|@(|N]). First assume that [N| is not prime and is not
equal to 4. Then @(|N|) < [N|—3 and [N| < e+ 1 by Lemma 2.2.3
of [2]. Thus, |G| < e + 1.
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Claim |G| > $(e?—1).
Since max(a,eZ —1—2a) < lem(a, e? —1—2a) < |G|, it suffices to
show that

max(a,e? —1—2a) > %(e2 —1).

Ifa> %(e2 —1), then we are finished. So assume a < %(e2 —1). Then

—2a > —%(62—]) and e2 —1—2a > e2 —1 —%(62—1) = %(62—]).
This completes the claim.

By the claim, {(e? —1) < |G| < e? — 1. Then

Gl _ 3(e2—=1) e—1 q™—1
n>— > = = .
2N e+ 1 3 3

Thus, we need prime powers q™ such that this inequality holds. This
implies that qZ“ —elc {32,34,52}. Now, |N| divides [Ty (V)| = e —1
and |G : N| divide the size of the Galois group. Here, we may assume
that |N| is odd as well since otherwise, it contains the central involu-
tion of the field and we are finished.

If qzn = 3% then |N| divides 80, and in particular, [N| = 5. This
implies that |G : N| divides 4 and |G| < 20. But we know that

8 1
80 _Te_1<al

20
<373

This is a contradiction. If an = 32, then |N| divides 8. Since N cannot
be the trivial group, it has even order in this case and we are finished.
If qZTL — 52, then |N| = 3 and |G| < 6. However, our claim implies
that |G| > 8, another contradiction. Lastly, if qzn = 72, then [N| = 3
and |G| < 6. But since our claim implies that |G| > 16, we have a
contradiction here as well.

Next assume that [N| = p for a prime p. Then IN| = p < e+ 1
and @(|N|) = p — 1. Assume first that p < e+ 1, i.e., p < e. Then we
get that |G| < e — 1 and the claim yields that

1
(2= <Gl <e? 1.
This yields the same results as the last paragraph. So, assume
that p = e+ 1. Then p is a Fermat prime and e = q™ is a power
of 2, which is finished by our earlier remark.

Now assume that |[N| = 4. Then since |N| is even, it contains the
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central involution of I'p(V) and this element sends elements to their
inverses. This completes this case.

Assume Theorem 3.4 (ii). Then G is an imprimitive linear group
and

,
V=23V
j=1

where the Vj are imprimitivity spaces and r = 2 or 3. We know that
H = Ng(V7) has index r in G, and that H = H/Cy(V;) acts transi-
tively on Vf. Thus, Lemma 2.8 of [10] implies that G < H1Z,, and
we may apply Theorem 6.8 of [10] to H.

First, suppose that r = 2 and that Theorem 6.8 (i) of [10] holds,
i.e., H < T'(V;). Since q is an odd prime, we know that [Vq| is odd,
and IVfI is even. Hence, H is also even and contains some involution
which inverts some element of V. This handles the orbit which has
form V# UV’Z*. Now, let v = (a,0) € V3 UV, with a # 0. Then, for
an involution g € G, we know that v-g = (0,b) = w. Now, consi-
der v—w = (a,—b). Then

v—w)-g=v-g—w-g=w—-v=—(v—w).

Thus, the orbit containing v—w € V — (V7 UV;) contains inverses.
Since v—w is in one of the orbits that make up V — (VjUV,), it
follows that the second orbit contains inverses as well.

Next, assume Theorem 6.8 (ii), (iii) of [10]. Then, H < GL(V;) whe-
re |Vy| = 32,52,72,11%,232,3% and Lemma 2.1 yields that G contains
the central involution. Therefore, the orbits contain inverses, as de-
sired.

So assume that there are three imprimitivity spaces, i.e.,
V=Vi& V& V3.

Then, elements of V are 3-tuples, meaning they have form (vy,v,,v3),
where v; € V; for 1 <1 < 3. Since 0 € Vj is centralized by all g € G,
if v- g =w, itis impossible to v to have a different number of nonzero
coordinates than w. Hence, we obtain the following orbits:

{(0,0,0)}
{(a, b, c)lexactly one of a, b, c is nonzero}
{(a, b, c)lexactly two of a, b, c are nonzero}
{(a,b,c)la,b,c #0}.
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By their definition, v and —v must be in the same orbit, since they will
have the same number of nonzero coordinates. Thus, we are finished
in this case.

