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Abstract

Let G be a finite group. Let 0 = {o;[i € I} be a partition of the set of all primes IP
and n an integer. We write o(n) = {ojlo; N7t(n) # 0}, 6(G) = o(|Gl). A set H of
subgroups of G is said to be a complete Hall o-set of G if every member of 3 \ {1} is
a Hall o;j-subgroup of G for some o; and H contains exact one Hall o;-subgroup
of G for every o; € o(G). A subgroup A of G is called: (i) a o-Hall subgroup of G
if o(JA) N o(IG : Al) = 0; (ii) o-permutablein G if G possesses a complete Hall o-set 3
such that AH* = H*A for all H € 3 and all x € G. We say that a subgroup A
of G is Hg-permutably embedded in G if A is a o-Hall subgroup of some o-permutable
subgroup of G.

We describe the structure of G assuming that every subgroup of G is Hg-permuta-
bly embedded in G.
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1 Introduction

Throughout this paper, all groups are finite and G always denotes
a finite group. Moreover, n is an integer, IP is the set of all primes,
and if m C P, then n’ = P\ . The symbol 7t(n) denotes the set of
all primes dividing n; as usual, n(G) = 7(|G|), the set of all primes
dividing the order of G. In what follows, 0 = {oi[i € I} is some
partition of IP, that is, IP = Ujc10; and 0y Noj =0 forall i # j; TTis a
subset of o and TT" = o \ TT.
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Let o(n) = {oijlo;N7(n) # 0} and o(G) = o(|G|). Then we say
that G is o-primary [14] if G is a oj-group for some o; € 0. A set
H of subgroups of G is said to be a complete Hall o-set of G (see
[15],[16]) if every member of JH \ {1} is a Hall o;-subgroup of G for
some o; and J contains exact one Hall o;-subgroup of G for every
o; € 0(G). We say that G is o-full if G possesses a complete Hall o-set.
Throughout this paper, G is always supposed to be a o-full group.

Following [14], a subgroup A of G is called:

(i) a o-Hall subgroup of G if o(JA])No(|G: Al) = 0;

(ii) o-subnormalin G if there is a subgroup chain
A=Ap <A <...<A=G

such that either A;_1 < A or Ay/(A{_1)a, is o-primary for
alli=1,...,t

(iii) o-quasinormal or o-permutable in G if there is a complete Hall
o-set J{ such that AH* = H*A for all H € J{ and all x € G.

In particular, A is called S-quasinormal or S-permutable in G provi-
ded AP = PA for all Sylow subgroups P of G (see [1], [5]).

We say that a subgroup A of G is Hs-permutably embedded in G if A
is a o-Hall subgroup of some o-permutable subgroup of G. In the
special case, when o = {{2},{3},...}, the definition of Hs-permutably
embedded subgroups is equivalent to the concept of Hall S-quasinor-
mally embedded subgroups in [10].

Example For any o, all o-Hall subgroups and all o-permutable
subgroups of any group S are Hg-permutably embedded in S. Now,
let p > q > r be primes. Let 0 = {07,03}, where o1 = {q, 7} and
02 ={q,r}’ and let C,, Cq and C;n be cyclic groups with |[Cp| = p,
ICql =g and [Cyn[ =1™ (n > 1). Let

H:CqZCTn =K x Cyn,
where K is the base group of the regular wreath product H. Let
G=CplH=PxH=Px(KxCm),

where P is the base group of the regular wreath product G.
Then Cg(P) < P. Let Cy be a subgroup of Cyn of order r. Then the
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subgroup V = PC; is o-permutable in G and C; is a o-Hall sub-
group of V. Hence C; is Hs-permutably embedded in G. Assume C
is o-permutable in G, then C; is o-subnormal in G (see Lemma 4 (1)
below). Hence C; is o-subnormal in V by Lemma 5 (1) below. There-
fore C; is normal in V by Lemma 5 (2) below. Then Cy/(P) < C;, a
contradiction.

Recall that G is o-nilpotent (see [7]) if G = Hy x ... x Hy for so-
me o-primary groups Hy, ..., Hy. The o-nilpotent residual G*'v of G
is the intersection of all normal subgroups N of G with o-nilpotent
quotient G/N, G™ denotes the nilpotent residual of G. It is clear
that every subgroup of a o-nilpotent group G is o-permutable and
o-subnormal in G.

