
Advances in Group Theory and Applications
c� 2020 AGTA - www.advgrouptheory.com/journal

10 (2020), pp. 139–150 ISSN: 2499-1287
DOI: 10.32037/agta-2020-013

Groups whose Proper Subgroups of Infinite Rank
are Minimax-by-Nilpotent or

Nilpotent-by-Minimax *

Amel Zitouni

(Received Mar. 12, 2020; Accepted July 2, 2020 — Communicated by M.R. Dixon)

Abstract
Let M denote the class of of soluble-by-finite minimax groups, and N the class of
nilpotent groups. The main result states that if G is a group of infinite rank whose
proper subgroups of infinite rank are MN-groups, then G is either in MN or it is a
group of Heineken-Mohamed type, provided that G satisfies a suitable generalized
solubility condition. Moreover, we prove that a group of infinite rank all of its proper
subgroups of infinite rank are NM-groups is itself a NM-group.
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1 Introduction

A group G is said to have finite rank r if every finitely generated
subgroup of G can be generated by at most r elements, and r is
the least positive integer with such property. If there is no such r,
the group G has infinite rank. In recent years, generalized soluble
groups G of infinite rank whose proper subgroups of infinite rank
belong to a given class Y have been studied and it was proved that all
proper subgroups of G are in the class Y, sometimes these groups G
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themselves belong to Y. The motivation of establishing such results
arises from the classic theorems of Yu.I. Merzljakov [17] and V.P. Šun-
kov [23] concerning groups with rank restrictions on their abelian
subgroups. We recall that a group G is locally graded if every non-
trivial finitely generated subgroup of G has a non-trivial finite im-
age. In [6], N.S. Černikov considered the class X obtained by tak-
ing the closure of the class of periodic locally graded groups by the
closure operations Ṕ, P̀, R, L. Clearly X is a subclass of the class
of locally graded groups. In his paper [6], Černikov proved that
an X-group of finite rank is (locally soluble)-by-finite. The X-groups
form a large S-closed class of generalized soluble groups contain-
ing, in particular, the classes of locally (soluble-by-finite) groups,
radical groups and residually finite groups. A result of B. Bruno
and R.E. Phillips [4] shows that if G is an X-group of infinite rank
in which all proper subgroups of infinite rank have finite commu-
tator subgroup, then also the commutator subgroup G0 of G is fi-
nite. Moreover, in [12], it is proved that a locally (soluble-by-finite)
group G of infinite rank whose proper subgroups of infinite rank are
abelian-by-finite, then all it’s proper subgroups are abelian-by-finite.
The aim of the present paper is to provide a further contribution to
the topic, replacing the terms “abelian group” by “nilpotent group”
and “finite group” by “Y-group”, where Y is a subclass of the class
of soluble-by-finite minimax groups with certain conditions of clo-
sure operations. As we will see, Y can be chosen to be the class C,PF
or M of Chernikov, polycyclic-by-finite or soluble-by-finite minimax
groups, respectively.

Recall that a group G is minimal non-Y, or briefly, MNY, if it is not
a Y-group, but all its proper subgroups belong to Y. The description
of the structure of MNY-groups can be considered as a first step in
the investigation of groups of infinite rank whose proper subgroups
of infinite rank belong to Y.

Most of our notation is standard and can be found in [21].

2 The minimax-by-nilpotent case

In this section we are interested in the classes FN, CN, (PF)N, MN.
We shall give the complete characterization of X-groups of infinite
rank in which all proper subgroups of infinite rank are in these
classes. The knowledge of the structure of MNFN-groups (and
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MNCN-groups, MN(PF)N-groups, MNMN-groups) will be relevant
in our considerations.

We record the following obvious result, which will be frequently
used. Let Y and Z be two group classes, we say that Y is Z-characteri-
stic (a generalization of the idea of [13]) if any YZ-group G contains
a characteristic Y-subgroup A such that G/A is a Z-group. Note that
if Y is any subgroup closed class, then Y is N-characteristic.

Lemma 2.1 Let Y and Z be two group classes such that Y is Z-characte-
ristic and N0-closed and Z is {H, N0}-closed. Then YZ is also N0-closed.
Therefore if G is a MNYZ-group, then every nilpotent image of G is a
(possibly trivial) locally cyclic p-group for some prime p.