Finally, assume Theorem 3.4 (iii). Then by Lemma 2.1, we have
that G contains the central involution, and we are finished. O

We will use the last lemma to prove the following proposition.

Proposition 3.6 Assume Hypothesis 3.1. Then ker(«) and ker(xy) are
distinct.

ProoF — Suppose that Z = ker(o;) = ker(x;) and let E/Z be a
chief factor of G. Let A € Irr(Z) such that [xz,A] # 0. By Lemma 3.2,
Xe € Irr(E) since E € ker(«;) for i = 1,2. Then Theorem 6.18 of [7]
implies that E/Z is a fully ramified section with respect to xg and A.
By appealing to Lemma 3.2.1 of [2], we see that Cg(E/Z) = ECg(E)
and E/Z is a symplectic vector space. Notice that since x € Irr(G) is
faithful, Z(x) = Z. Also, xg € Irr(E) implies that Cg(E) < Z(x) =Z
by Lemma 3.2.2 of [2]. Hence, Cg(E/Z) = E and G/E acts faithfully
on E/Z. Furthermore,
xXe =13,
by Lemma 3.1.1 of [2].
Now, we have that

15 = (x¥)e = T +m1 (01)g + M2 (2)g + M2 (32)E -

By Clifford Theory, the irreducible constituents of (xj)g form an
orbit. If the irreducible constituents of (xq)g, (x2)g, and (o) are
all the same, then there is a single orbit under the action of G/E
on Irr(E/Z)* and under the action of G/E on (E/Z)* by Brauer’s The-
orem (Theorem 6.32 of [7]). However, by Theorem A of [2], this
means that xX = 1g + « for some « € Irr(G)*, which is a contra-
diction. So, assume that two of the orbits given by (o), (2)g,
and (o) are the same. Then by Proposition 4.3.3 of [2], this im-
plies that xX = 1g + «+ 3 for some «, 3 € Irr(G)*, which is also a
contradiction. So, we suppose that the orbits given by (x1)e, (x2)E,
and (o )¢ are all distinct, namely the orbits of x; and &, are not
the same. Then, their orbits must be inverses of each other. However,
by Lemma 3.5, we know that since we have three orbits, if x € O
for some orbit, then x~1 € O also. This is a contradiction. Thus,
ker(aq) # ker(x;), and the proof is complete. O
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Next, we will discuss the option that one of the kernels is an
abelian group strictly containing the center of G.

Lemma 3.7 Let G be a finite solvable group with x € Irr(G) faithful and

mn
XX:]G+Zmioci/

i=1

where the «; € Irr(G)* are distinct, my € N, and n > 2. Fix j such
that K = ker(o) is maximal among the ker (o). Suppose that K abelian,
with K > Z(G) = Z. Let © € Irr(K) such that [xx,0] # 0. Denote the
inertia group of © by Gg. Let L/K be a chief factor of G. Then

(i) G=GpLand K=GgNL.
(ii) G/L acts faithfully and irreducibly on L/K.
(iii) x(1) = |L: K|, and thus is a prime power.

ProorF — Since L > ker(wy) for all i, x; € Irr(L) by Lemma 3.2.
Since x is reducible, K is abelian, and Z(x) = Z # ker(«;), Theo-
rem 6.18 of [7] implies that x; = 6- and Gy is proper in G. By Exer-
cise 5.7 of [7], we have that GgL = G. Also, we know that 8% = x|
belongs to Irr(L) and so by Exercise 6.1 of [7], we know that Lg = K.
But Lg = GgNL, and thus K=GgNL.

Now, observe that L < Cg(L/K)<G. If we let C = Cg(L/K), then
G = GpL implies that C = (CN Gg)L. Also notice that CN Gg is nor-
mal in Gg and that [CN Gg, L] < [C,L] < K. Thus, CnN Gg is nor-
mal in G. If L < C then K is proper in the normal subgroup C N Gg
and Xcnc, is an irreducible character. However, since x is induced
from some character of Gg and CNGg < Gg < G, it is impossible
for Xcng, to be irreducible. So it must be the case that C = L. This
proves that the action is faithful.

