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Abstract

We study groups in which the non-normal subgroups fall into finitely many isomor-
phism classes. We prove that a locally generalized radical group with this property
is abelian-by-finite and minimax. Here a generalized radical group is a group with
an ascending series whose factors are either locally nilpotent or locally finite. We
give also a complete description of locally finite groups with finitely many classes
of non-normal subgroups.
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1 Introduction

Let G be a group and v be a subgroup theoretical property. This
property can be external to the group as the property of being “an
abelian or nilpotent or soluble subgroup”, or internal to the group
such as the property of being “a normal or subnormal or permutable
subgroup”. Denote by £+ (G) the family of all subgroups of G having
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the property v and, respectively, by £1on—+(G) the family of all sub-
groups of G which do not have the property v. Many authors studied
the groups in which the family £+ (G) is “very big” in some sense,
or the family Lnon—v(G) is “very small” in some sense, for many
natural subgroup properties v, such as to be a normal, subnormal,
permutable, almost normal, infinite, abelian, nilpotent, finitely gen-
erated subgroup and many others. But what means “to be small” in
infinite group theory? Very often it means “to satisfy some finiteness
condition”(see, for example, the survey [6]).

On a group G there are some natural equivalence relations related
to its subgroups. One of them is the relation “the subgroups H and K
are conjugate”. In the paper [12] ]J. Lennox, F. Menegazzo, H. Smith
and J. Wiegold worked with the following relation: “there is an auto-
morphism o of the group G such that K = o(H)”. It appears that this
relation was very strong.

In this paper we will consider a more general equivalence relation
on subgroups. Let G be a group, M a family of subgroups of the
group G and H,K € M. Then the relation “H is isomorphic to K” is
an equivalence relation in M. Denote by Isom(H) the equivalence
class of H defined by this relation. Then

Isompe(H) ={L|L €M, L=~ H]

Choose in every equivalence class one representative and denote
the set of all these representatives by Itype(M). The set Itype(M) is
called the isomorphism type of the family M. If M = £(G) is the family
of all subgroups of G, with G # {1}, then the set Itype(£(G)) con-
tains at least two elements: G and {1}. If Itype(£(G)) contains only
these two elements, then clearly G is a group of prime order or G
is an infinite cyclic group. In the last case G is isomorphic to each
proper non-trivial subgroup. If [Itype(£(G))| = 3, then the situation
is more complicated. In the paper [21] A.Yu. Olshanskii constructed
an infinite p-group, whose proper non-trivial subgroups have or-
der p. In [20] A.Yu. Olshanskii constructed a simple torsion-free
group, whose proper non-trivial subgroups are cyclic. He used for
these examples very complicated constructions, which show that we
cannot obtain a full description of groups with [Itype(£L(G))| = 3. But
in the universe of generalized soluble groups the description of such
groups is not difficult, and also it is possible to obtain information on
the structure of groups for which [Itype(£(G))| is small. If G is a finite
group, then the set Itype(M) is finite for every family set M of sub-
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groups of G. Therefore the finiteness of the set Itype(Lnon—v(G))
is one of the possibilities “to be small” for the family Lnon—+(G).
Thus we come naturally to the following problem: what can be said
about the structure of the groups in which the cardinality of the
set Itype(L, ,n_+(G)) is finite for some basic property v of sub-
groups? One of the basic properties of subgroups is the property
“to be an abelian subgroup”. The groups in which the family of all
non-abelian subgroups has finite isomorphism type were studied in
the paper [11]. Under some natural restrictions such groups are min-
imax and abelian-by-finite. Another important family of subgroups
is the family of normal subgroups of G. The behaviour of normal
subgroups has an important effect on the structure of a group. There
is an enormous array of papers, concerning the groups G in which
the family £1orm(G) of normal subgroups “is very big”or the fam-
ily Lnon—norm(G) of all non-normal subgroup “is very small”. Of
course, if G is an abelian or, more generally, a Dedekind group, then
the family L1 on—norm(G) is empty. Suppose now that

|£’non—norm(G)| =1

This means that the family £L1on—norm(G) is not empty and all non-
normal subgroups are isomorphic to some unique subgroup K. If we
suppose that K is not cyclic, then each cyclic subgroup of G must
be normal. But in this case every subgroup of G is normal, and we
obtain a contradiction. This contradiction shows that K is cyclic. It
follows that every non-cyclic subgroup of G is normal. Such groups
have been described by EN. Liman in the papers [14] and [15].
In this paper we consider groups in which the family