Proof — Let H and K be normal YZ-subgroups of a group G. Then
there exists two subgroups A and B such that A (resp. B) characteris-
tic in H (resp. K), A, B are Y-groups and H/A, K/B are Z-groups.
Clearly AB is a normal Y-subgroup of G by the hypothesis. We
also have that HK/AB is a Z-group, as it is the product of HB/AB
and KA/AB. Hence HK is a YZ-group. The rest of the claim follows
by [19, Theorem 2.12]. ut

Recall that a group G is of Heineken-Mohamed type [15], if G is infi-
nite non-nilpotent with nilpotent and subnormal proper subgroups.
The following result describe the structure of locally graded
MNMN-groups. It shows in particular that such groups are precisely
groups of Heineken-Mohamed type.

Theorem 2.2 A group G is a locally graded MNMN if and only if it is a
group of Heineken-Mohamed type.

Proof — Let G be a group as stated. Then, G cannot be finitely gen-
erated. As finitely generated MN-groups are obviously in M, it fol-
lows from the hypothesis that every finitely generated subgroup of G
is an M-group. So G is locally in M and, by [9, Theorem], either G
is a finite rank-by-nilpotent group or G/G0 is p-quasicyclic for some
prime p and every proper subgroup of G is nilpotent. Assume for
a contradiction that G is finite rank-by-nilpotent. As every nilpotent
image of G is locally cyclic p-group for some prime p by Lemma 2.1,
it thus follows that G is of finite rank.

Let us suppose first that G contains a proper normal subgroup N
of finite index. N belongs to MN and �c(N) is a M-group for some
positive integer c; there is no loss of generality if we assume that N
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is nilpotent. If G is periodic then all its proper subgroups are Cher-
nikov-by-nilpotent so, by [2, Corollary 2.1], G belongs to MN. There-
fore G is non-periodic, so that N is non-periodic. An application
of [22, 5.2.6] shows that also the factor group N/N0 is non-periodic.
Let M/N0 be a maximal free abelian subgroup of N/N0; then

(N/N0)/(M/N0)

is periodic. Since G/N0 has finite rank and M/N0 has a finite number
of conjugates in G/N0, (M/N0)G is a finitely generated abelian group.
Furthermore, [2, Corollary 2.1] shows that the periodic group

(G/N0)/(M/N0)G

is Chernikov-by-nilpotent hence, since every nilpotent image of G
is Chernikov, (G/N0)/(M/N0)G is a Chernikov group. It follows
that G/N0 belongs to M, and so N/N0 is an M-group. Therefore N
belongs to M, as N is nilpotent. But this contradicts our assumption.

Thus G has no proper subgroup of finite index. By [6], G is locally
soluble, and hence it has an ascending normal abelian series, so G
is hyperabelian. By [21, Theorem 9.31], the finite residual of G is
radicable nilpotent, and hence G is nilpotent, since it has no proper
subgroup of finite index. This contradiction gives the result. ut

Now we turn to the study of groups of infinite rank in which all
proper subgroups of infinite rank belong to YN, where Y is an S-clo-
sed subclass of the class of soluble-by-finite minimax groups.

Theorem 2.3 Let Y be a subclass of the class of soluble-by-finite minimax
groups which is S-closed. If G is an X-group of infinite rank whose proper
subgroups of infinite rank are YN-groups, then all proper subgroups of G
are YN-groups.

Proof — Clearly all proper subgroups of G are finite rank-by-nilpo-
tent. Using [9, Theorem], either G is a finite rank-by-nilpotent group
or G/G0 is p-quasicyclic for some prime p and every proper subgroup
of G is nilpotent. In the latter case the result is immediate, so we may
assume that G is finite rank-by-nilpotent. Then G contains a proper
normal subgroup N such that G/N is nilpotent. Hence G/G0 is of in-
finite rank, and so G contains a proper subgroup M of infinite rank
such that G0 6 M and G/M has infinite rank. Let H be any subgroup
of G of finite rank. The product HM is a proper subgroup of infi-
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nite rank of G, and hence belongs to YN, so H also is a YN-group.
Therefore all proper subgroups of G are YN-groups, as desired. ut

Next, we derive some results on X-groups of infinite rank in which
all proper subgroups of infinite rank are FN (resp. CN, (PF)N, MN).