Since x; =0-and 0(1) =1,

x(1)=0(1) =|L:Klo(1) = L: K|,

which is a prime power since L/K is a chief factor of a solvable group.
Thus, x(1) is also a prime power. Lastly, since K is maximal among
the kernels, Lemma 3.1.3 of [2] yields that m; = 1. O

Proposition 3.8 Assume Hypothesis 3.1. Assume that K = ker(o) is
an abelian group properly containing Z(G) = ker(«y). Then d1(G) < 6.
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Proor — Let 0 € Irr(K) such that [xk, 0] # 0 and let L/K be a chief
factor of G. Then by Lemma 3.7, we know that G = GgL, where Gg
is the inertia group of 0 in G, and G/L acts faithfully and irreducibly
on L/K. Also by that lemma, m; = 1.

By Lemma 3.1.1 of [2], (xX)1. = 1% + @ where O is a character of L
and [®y, 1] = 0. Also, since

X)L =T+ (1) +ma(e)r +ma(az)r,

we have that 1% = 1 + (7). and ® = my(z)r + ma (7). This
implies that G/L acts transitively on Irr(L/ K)* and hence on (L/K)*
by Brauer’s Theorem (Theorem 6.32 of [7]). Therefore, G/L is one of
the groups in Theorem 6.8 of [10]. Hence, d1(G/L) < 4. Since L/K is
a chief factor of G and K is abelian, we have that dl(L) = 2. Therefo-
re, dl(G) < dI(G/L)+dl(L) <4+2=6. O

Before we begin the next proposition, we need the following lem-
ma.

Lemma 3.9 Let G be a finite solvable group. Let V be a vector space of
dimension n over GF(q), where q is a prime power. Assume that V is a
faithful G-module and that G acts on V* =V —{0} with two orbits of equal
size. Also assume one of the following situations:

(i) G is an imprimitive linear group with imprimitivity spaces Vi,V>,
where V. =V ® V3. Here H = Ng(V7) has index 2 and H/CH (V1)
is a linear group that acts transitively on Vi —{0}.

(ii) G acts as a primitive linear group on V and G has one of the degrees
72,132,17%,192, 232,292,312, 472, 3%, 74, 2°, or 3°.

Then v and —v belong to the same orbit.

ProOF — Suppose case (i). Then the orbits are {0}, Vf U Vg,
and V— (ViU V4). In all these cases, if v belongs to of them, so
does its inverse —v. So, suppose case (ii). Then [V| = q™ is one of
the prime-powers listed in that case, and by Lemma 2.1, G has the
central involution of GL(V). This completes the proof. 0

Proposition 3.10 Assume Hypothesis 3.1. Assume also that K = ker(«;)
is an abelian group properly containing Z. Then d1(G) < 6.

Proor — Let L/K be a chief factor of G. By Lemma 3.7, we know
that if 8 € Irr(K) such that [xk, 0] # 0, and L/K is a chief factor of G,
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then G = GgL, K = Gg NL, and G/L acts faithfully and irreducibly
on L/K. It remains to show how many orbits are in the action of G/L
on L/K. By Lemma 3.1.1 of [2], we know that

K+,

(xx)L =1
where @ is either the zero function or a character of L with
(D, 1x] = 0. Also,

X)L =T +my (o) +ma(e)r +mp(ag)r.

Since ker(a;) = Z < ker(ay), we know that [(«1)k, k] = 0. This
means that ® = mj(a7)r and 1% = 1 +ma(a) + ma(az)1. So
the irreducible constituents of (&)1 + (&)1 form Irr(L/K)*. If the
orbits of (xz)r and (&z)r are the same, then G/L acts transitively
on Irr(L/K)#, and hence on (L/K)* by Brauer’s Theorem, implying
that dI(G/L) < 4 by Theorem 6.8 of [10]. If they are different then G/L
acts on (L/K)* with two orbits of equal size that are inverses of each
other. By Lemma 3.9 and Theorem 4 of [6], this means that G/L
is isomorphic to a subgroup of I'(L/K). However, these subgroups
are metacyclic, which implies that dl(G/L) < 2. Finally, since L/K
is a chief factor of G and K is abelian by assumption, we know
that dI(L) = 2 and thus dI(G) < 6. O

4 The nonabelian case

The last situation we must deal with is the possibility that one of
the kernels is a nonabelian group. In fact, this cannot occur, and to
show this, we need several lemmas. Note that these lemmas are more
general than necessary for this paper.