Lnon—norm(G)

of all non-normal subgroups has finite isomorphism type. We will
write € this class of groups.

The examples of groups constructed by A.Yu. Olshanskii in [20]
and [21] show that a real description of groups in € is possible only
under some additional restrictions, for example in the universe of
generalized soluble groups. Our results are the following ones.

Theorem A Let G be an infinite locally finite group which is not a Dede-
kind group. Then G is in the class C if and only if G = P x A where A is a
finite Dedekind group, P is a Sylow p-subgroup of G (p a prime), and ((P)
includes a Priifer subgroup D such that P/D is a finite abelian group.
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Theorem B Let G be a locally generalized radical group in C. Then ei-
ther G is a Dedekind group, or G is abelian-by-finite and minimax.

Here a locally generalized radical group is a group with an ascend-
ing series whose factors are either locally nilpotent or locally finite.

Notice that the direct product of a finite non-Dedekind group with
a minimax torsion-free abelian group with infinitely many non-iso-
morphic subgroups has infinitely many non-normal non-isomorphic
subgroups, hence the converse of Theorem B is not generally true.

For the class of locally generalized radical groups we also obtained
the following result.

Theorem C Let G be a locally generalized radical group in which the
family of all subgroups has finite isomorphic type. Then G contains a normal
minimax torsion-free abelian subgroup of finite index.

Finally, we point out that for some other families M of subgroups
of the group G, similar problems have been studied before. For exam-
ple if M is the family of the commutator subgroups of all subgroups
of G, then groups G with M finite have been studied by F. de Giovan-
ni and D.].S. Robinson in [8], as well as by M. Herzog, P. Longobardi,
M. Maj in [9]; groups with M of finite isomorphism type have been
investigated by P. Longobardi, M. Maj, D.].S. Robinson, H. Smith in
a series of papers (see [16], [17], and [18]).

Our notation are the usual ones, see for example [13], [22] and [23].

2 The structure of locally finite subgroups

We start our investigation of groups in the class € with two easy lem-
mas.

Lemma 2.1 Suppose that G € C. If K is a subgroup of G, then K € C.

Proor — Let K be a subgroup of G. If H is a non-normal subgroup
of K, then H is a non-normal subgroup of G. It follows that

LTIOTL*TIOTTTI(K) g LTLOTL*TLOTTTL(G)‘

In particular, Itype(Lnon—norm(K)) is finite. O
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Lemma 2.2 Suppose that G € C. If K is an infinite locally finite subgroup
of G, then for every finite subgroup F of K there exists a finite G-invariant
subgroup D of K containing F such that every subgroup of K/D is G-in-
variant. In particular, every infinite locally finite subgroup of G is normal
in G and it is contained in the FC-center of G.

ProorF — Write n the isomorphism type of G. If every finite sub-
group of K containing F is G-invariant, then every subgroup of K
containing F is G-invariant. Suppose that there exists a finite sub-
group Hj of K, Hy > F, which is not G-invariant. Since K is infinite, K
contains a finite subgroup S > Hj. It follows that the family

L1 ={H|His a finite subgroup of K and H > H;}

is not empty. If £ contains a finite subgroup H, which is not G-in-
variant, then the subgroups H; and H; cannot be isomorphic, be-
cause |[H1| < [H3|. In this case we consider the family

Ly ={H|H is a finite subgroup of K and H > Hj}.