Let § be a class of groups. A subgroup H of G is said to be
an §-covering subgroup of G (see [9], VI, Definition 7.8) if H € §
and for every subgroup E of G such that H < E and E/N € § it
follows that E = NH. We say that a subgroup H of G is a o-Carter
subgroup of G if H is an 91s-covering subgroup of G, where Ny is the
class of all o-nilpotent groups.

A group G is said to have a Sylow tower if G has a normal series

1=Gp<G1 <...<G1 <Gt =G,

where [Gi/G;i_1| is the order of some Sylow subgroup of G for
each 1 € {1,...,t}. A chief factor of G is said to be o-central in G
if the semidirect product (H/K) x (G/Cg(H/K)) is o-primary; other-
wise, H/K is called o-eccentricin G (see [14]).

We say that G is a HoE-group if the following conditions hold:

(i) G = DxM, where D = G is a o-Hall subgroup of G
and [o(D)| = |(D)].

(ii) D has a Sylow tower and every chief factor of G below D
is o-eccentric.

(iii) M acts irreducibly on every M-invariant Sylow subgroup of D.
Our main goal here is to prove the following theorem.
Theorem 1 Any two of the following conditions are equivalent:
(i) Every subgroup of G is Hg-permutably embedded in G.

(ii) G = D x M is a HoE-group, where D = G is a cyclic group of
square-free order.
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(iii) G =D x M, where D is a o-Hall cyclic subgroup of G of square-free
order with |o(D)| = |t(D)| and M is o-Carter subgroup.

Groups in which either every subgroup is a Hall S-quasinormally
embedded subgroup or every subgroup is a Hall normally embed-
ded subgroup were described in [10],[8], respectively. From Theo-
rem 1 we get the following result in this trend.

Corollary 2 (see [13], Theorem 1) Every subgroup of G is a Hall
S-quasinormally embedded subgroup of G if and only if G = D x M, whe-
re D = G™ is a cyclic Hall subgroup of G of square-free order and M is
a Carter subgroup of G.

Recall also that a subgroup H of G is said to be a Hall normally
embedded subgroup of G (see [8]) if H is a Hall subgroup of the normal
closure HS of H in G. From Corollary 2 we also get the following
known result.

Corollary 3 (see [11]) Every subgroup of G is a Hall normally embed-
ded subgroup of G if and only if G = D x M, where D = G™ is a cyclic Hall
subgroup of G of square-free order and M is a Degekind group.

2 Basic lemmas

An integer n is called a TT-number if o(n) C TI. A subgroup H of G
is called a Hall TT-subgroup of G [14] if [H| is a TT-number and |G : H]
is a TI’-number. A group G is said to be o-soluble [14] if every chief
factor of G is o-primary.

Lemma 4 (see [14], Lemma 2.8 and Theorems B and C) Let A, K and
N be subgroups of G, where A is o-permutable in G and N is normal in G.

(1) A is o-subnormal in G.

(2) If N < K, K/N is o-permutable in G/N and G is o-soluble, then K
is o-permutable in G.

Lemma 5 (see [14], Lemma 2.6) Let A, K and N be subgroups of G,
where A is o-subnormal in G and N is normal in G.

(1) AnXKis o-subnormal in K.
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(2) If A is a o-Hall subgroup of G, then A is normal in G.

(3) If H # 1 is a Hall T-subgroup of G and A is not a Tl'-group,
then ANH # 1 is a Hall TT-subgroup of A.

Lemma 6 Let H be a normal subgroup of G. If H/HN ®©(G) is
a TI-group, then H has a Hall TI-subgroup, say €, and E is normal in G.
Hence, if H/HN @ (G) is o-nilpotent, then H is o-nilpotent.

Proor — Let D = Oyy/(H). Then, since HN ®(G) is nilpotent, D is
a Hall TT"-subgroup of H. Hence by the Schur-Zassenhaus theorem, H
has a Hall TT-subgroup, say E. It is clear that H is m’-soluble whe-
re 7’ = Ug, /0y, so any two Hall TT-subgroups of H are conjugate.
By the Frattini argument,

G = HNg(E) = (E(HN®(G)))Ng(E) = Ng(E).

Therefore E is normal in G. O

Lemma 7 If every chief factor of G below D = G™v is cyclic, then D is
nilpotent.