The class F of finite groups satisfies the hypotheses of Theorem 2.3;
moreover, MNFN of infinite rank are groups of Heineken-Mohamed
type by [24, Theorem 3.5] and [4, Theorem 2]. The following result is
valid.

Corollary 2.4 Let G be an X-group of infinite rank. If all proper sub-
groups of infinite rank of G are in FN, then G is either in FN or it is a
group of Heineken-Mohamed type.

Since the class PF of polycyclic-by-finite groups satisfies the hy-
potheses of Theorem 2.3 so by [11, Theorem 3.9] and Corollary 2.4,
we have the following consequence.

Corollary 2.5 Let G be an X-group of infinite rank. If all proper sub-
groups of infinite rank of G are in (PF)N, then G is either in (PF)N or it
is a group of Heineken-Mohamed type.

The class C of Chernikov groups satisfies the hypotheses of Theo-
rem 2.3 which, together with [2] enables us to deduce the following
consequence.

Corollary 2.6 Let G be X-group of infinite rank. If all proper subgroups
of infinite rank of G are in CN, then G is either in CN or it is a group
of Heineken-Mohamed type.

The class M of soluble-by-finite minimax groups satisfies the hy-
potheses of Theorem 2.3, 2.2 so we have the following consequence.

Corollary 2.7 Let G be an X-group of infinite rank. If all proper sub-
groups of infinite rank of G are in MN, then G is either in MN or it is a
group of Heineken-Mohamed type.

3 The nilpotent-by-minimax case

In this section, we consider the “dual” situation, that is the case in
which proper subgroups of infinite rank of an X-group of infinite
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rank are NC (resp. N(PF), NM). The results obtained should be seen
in relation with the structure of MNNC-groups (resp.
MNN(PF)-groups, MNNM-groups).

In [18, 3], it is shown that a locally graded group whose proper
subgroups are in NC is itself in NC. As a continuation of that work,
we give the soluble-by-finite minimax M version by studying groups
whose proper subgroups are NM. The result will be accomplished
by a series of lemmas.

Lemma 3.1 Let Y be a class of groups contained in the class of finite rank
groups which is H-closed. If G is a NY-group, then G has a characteristic
nilpotent subgroup N such that G/N is a Y-group.

Proof — Let M be a normal nilpotent subgroup of G such that G/M
is a Y-group. Consider the characteristic closure of M in G, and we
write

M := h�(M),� 2 Aut(G)i .

Then M is characteristic in G and G/M is a Y-group. Since �(M)CG
and �(M) ' M for all � 2 Aut(G), M is generated by normal nilpo-
tent subgroups and hence it locally nilpotent. Following the same
way of the proof of [8, Lemma 1], we get that M is nilpotent. ut

Lemma 3.2 Let Y be a class of groups contained in the class of finite
rank groups and {H, P}-closed. If G is a group containing a normal NY-
subgroup N such that G/N is in Y, then G is in NY.

Proof — By Lemma 3.1, N contains a characteristic nilpotent sub-
group L such that N/L is a Y-group. Since G/N and N/L are Y-groups
and the class Y is P-closed, we deduce that G/L belongs to Y and
so G is a NY-group. ut

Corollary 3.3 Let G be a group whose proper normal subgroups belong
to NM. If G is imperfect, then G itself belongs to NM.

Proof — If the quotient group G/G0 is decomposable, then G = MN
is a product of two proper normal subgroups M and N. Since M
and N are NM-groups, G is also a NM-group, by Lemma 3.1
and Lemma 2.1. Now let G/G0 be an indecomposable group.
Then G/G0 is Chernikov by [19, Lemma 2.9] and so G lies in NM
by Lemma 3.2. ut

Lemma 3.4 Let G be a locally nilpotent group whose proper subgroups
are in NM. Then G 2 NM.
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Proof — Assume for a contradiction that G is a MNNM-group. It
follows from Corollary 3.3 and Lemma 3.2 that G is perfect and has
no non-trivial finite images. Since the class of soluble groups is count-
ably recognizable, G is countable. Let T be the torsion subgroup of G.
If G = T then, by [18, 3], G lies in NC, a contradiction. Hence G 6= T ,
and the factor group G/T is countable locally nilpotent torsion-free.
Since G/T is the isolator of a proper subgroup K/T , G/T itself is sol-
uble by [14, Lemma 4.6]. This contradiction establishes the result. ut

It is now easy to prove the following result.