This family is not empty. If £, contains a finite subgroup Hz which
is not G-invariant, then the subgroups H;, H, and H3 cannot be iso-
morphic. Using similar arguments, we construct a chain of finite sub-
groups Hy < Hy < ... < Hy such that every subgroup of the family

Ln ={H|H is a finite subgroup of Kand H > Hy}

is G-invariant. If D is a minimal (by inclusion) element of £, then D
and every finite subgroup of K containing D are G-invariant. It fol-
lows that every subgroup of K/D is G-invariant, in particular, K is
normal in G. Now, let x be an arbitrary element of K. Then there is a
finite G-invariant subgroup D of K, containing x. The finiteness of D
implies that xS is finite, so that x € FC(G). O

Corollary 2.3 Suppose that G € C and let P be an infinite locally finite
subgroup of G. If P is a non-Chernikov subgroup, then every subgroup of P
is G-invariant.

Proor — It is enough to prove that every finite subgroup of P
is G-invariant. Suppose the contrary, let P contain a finite subgroup F
which is not G-invariant. By Lemma 2.2 the normal closure L of F is
finite. Since P is not a Chernikov group, then P contains an abelian
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subgroup
A = Dr(ax),
€

where the set A is infinite (see [25]. The intersection A N L is finite.
Then there is a subset A of A such that A\ A is finite and

LN ()}22(%)) =(1).

The subgroup B = Dr)ca(ay)) has finite index in A, in particular, B is
infinite. Then Lemma 2.2 implies that B is normal in G. By the choice
of B we have BNL = (1), which implies that [L,B] = (1). Since F
is not G-invariant, there exist x € F and g € G such that g~ 'xg ¢ F.
Notice that g~'xg € L. Choose in the subgroup B a countable abelian
subgroup D = Drjen(dn). Put

D= D .
k 1<nrgk<d“>

Notice that LN ({(x)Dy) = (x). It follows that (x)Dy is not G-invariant,
because g~ 'xg ¢ (x). The subgroups (x)Dy and (x)Dj ;1 cannot be
isomorphic, because [(x)Dy| < [(x)Dy+1l,k € IN. Thus we can con-
struct an infinite sequence

(x)D1 < (x)Dy < ... < (x)Dn < (x)Dp41 <...

of finite non G-invariant subgroups, which are pairwise non-isomor-
phic, and we obtain a contradiction, which proves the result. O

A group G is said to be a Dedekind group if every subgroup of G
is normal in G. R. Dedekind in his paper [4] studied finite groups
whose subgroups are normal. Much later, in the paper [1], R. Baer
obtained a full description of such groups, both finite and infinite.

Now we prove our first result on the structure of groups in C.

Proposition 2.4 Suppose that G € C, and that G contains an infinite
locally finite subgroup P which is not Chernikov. Then G is a Dedekind

group.

Proor — By Lemma 2.2, P is normal in G. It is enough to prove that
every cyclic subgroup (g) of the group G is normal in G. If g has finite
order, then the subgroup P(g) is locally finite. Clearly P(g) is not
a Chernikov group. Then Corollary 2.3 shows that every subgroup
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of P(g) is G-invariant. In particular, (g) is normal in G. Suppose now
that g has infinite order. Since P is not a Chernikov group, P contains
an abelian subgroup
A=D ,
2o
where the set A is infinite (see [25]). Since A is periodic, (g) NA = (1).
Choose in A two infinite subsets A and I such that

AUXZ=A and ANX=090.

In the subgroup Drjca(ay) (respectively Dryes (ax)) choose a count-
able subgroup B = Drpen(bn) (respectively C = Drpen(cn)). By
such a choice BN C = (1). Using Corollary 2.3 we obtain that every
subgroup of B, C is normal in G. Put By = Dricn<i(bn) (respec-
tively Cx = Dr1<n<k(cn)). Clearly the subgroups (g)By and (g) By 41

(respectively (g)Cy and (g)Cy41) cannot be isomorphic, k € IN. Con-
sider now the infinite sequences

(g)B1 <(g)B2 <...<(g)Bn <(g)Bni1 <...

and
(9)C1 <(g)C2 <...<(9)Cn < (9)Cri1 <...