ProOF — Assume that this is false and let G be a counterexample of
minimal order. Let R be a minimal normal subgroup of G. Then from
the G-isomorphism D/D NR =~ DR/R = (G/R)¢ we know that every
chief factor of G/R below DR/R is cyclic, so the choice of G implies
that D/D N R ~ DR/R is nilpotent. Hence R < D and R is the unique
minimal normal subgroup of G. In view of Lemma 6, R £ ®(G) and
so R = Cgr(R) by [3], Chapter A, Theorem 15.2. But by hypothesis, |R]
is a prime, hence G/R = G/Cg(R) is cyclic, so G is supersoluble and
so G”'v is nilpotent since G”'v < G™. O

The following lemma is evident.

Lemma 8 The class of all o-soluble groups is closed under taking direct
products, homomorphic images and subgroups. Moreover, any extension of
the o-soluble group by a o-soluble group is a o-soluble group as well.

Let A, B and R be subgroups of G. Then A is said to R-permute
with B [6] if for some x € R we have AB* = B*A. If G has a comple-
te Hall o-set H = {1,H;,..., H¢} such that HiH; = H;H; for all i,j,
then we say that {Hy, ..., H¢} is a o-basis of G.

Lemma 9 (see [15], Theorems A and B) Assume that G is o-soluble.
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(i) G has a o-basis {Hq, ..., H¢} such that for each i # j every Sylow
subgroup of Hy G-permutes with every Sylow subgroup of H;.

(ii) For any TI, the following hold: G has a Hall TT-subgroup E, every
T-subgroup of G is contained in some conjugate of € and E G-permu-
tes with every Sylow subgroup of G.

Lemma 10 Let H, E and R be subgroups of G. Suppose that H
is Hg-permutably embedded in G and R is normal in G.

(1) If H < E, then H is Hg-permutably embedded in E.
(2) HR/R is Hg-permutably embedded in G/R.

(3) If IG : H| is o-primary, then H is either a o-Hall subgroup of G
or o-permutable in G.

Proor — Let V be a o-permutable subgroup of G such that H is
a o-Hall subgroup of V.

(1) Since H is a o-Hall subgroup of V and VNE is o-permutable
in E, H is a o-Hall subgroup of VNE. Hence H is Hs-permutably
embedded in E.

(2) Let H be a m-group. Since |V : H| is a ’-number,
[VR:HR|=|V:H|/[VNR:HNR|

is a m’-number. Hence, HR/R is a 0-Hall subgroup of VR/R and, there-
fore, HR/R is Hg-permutably embedded in G/R.

(3) Assume that H is not o-permutable in G. Then H < V. By hypoth-
esis, |G : H| is o-primary, say |G : H| is a oj-number. Then [V : H| is
a oj-number. But H is a 0-Hall subgroup of V. Hence H is a o-Hall
subgroup of G. 0

Lemma 11 Let H be a o-subnormal subgroup of a o-soluble group G.
If |G : H| is a oj-number and B is a oj-complement of H, then
G = HNg(B).

ProorF — Assume that this lemma is false and let G be a counterex-
ample of minimal order. Then H < G, so G has a proper subgroup M
such that H < M, |G : M| is a oj-number and H is o-subnormal
in M. The choice of G implies that M = HNp, (B). On the other hand,



H-permutably embedded subgroups 35

clearly that B is a oj-complement of M. Since G is o-soluble, Lem-
ma 9 and the Frattini argument imply that

G =MgNg(B) = MNgG(B) = HNm(B)Ng(B) = HNg(B).
The statement is proved. 0

The following lemma is well-known (see for example [12], Lem-
ma 3.29, or [4], 1.10.10).

Lemma 12 Let H/K be an abelian chief factor of G and V a maximal
subgroup of G such that K < V and HV = G. Then G/Vg is isomorphic
to (H/K) % (G/Cg(H/K)).

Recall that the intersection of all such S-quasinormal subgroups
of G which contain a subgroup H of G is called the S-quasinormal
closure of H in G and denoted by H*C (see [11]).

Lemma 13 If H is a Hall normally embedded subgroup of G, then H is
a Hall S-quasinormally embedded subgroup of G.

PrROOF — Since every normal subgroup of G is a S-quasinormal
subgroup of G, H$G < HG. Moreover, H is a Hall subgroup of HE by
hypothesis, so H is a Hall subgroup of H$G. O

3 Proofs of the results

ProoF oF THEOREM 1 — (i) = (ii) Assume that this is false and
let G be a counterexample of minimal order. Moreover, D = GMe #1,
so |o(G)| > 1.
(1) Condition (ii) is true on every proper section H/K of G, that is, K # 1
or H# G.

This directly follows from Lemma 10 and the choice of G.
(2) D is a cyclic group of square-free order.