Theorem 3.5 Let G be a locally graded group whose proper subgroups are
in NM. Then G 2 NM.

Proof — Assume for a contradiction that the statement is false. In
particular, G has no non-trivial finite images, see Lemma 3.2, and
so G is locally (soluble-by-finite). Moreover, we deduce from Corol-
lary 3.3 and Lemma 3.4 that G is perfect non-locally nilpotent. Let V
be the Hirsch-Plotkin radical of G. Clearly, the factor group G/V is
a MNNM-group. Replacing G by G/V , it can be assumed without
loss of generality that all ascendant subgroups of G are of finite rank.
It is easy to see, using [8, Theorem 2], that if G has no simple images,
then G is radicable nilpotent. By this contradiction we have that G
contains a normal subgroup M such that G = G/M is an infinite
simple group. Since the class of (locally soluble)-by-finite groups is
countably recognizable by [7, Lemma 3.5], and G has no non-trivial
finite images, we deduce that G is countable. Let R be the super-inert
subgroup of G, as described in [10, Proposition 1]. Since G is not
locally finite (see [18, 3]), the Hirsch-Plotkin radical of R is trivial
(see [10, Theorem 2]). Hence R is finite and then, as G is periodic
over R,G is periodic. This implies the contradiction that G is locally
finite. ut

The last part of this section is devoted to the proof of results con-
cerning groups whose proper subgroups of infinite rank NC (resp.
N(PF), NM).

Lemma 3.6 If G is a locally (soluble-by-finite) group of infinite rank
whose proper subgroups of infinite rank are hypercentral-by-M, then G is
not simple.

Proof — Assume for a contradiction that G is simple. Note that
the proper subgroups of G are either locally (soluble-by-finite) of fi-
nite rank or hypercentral-by-M. Since G is locally (soluble-by-finite),
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we deduce that the hypercentral-by-M subgroups are (locally solu-
ble)-by-finite. Thus all proper subgroups of G are (locally solu-
ble)-by-finite and, since the class (locally soluble)-by-finite is count-
ably recognizable by [7, Lemma 3.5]. It follows that G is countable,
as G has no finite images. Let R be the super-inert subgroup of G, as
described in [10, Proposition 1]. If R has a non-trivial normal locally
nilpotent subgroup then its Hirsch-Plotkin radical is non-trivial, and
if R has finite rank then its Hirsch-Plotkin radical is also non-trivial
by [21, Lemma 10.39]. We deduce, using [10, Theorem 2], that G is
locally finite. By [16], G is isomorphic to either PSL(2, F) or Sz(F)
for some infinite locally finite field F. But each of these groups has a
proper non hypercentral-by-Chernikov subgroup of infinite rank [20],
a contradiction. Therefore the group G is not simple. ut

Theorem 3.7 Let Y be a subclass of the class of soluble-by-finite mini-
max groups which is {P, S, R0}-closed. If G is a perfect X-group of infinite
rank whose proper subgroups of infinite rank are in NY, then all proper
subgroups of G are in NY.

Proof — Assume for a contradiction that the statement is false.
Let N be a proper subgroup of finite index in G. So there is a nor-
mal nilpotent subgroup L of N such that N/L is a Y-group. Since L
has only finitely many conjugates in G and Y is R0-closed, N/LG is
a Y-group, where, of course, LG is the core of L in G. But then, as LG
is nilpotent and G/N belongs to Y, G is a NY-group. Hence G has no
non-trivial finite images and so it cannot be finitely generated. Now
by [6], all proper subgroups of G are (locally soluble)-by-finite; in
particular G is locally (soluble-by-finite).

Let N be a proper normal subgroup of infinite rank of G. If G/N
has finite rank, then, in particular, all its proper subgroups
are NM-groups, and hence G/N itself a NM-group by Theorem 3.5.
Then G/N is soluble, a contradiction, because G is perfect. Thus G/N
has infinite rank, so that if H is any proper subgroup of finite rank
of G, then HN is a proper subgroup of infinite rank. It follows that HN
belongs to NY, and so H is a NY-group. Therefore all proper normal
subgroups of G are of finite rank. Suppose that G contains a normal
subgroup M such that G = G/M is simple. But Lemma 3.6 shows
that G cannot be simple. Hence G is of finite rank by [8, Theorem 2].
This contradiction completes the proof of the theorem. ut

Now, by Theorem 3.7 and Theorem 3.5 , we have the following
corollary.
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Corollary 3.8 Let G be an X-group of infinite rank. If all proper sub-
groups of infinite rank of G are in NM, then G itself is in NM.