Lemma 4.1 Let G be a finite solvable group with x € Irr(G) a faithful
character. Suppose also that

n
XX=Tc+) mia,
iz

where the o; € Irr(G)* are distinct, the m; € N, and n > 2. Also, for all 1,
define Ki = ker(«y). Let % be a set of indices such that . <{1,2,...,n}
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and such that Z(G) < L, where L = (V¢ Ki. Let 6 € Irr(L). Then
for E < Lsuch that E £ LNK; forj ¢ .7, 0g € Irr(E).

PrOOF — Suppose that O is reducible. Then [0¢,0g] > 1. Let
XL = fOo+A
for some character A of L. Then since f = [x1, 0] # 0, we have

L, xL) = [fO+ A, 0+ A] = £2[0,0] + [A, Al = % + [A, Al
< %[0, O] + 20, Ag] + [Ag, Ae) = [XE, XE]-

Thus,
[(xX)e, Tel = Ixe, xel > xu, xi] = (X)L, 1)
But since E and L are contained in precisely the same Kj, it must

be the case that [(xX)e,1e] = [(xX)L,11]. Therefore, 0 € Irr(E), as
desired. O

Lemma 4.2 Let G be a finite solvable group with x € Irr(G) a faithful
character. Suppose also that

n
X)?:1G+Zmicxi/

i=1

where the o € Irr(G)* are distinct, the my € IN, and n > 2. Also, for all 1,
define Ki = ker(o). Let K < G be a nonabelian subgroup of G. Suppose
that for all K, either Ky = K or Ky = Z, where Z = Z(G). Let £/Z be
a chief factor of G such that E < K. Then Cg(E/Z) = E and G/E acts
faithfully on the symplectic vector space E/Z.

Proor — See Claim 4.2.17 of [2]. O

The next lemma is a generalization of two claims from [2]. In this
situation, we can use Lemmas 4.1 and 4.2 to get that G/E acts tran-
sitively on (E/ Z)*, as Adan-Bante does in [2]. Then, it is possible to
use Theorem 2.2.1 of [2] to restrict the possible values of e = |E : Z|V/2.

Lemma 4.3 Let G be a finite solvable group with x € Irr(G) a faithful
character. Suppose also that

n
X)?:1G+Zmicxi/

i=1
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where the oy € Irr(G)* are distinct, the mi € N, and n > 2. Also, for
all i, define K; = ker(ay). Let K < G be a nonabelian subgroup of G.
Suppose that for all Ky, either Ki = Kor Ky = Z, where Z = Z(G). Sup-
pose also that €/Z is a chief factor of G such that E ker(oq) = K
and G/E acts transitively on €/Z. Let © € Irr(K) be such that [xx,0] # 0
and ¢ = 0¢ € Irr(E). Also let e = [E : Z|. Then e € {2,3,5,7,9} and the
following occur:

(@) if e € {2,3,5,7}, then @ extends to G, i.e., there exists some
6 € Irr(G) such that 5g = ¢

(b) ife=9, then E < Kand « is not a faithful character.

ProoF — For part (a), see Claim 4.2.20 of [2]. For part (b),
see Claim 4.2.39 of [2]. O

Proposition 4.4 Assume Hypothesis 3.1. Then ker(o) is abelian.

Proor — Assume that ker(oq) is not abelian and let E/Z be a chief
factor of G such that E < K = ker(aq). Let 6 € Irr(K) be such
that [xk,0] # 0. Since K is nonabelian and ¥ is faithful, we know
that xx is a sum of G-conjugate nonlinear characters, one of which
is 6. Hence, 6(1) > 1. By Proposition 3.3, Z = ker(«;) and by Lem-
ma 4.1, 0 = @ € Irr(E). Since (1) > 1, E/Z is a chief factor of G,
and Z = Z(G), we have that E/Z is a fully ramified section with re-
spect to @ and A € Irr(Z) such that [02,A] # 0. Thus, ¢ is G-invariant
and @(1) = [E : Z|'/2. Also, by Lemma 4.2, G/E acts faithfully and
symplectically on E/Z.