The subgroups in each of these sequences are pairwise non-isomor-
phic. Therefore there exist numbers t and m such that (g)B:
and (g)Cy are normal in G. Then their intersection

(9)Bt N (9)Cm = (9)

is normal in G. O

Now we study the situation in which G contains an infinite locally
finite subgroup which is a Chernikov group.

Lemma 2.5 Suppose that G € C. If C is an infinite Chernikov subgroup
of G, then every subgroup of the divisible part D of C is G-invariant. In
particular, D is G-invariant. Moreover, If D is not a Priifer group, then G
is a Dedekind group.

ProorF — Let P be an arbitrary Priifer p-subgroup of D. Then

P=(anla} =1,a0_; =an,neN).
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The subgroups

(a1) <(a2) <...<({(an) < {any1) <...

are pairwise non-isomorphic. It follows that there is a number k
such that the subgroup (an) is G-invariant for each n > k. The fact
that every subgroup of a cyclic group is characteristic implies that
each subgroup (am) is G-invariant, m € N. Since P = (J,,cn(am),
the subgroup P is G-invariant. Now let d be an arbitrary element
of D. Since D is divisible, there exists a Priifer p-subgroup S such
that d € S. By the previous remarks S is G-invariant. But every sub-
group of a Priifer p-subgroup is characteristic, thus it follows that (d)
is G-invariant. The fact that every cyclic subgroup of D is G-invariant
implies that each subgroup of D is G-invariant.

Now suppose that D is not a Priifer group. We prove that every
cyclic subgroup (g) of the group G is normal in G.

Assume first that g has finite order. Without loss of generality we
may suppose that g is a p-element for some prime p. Then the in-
tersection (g) N D is a finite cyclic p-subgroup. Since D is divisible,
there is a Priifer subgroup A of D, containing (g) N D. Let

A= (an | a]]) :1,afIH =an,n € N).

Let t be the positive integer such that (g) "D = (at). Then every
subgroup (an) is G-invariant. Consider the following sequence of
subgroups

(9) = (a)(9) < {atr1)(g) < ... <(attn)(9) < (@Qt4nt1){g) < ...

If i,j > t, then the subgroups (ai)(g) and (a;)(g), i # j, cannot be
isomorphic, because [(a;i)(g)| < [(a;j)(g)l. Thus the subgroups in this
sequence are pairwise non-isomorphic. Therefore there exists a posi-
tive integer m such that (am,)(g) is normal in G.

Since D is not a Priifer group, A # D. Then D = A x B (see, for
example, [7], Theorem 21.2]). Choose in B a Priifer g-subgroup Q,
then

Q={(ecnlci =T} ;=cnneN)

(it is possible that q = p). Corollary 2.3 shows that every sub-
group (cn) is G-invariant. The choice of Q yields that (g) N Q = (1).
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Consider the following sequence of subgroups

{e1)(g) <{e2)(g) < ... <{en)(g) < (Cny1)(g) <....

The subgroups (ci){(g) and (cj)(g), i # j, cannot be isomorphic, be-
cause [(ci)(g)l < l(cj)(g)l. Thus the subgroups in this sequence are
pairwise non-isomorphic. Therefore there exists a positive integer k
such that the subgroup (ck)(g) is normal in G. It follows that the
intersection (g) = (am)(g) N {ck)(g) is normal in G.