Proof — Clearly we may suppose that G is infinitely generated,
see Lemma 3.2. So G is locally (soluble-by-finite) and using [1, Lem-
ma 3.1], we conclude that all proper normal subgroups are in NM.
By Corollary 3.3, one can assume that G is perfect. Application of
Theorem 3.7 yields that all proper subgroups of G belong to NM.
So G also is in NM by Theorem 3.5. ut

Following a similar approach using Theorem 3.7 and [18, 3], we
deduce the following result.

Corollary 3.9 Let G be an X-group of infinite rank. If all proper sub-
groups of infinite rank of G are in NC, then G itself is in NC.

Now we consider non-perfect groups of infinite rank whose proper
subgroups of infinite rank are in N(PF).

Lemma 3.10 If G is a non-perfect group of infinite rank whose proper sub-
groups of infinite rank belong to N(PF). Then either G 2 N(PF) or G/G0

is quasicyclic and G0 is nilpotent.

Proof — Suppose that G does not belong to N(PF). In particular, G
has no non-trivial finite images and so it is locally (soluble-by-finite).
By [1, Lemma 3.1], all proper normal subgroups of G are in N(PF). If
the factor group G/G0 is decomposable, then G = MN is a product of
two proper normal subgroups M and N. It follows from Lemma 3.1
and Lemma 2.1 that G is in NM. Thus G/G0 is indecomposable,
and hence it is quasicyclic by [19, Lemma 2.9]. Let L be the G-inva-
riant nilpotent subgroup of G0 such that G0/L is polycyclic-by-finite.
Then Aut(G0/L) is polycyclic-by-finite by [21, Theorem 3.27]. Hence
CG(G0/L) = G/L, since G has no finite images, G/L is centre-by-lo-
cally cyclic so it is abelian. Therefore G0 = L is nilpotent. ut

Theorem 3.11 Let G be an X-group of infinite rank. If all proper sub-
groups of infinite rank of G are N(PF), then all proper subgroups of G
are N(PF).

Proof — Assume for a contradiction that the statement is false.
In particular, G has no non-trivial finite images and an application
of Theorem 3.7 and Lemma 3.10 yields that G is imperfect and G/G0

is quasicyclic with G0 is nilpotent. Suppose first that G0 is periodic,
then G is periodic and hence all it’s proper subgroups of infinite rank



148 Amel Zitouni

are nilpotent-by-finite and the result follows by [12]. Thus G0 is non-
periodic and by [22, 5.2.6], G0/�2(G

0) is non-periodic. Let T/�2(G
0) be

the torsion subgroup of G0/�2(G
0). Hence G0/T is non-trivial, abelian

and torsion-free. Applying [5, Lemma 2.3] we get that for each pair of
primes p1 and p2, there exists a G-invariant subgroup M of G0, such
that T < M and G0/M is an abelian {p1,p2}-group containing ele-
ments of orders p1 and p2. If the periodic group G/M has finite rank
then all its proper subgroups are nilpotent-by-finite, and if G/M has
infinite rank then all its proper subgroups are also nilpotent-by-finite
by [12]. We deduce that G/M is either in NF or it is a MNNF-group.
Assume that G/M is in NF, then it is nilpotent. It follows, as G
has no proper subgroup of finite index, that G/M is abelian, and
so G0 = M. Hence G/M is a MNNF-group. But the commutator sub-
group of G/M cannot be a p-group for any prime p, contradicting
[5, Corollary 2.7]. The statement is proved. ut

Corollary 3.12 Let G be an X-group of infinite rank. If all proper sub-
groups of infinite rank of G are in N(PF), then G is either in N(PF) or it
is a MNNF-group.

Proof — Application of Theorem 3.11 yields that all proper sub-
groups of G are in N(PF). Assume that G is not in N(PF). In par-
ticular, G has no proper subgroup of finite index and so it cannot
be finitely generated. As finitely generated N(PF)-groups are poly-
cyclic-by-finite, G is locally (polycyclic-by-finite). Therefore G is a
MNNF-group by [11, Theorem 2.13]. ut
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