Claim 1 G/E acts transitively on (E/Z)*.
Since E/Z is a fully ramified section of G and Z = Z(G),

(00)r =15,
by Lemma 3.1.1 of [2]. Moreover, since [0, Xg] # 0, we know that
(xXe =15 + @,

where @ is a character of E. Since K = ker(o«;) > E, our assumption
implies that

(xXX)e =g +miog +maaxy + myxz)E

= (T+mpoq(1)Te +ma(e)g +ma(67)e =15 + .
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By Clifford theory, it must be that the irreducible constituents
of (x2)g form a G-orbit, as do those of (a;)g. If they are distinct
orbits, then they must be inverses of each other. However, this con-
tradicts Lemma 2.2. Therefore, they are the same orbit and G/E acts
transitively on Irr(E/ Z)" and hence on (E/Z)* by Brauer’s Theorem
(see [7], Theorem 6.32). Thus we can apply Theorem 2.2.1 of [2],
which means that e = |E: Z|'/2 €{2,3,5,7,9).

Claim2 e¢{2,3,57}.

Since [, xe] # 0 and ¢ extends to o € Irr(G) by Lemma 4.3 (a), Gal-
lagher’s Theorem (see [7], Corollary 6.17) states that there exists
some P € Irr(G/E) such that x = .

Since & extends ¢ and G/E acts faithfully on E/Z, we have
that ker(d) < E. Also since x is faithful, ker(d) < E, and x = &,
we have that ker(8) = ker(x) "E = 1, which implies that 5 is a
faithful character of G, E/Z is a chief factor of G where Z = Z(G),
and G/E acts transitively on (E/ Z)* by assumption. So Lemma 3.3.2
of [2] gives that 68 = 1g + c17y for some vy € Irr(G) and an integer c;.
By Theorem A of [2], ¢c; = 1 and by Lemma 3.1.2 of [2], Z = ker(y).

Now let

n
Y =1g+ Z aifi
i=1
for some positive integers a; and distinct characters 3; € Irr(G)
fori=1,2,...,n. Since P € Irr(G/E), we have that f; € Irr(G/E)
also for all 1. Then,

Tg+miag + maaxg +mao =xX = (8U)(8v) = (88) (P)

n n n
=(c+Y)0c+)_ api)=Tg+v+) aBi+) aifiv.
i=1 i=1 i=1
Now ker(f1) > E and ker(y) = Z < E. Also, notice that Z = ker(x>).

So, v and o, have the same kernel. But since v is real and o> is
complex, this is a contradiction. Thus, e ¢ {2,3,5,7}.

Claim3 e#9.
Recall that E < K = ker(«1). Thus, xg is reducible. Also, E/Z is a fully
ramified section with respect to 6g, which implies that x(1) = em
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for m > 2. Also, since x(g) =0 for all g € E — Z, we have that

0=xx(g) =T+ a1 (1) +maxz(g) +maoz(g).

This means that

_T+ai(g)

oz(g) +az(g) = o

is both rational and an algebraic integer. Thus, x,(g) + x2(g) € Z.
So m; divides 1+ (1) and in particular 2m; divides T+ oq (1).

Now, our hypothesis implies that

2
(1) _x(M2 T+ (1)

a Zmz Zmz !
which yields that
1T+ aq(1)
E 1
(2)g = slz — W]E
for some integer s > Hzainlzm Thus,
5 T+a(1) e?m? T+ oq(1)
se- ———— =az(1) = — /
2my 2my 2my
and s = M2 Therefore, 2m, divides m?2. Also, since oy € Irr(G)

2m;
and ker(ay) = Z, we have «(1)% < |G : Z| and a5 (1) divides |G : Z|.
So assume that e = 9 and recall that x(1) = em. We will obtain a
contradiction. By Theorem 2.2.1(v) of [2], we have that |G : Z| divides

25920 =10 x 32 x 81.