Let p € oy N7(D) and let P be a Sylow p-subgroup of D. Since G
possesses a o-permutable subgroup E such that [E| = |G|,/p. Lem-
ma 4 (1) implies that E is o-subnormal in G, so Lemma 5 (31) shows
that G/Eg is a oy-group. Hence D < Eg < E, so |P| = p. Therefore G
is supersoluble by [9], Kapitel IV, Satz 2.9, and so every chief factor
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of G below D is cyclic. Hence D is nilpotent by Lemma 7, so D is
cyclic of square-free order.

(3) G is o-soluble.

In view of Claim (1) and Lemma 8, it is enough to show that G
is not simple. Assume that this is false. Then 1 is the only pro-
per o-permutable subgroup of G since |0(G)| > 1. Hence every sub-
group of G is a o-Hall subgroup of G. Therefore for a Sylow p-
subgroup P of G, where p is the smallest prime divisor of |G|, we
have |P| = p and so |G| = p by [9], Kapitel IV, Satz 2.8. This contradic-
tion shows that we have (3).

(4) If IG : H| is a oy-number and H is not a o-Hall subgroup of G, then H
is o-permutable in G and a oi-complement E of H is normal in G.

This follows from Lemmas 10(3) and 11.

(5) D is a Hall subgroup of G. Hence D has a complement M in G.

Suppose that this is false and let P be a Sylow p-subgroup of D
such that 1 < P < Gp, where G, € Sylp(G). We can assume without
loss of generality that G, < Hj. Let R be a minimal normal subgroup
of G contained in D.

Since D is soluble by Claim (2), R is a gq-group for some prime (.
Moreover, D/R = (G/R)t is a Hall subgroup of G/R by Claim (1)
and Proposition 2.2.8 in [2]. Suppose that PR/R # 1. Then PR/R be-
longs to Sylp(G /R). If ¢ # p, then P € Sylp(G). This contradicts the
fact that P < Gy. Hence q = p, so R < P and therefore P/R is a Sy-
low p-subgroup of G/R. It follows that P & Sylp(G). This contradic-
tion shows that PR/R = 1, which implies that R = P is a Sylow p-sub-
group of D. Therefore R is the unique minimal normal subgroup of G
contained in D. It is also clear that a p-complement of D is a Hall sub-
group of G.

Now we show that R £ ®(G). Indeed, assume that R < ®@(G).
Then D # R by Lemma 6 since D = G, On the other hand, D/R is
a p’-group. Hence Op/(D) # 1 by Lemma 6. But O,/(D) is character-
istic in D and so it is normal G. Therefore G has a minimal normal
subgroup L such that L # R and L < D. This contradiction shows
that R £ ®(G).

Let S be a maximal subgroup of the group G such that RS = G.
Then |G : S| is a p-number. Hence, since R is not a Sylow p-subgroup
of G, p divides [S|. Then S is not a Hall subgroup of G and so S is not
a o-Hall subgroup of G. Therefore S is o-permutable in G
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by Claim (4) and so G/Sg is a oi-group, which implies that
R<D<Sg <SS

and and so G = RS = §. This contradiction completes the proof of (5).

(6) If M < E < G, then E is not o-permutable in G and so E a o-Hall
subgroup of G.

Assume that E is o-permutable in G. Then E is o-subnormal in G
by Lemma 4 (1). Then there is a subgroup chain

E=E<E <...<E =G

such that either E;_; is normal in E; or E;/(Ei_1)g, is o-primary
foralli =1,...,r. Let V = E,_7. We can assume without loss of
generality that V # G. Therefore, since G is o-soluble by Claim (2),
for some o-primary chief factor G/W of G we have E <V < W. Also
we have D < W and so G = DE < W, a contradiction. Hence E is
not o-permutable in G.

By hypothesis, G has a o-permutable subgroup S such that E is
a o-Hall subgroup of S. But then S = G, by the above argument, so E
is a 0-Hall subgroup of G. In particular, M is a o-Hall subgroup of G
and so D is a o-Hall subgroup of G.

(7) D is soluble, |o(D)| = |n(D)| and M acts irreducibly on every M-in-
variant Sylow subgroup of D.

Let p € 03 € 0(D). Lemma 9 and Claims (3) and (5) imply that for
some Sylow p-subgroup P of G we have PM = MP. Moreover, MP is
a o-Hall subgroup of G by Claim (6). Hence |o; N7t(G)| = 1 for all i
such that oy N7t(D) # 0 and so |o(D)| = |t(D)|. Therefore, since D is
soluble by Claim (2), M acts irreducibly on every M-invariant Sylow
subgroup of D by Claim (6).