By Claim 4 above and Theorem 2.2.1 (v) and Lemma 4.2.12 of [2],
we know that «(1) € {1,2,4,5,8,10}. By Lemma 4.3 (b) and Lem-
ma 4.2.12 of [2], we can shorten this list to o1 (1) € {1,2,4,5,10}, which
puts my € {1,3} and gives that

T+a() _11
Zmz 2

T+oq (1)
2

Suppose that m; = 1. Then since is an integer, we have
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that o (1) € {1,5}. Also, 2m; divides m?, which implies that 2 di-
vides m. If m > 4, then

N2 1 1 4292 145
“2(”:x() _ +oc1()> K ;

> 2 =81 x8—3 =645.

Thus
o (1) = 645% > 25920 > |G : Z|,

which is a contradiction since we know that «>(1)? must be smaller
than |G : Z|. So, assume that m = 2. Then either

0(1)=2x81—1=1610or ay(1) =2 x 81 —3 = 159.

However, neither of these divide |G : Z|. Since o5 (1) must divide
|G : Z|, this is a contradiction. Therefore, m, # 1.

Now, assume my = 3. We know that 2m, divides m
des m and m? > 36. This implies that

2 50 6 divi-

x(1)? _ eZm? - 9236

Zmz 6 - 6

— 486,

and thus o (1) > 486 — 12 = 485. So,
x> (1)? > 4852 > 25920 > |G : Z|,

which also contradicts the fact that «(1)? < |G : Z|. So my # 3
and e # 9.

Notice that we have considered all the cases given in Theorem 2.2.1
of [2], which completes the proof of the proposition. 0

It remains to show that ker(x,) must also be abelian.
Proposition 4.5 Assume Hypothesis 3.1. Then ker(o;,) is abelian.

PrOOF — Suppose that ker(w;) is not abelian and let E/Z be a chief
factor of G such that E < K = ker(ay). Let 6 € Irr(K) be such
that [xk, 0] # 0. Since K is nonabelian and ¥ is faithful, we have
that xx is a sum of G-conjugate nonlinear characters, one of which
is 6. Hence 0 is nonlinear. By Lemma 3.3, Z = ker(«;). Also by Lem-
ma 4.1, 0 = @ € Irr(E). Since (1) > 1, E/Z is a chief factor of G,
and Z = Z(G), we have that E/Z is a fully ramified section of G
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with respect to @ and A € Irr(Z) such that [0z,A] # 0. Thus, ¢
is G-invariant and

@(1) =0g(1) =[E: Z'/2.

Finally, by Lemma 4.2, Cg(E/Z) = E and G/E acts faithfully on the
symplectic vector space E/Z.

Claim 1 G/E acts transitively on (E/2)*.
We know that E and Z are fully ramified with respect to @ and A.
Since Z = Z(G), we have that (60)g = 1E Also, since [xg, @] # 0,

xx)e =15+

where @ is a character of E. Since K = ker(«;) > E, our hypothesis
implies that

(xXX)e =g +my +maox +meog)e = Tg +my(o)g +2maa(1)1E

= (14 2maa(1)1g +my (o) =15 + @.

By Clifford Theory, the irreducible constituents of (x)g are G-con-
jugate. Thus, Irr(E/ Z)" is a G-orbit and by Brauer, we have that G/E
acts transitively on (E/ Z)*.

Now by Theorem 2.2.1 of [2], we have that e € {2,3,5,7,9} and G/E
is isomorphic to different groups for each value of e.

Claim 2 egé{z 3,5,7}.

Since [xg, @] # 0 and ¢ extends to § € Irr(G) by Lemma 4.3 (a), there
exists some P € Irr(G/E) such that x = 5 by Gallagher’s Theo-
rem. Since & extends ¢ and G/E acts faithfully on (E/Z)*, we know
that ker(d) < E. Also, since x = &) is faithful and ker(d) < E, it
must also be the case that ker(6) = ker(x) NE =1 and 6 is a faithful
character. Thus, by Lemma 3.3.2 and Theorem A of [2],

68:‘IG +v,

for some vy € Irr(G). By Lemma 3.1.2 of [2], Z = Z(G) = ker(y).
Let

¢$:1G+Zciﬁi

for some positive integers c; and 3; € Irr(G). Since VP € Irr(G/E), we
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know that ; € Irr(G/E) for all i. Also,