(8) D possesses a Sylow tower.

Let R be a minimal normal subgroup of G contained in D. Then R
is a p-group for some prime p by Claim (7). Then R < P, where P is
a Sylow p-subgroup of D. But M acts irreducible on P by Claim (7),
so R = P and D/R possesses a Sylow tower by Claim (1). Hence D
possesses a Sylow tower.

(9) Every chief factor of G below D is o-eccentric.

Let H/K be a chief factor of G below D. Then H/K is a p-group
for some prime p since D is soluble by Claim (7). By the Frattini
argument, there exist a Sylow p-subgroup P and a p-complement E
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of D such that M < Ng(P) and M < Ng(E). Then M < Ng(PNK)
and M < Ng(PNH). Hence PNK =1 and PNH = P by Claim (y),
so H=KxP.Let V=EM. Then K < Vand HV = G, so Vis a
maximal subgroup of G. Hence

G/Vg ~ (H/K) x G/Cg(H/K)

by Lemma 12. Therefore, if H/K is o-central in G, then D < Vg, which
is impossible since evidently p does not divide [V|. Thus we have (9).

From Claims (5)—(9) it follows that G is a HoE-group. Hence (i)
implies (ii).

(ii) = (iii) It is enough to show that M is a o-Carter subgroup of G.
Let R be a minimal normal subgroup of G contained in D and E a
subgroup of G containing M. We need to show that E = E”'*M. The
choice of G implies that RM/R is a o-Carter subgroup of G/R, so

ER/R = (ER/R)”**(RM/R).

Hence ER = E”MR since (ER/R)”¢ = E”'*R/R. Moreover, R is
a p-group for some prime p and R, E and E”'*M are o-Hall sub-
groups of G by hypothesis. Therefore, if R £ E, then E and E'*M
are Hall p’-subgroups of ER = E”'*MR, so E = E”'M. Finally, as-
sume that R < EbutR ﬁ EYeM. Then RNE™e = 1. On the other hand,
since DE/D ~ E/D NE is o-nilpotent, EYMe < D and so MNEMe = 1.
Therefore
EM NRM = (EM NR)(EM* N M) = 1.

Then E/E%e = EeMR/E™Me ~ MR is o-nilpotent. Hence M < Cg(R).
Suppose that Cg(R) < G and let Cg(R) < W < G, where G/W
is a chief factor of G. Since G is o-soluble, G/W is o-primary and
so D < W. But then G = DM < W < G, a contradiction. Therefo-
re Cg(R) =G, that is, R < Z(G). Let V be a complement to R in D.
Then V is a Hall normal subgroup of D, so it is characteristic in D.
Hence V is normal in G and G/V ~ RM is o-nilpotent, so D < V < D.
This contradiction completes the proof of the implication (ii) = (iii).

(iii) = (i) Let A be any subgroup of G. Then DA is o-permutable
in G by Lemma 4(2) since G is o-soluble. On the other hand, sin-
ce |o(D)| = |n(D)| and D is a cyclic o-Hall subgroup of G of square-
free order, A is a 0-Hall subgroup of DA. Hence A is Hs-permutably
embedded in G. Therefore the implication (iii) = (i) is true.

The theorem is proved. 0
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Proor oF COROLLARY 3 — Necessity Let R be a Hall normally em-
bedded subgroup of G. Then R is a Hall S-quasinormally embedded
subgroup of G by Lemma 13, so in view of Corollary 2 and [1], The-
orem 1.4, it is enough to show that G is a T-group. Let H be a sub-
normal subgroup of G. Then H is subnormal in H® by [3], Chap-
ter A, Theorem 14.8. Then, since H is a Hall subgroup of HG by
hypothesis, H is characteristic in H®. Hence H is a normal subgroup
of G, so G is a T-group.

Sufficiency Let H be a subgroup of G. Let D1 = HN D. Clearly, D
is a Hall subgroup of D and D1 has a complement D; in D.

Since M ~ G/D is Dedekind, all subgroups of G/D are normal
in G/D. Then DH/D is normal in G/D. Hence DH is normal in G.
Therefore H < HE < DH. It is clear also that H is a Hall subgroup
of DH, therefore H is a Hall subgroup of HS. Hence H is Hall nor-
mally embedded in G.

The corollary is proved. O
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