Tg +myog +moop + Mmooz = XX

n n
=1lg +Y+Zciﬁi+zcwﬁi-
i=1 i=1
Since ker(Bi) > E and ker(y) = Z < E, we know that vy is distinct
from the B;. Also, n < 2 since we know that we have exactly three
nonprincipal irreducible constituents of xx. If n = 1, then we get
that P\ = 1g + oz. But since Y is a real character and «; is not, this
is impossible. Thus n = 2. As m,; =1, ker(«;) = Z, and ker(«;) > E,
we get that

a1 =7y, &2 =P1, a2 =P2,and v +vP2 =2x2(1)xg.

This implies that Y = 1g + ay + 3.
Let H = ker(\y) and Zy/H = Z(G/H). We know that

P12 =1+205(1) > 1.

Hence (1) > 1 and since 1 is a faithful irreducible character of G/H,
it follows that G/H is nonabelian. Thus, there exists some L < G such
that L/Z is a chief factor of G. Notice that Y has two nonprincipal
irreducible constituents, which are complex conjugates. Thus Theo-
rem 1.1 finishes the claim.

Claim 3 e #9.

Recall that E < K = ker(«y). Thus, x¢ is reducible. Also, since E/Z is
fully ramified with respect to ¢, we have that x(1) = em for m > 2.
Now, x(g) =0 for all g € E—Z. Thus

xX(g) =0=1g +myi(g) + (1) +z(1),

and
_1—|—2<x2(1)

x1(g) = o

Since o7 € Irr(G), 1 (g) is an algebraic integer for all g € G. Since

14 20(1)
my
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is a rational algebraic integer, it must be in Z. Thus m; divi-
des T+ 2, (1). By hypothesis,

2
w1y = X2 1+200(1)

mq mq
which implies that
T+ 20;(1
(1)E =515 — 21
my
for some integer s > %"fm Therefore
T+ 20,(1 2e?
se? +205(1) (1) = mes 14+ 205(1)
my my myq

and s = m?/m;.In particular, m; divides m2. Also, since «; € Irr(G)
and Z = ker(x;), we have that «;(1)? < |G : Z| and «;(1) divi-
des |G : Z|. So assume that e = 9 and recall that x(1) = em. Then
by Lemma 4.3 (b), we know that E < K and «; is not a faithful char-
acter of G/E. Also, we have that |G : Z| divides 10 x 32 x 81 = 25920
by Theorem 2.2.1(v) of [2]. By the above statements and Lemma 4.2.12
of [2], we know that o7 € {1,2,4,5,10} and m; € {1,3,5,7,9,11,21}.

Thus
1+2x(1)

m

< 21.

Now, assume mj = 1. Then

2
o (1) = XWZ 1200 o qy2 (34 90,1y
my my

>4 x 81 —21 =303.

But then og (1)2 > 3032 > 25920 > |G : Z|, and this is a contradiction.
So m; # 1, and hence we may assume that my € {3,5,7,9,11,21}.
Then m? > 9 and

2 2
oq(]):X(” _1+20(2(1) > 9%x9

—21 =3 x81—-21=222.
my my 3

However, o1 (1)2 > 2222 > 25920 > |G : Z|, and we again have a
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contradiction. So e # 9.

As we have examined all possible values of e, the proof is com-
plete. 0

We are now ready to prove Theorem 1.2.

ProOOF OF THEOREM 1.2 — Suppose our hypotheses. Then, by Propo-
sitions 3.6, 3.8, 3.10, 4.4, and 4.5, we know that both ker(aq)
and ker(oz) must be abelian, with one of them properly contain-
ing Z = Z(G). Therefore, by Propositions 3.8 and 3.10, we know
that dI(G) < 6. 0

At this point, it is unclear whether there is an example satisfy-
ing the hypotheses of Proposition 3.8, and it would be interesting
to learn if this proposition is impossible. Attempting to find such a
group has only led to cases were xX has three real nonprincipal irre-
ducible constituents and dI(G) < 6. While this is not helpful in our
special situation, it does show that if we generalize to the situation
with xX having three nonprincipal irreducible constituents, we can
do no better than dI(G) < 6.
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