Suppose now that the element g has infinite order. Therefore
(g) ND=(1). Since D is not a Priifer group, we can choose in D two
Priifer subgroups A, C such that (A, C) = A x C. Put again

A=(an|al =1,ab ; =an,neN)

and

Cz(cnlc? :1,cﬂ+] =cn,n€N)

(it is possible that q = p). Lemma 2.5 shows that, for every n € N,
the subgroups (an) and (cn) are G-invariant. Consider the following
sequences of subgroups

{a1){g) < (az)(g) <... <({an){(g) < (ani1)(g) <...

and
(e1)(g) <({e2)(g) <...<(cen){(g) < {en+1){(g) <...

The subgroups (an)(g) and (an4+1)(g) (respectively (cn)(g)
and (cn41)(g)) cannot be isomorphic, because [{(an)| < [{an41)| (re-
spectively [(cn)| < [{cn+1)]). Thus the subgroups in both of these
sequences are pairwise non-isomorphic. Therefore there are num-
bers s, r such that the subgroups (as)(g) and (c,)(g) are normal in G.
It follows that their intersection (g) = (as)(g) N {(c+)(g) is normal
in G. O

Now we can say more on the structure of G € C, if G contains an
infinite Chernikov subgroup.

Proposition 2.6  Suppose that G € Cand that G contains an infinite Cher-
nikov subgroup C. Then G is an FC-group. If G is a not Dedekind group,
then G is nilpotent, the set T of all elements having finite order is a char-
acteristic Chernikov subgroup, containing [G, G]. Moreover, the divisible
part D of T is a Priifer group, D < ((G) and G/D is a Dedekind group.
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Proor — Denote by V the divisible part of C. If V is a not Priifer
group, then Lemma 2.5 shows that G is a Dedekind group. In partic-
ular, [G, G] is finite and trivially G is an FC-group. Suppose that V is
a Priifer p-subgroup for some prime p. Then

By Lemma 2.5 every subgroup of V is G-invariant. In particular, V
is normal in G. Let g be an arbitrary element of G. Assume first
that g has finite order. Then the subgroup V(g) is infinite and locally
finite. Using Lemma 2.2 we obtain that (g)V < FC(G), in particular,
g € FC(G). Suppose now that g has infinite order. Then (g) NV = (1).
Consider the following sequence of subgroups

(d1)(g) < (d2)(g) <-.. < (dn)(g) < (dnt1)(9) <-..

Again we can see that the subgroups of this sequence are pairwise
non-isomorphic. Therefore there exists a positive integer k such that
the subgroup K = (dy)(g) is normal in G. The subgroup (dy) is fi-
nite and G-invariant, and the factor-group K/(dy) is infinite cyclic. It
follows that

g*€g(dy) or g*eg '(dy)

for every element x € G. Since (dy) is finite, it follows that g© is
finite, that is g € FC(G). Therefore G is an FC-group. Denote by T
the set of all elements having finite order. Then T is a (character-
istic) subgroup of G, including [G, G] (see, for example, [5], Corol-
laries 1.5.3 and 1.5.10). Moreover, if D is the divisible part of T,
then D < ((G) (see, for example, [5], Lemma 3.2.9). If we suppose
that T is not Chernikov, then Proposition 2.4 shows that G must be
a Dedekind group, and we obtain a contradiction. If we suppose that
the divisible part of T is not a Priifer group, then Lemma 2.5 shows
that G must be a Dedekind group, and we again obtain a contradic-
tion. Thus the divisible part of T is a Priifer group.

Let g be an arbitrary element of G. The inclusion D < ¢(G) implies
that the subgroup (g, D) is abelian. Let

D=(dn|d} =1,dF ; =dn,neN).
Consider again the sequence of subgroups

{d1){(g) < (d2)(g) <-.. < (dn)(g) < (dnt1)(g) <-..-.
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As above we can see that the subgroups of this sequence are pair-
wise non-isomorphic. Therefore there exists a numbers k such that
the subgroup K = (dy)(g) is normal in G. It follows that (g)C is
abelian. Then G is locally nilpotent (see, for example, [23]). We know
that D < ¢(G). Since T/D is finite, there is a positive integer m such
that T < (;m(G). And finally, G/T is abelian, so that G = (1, +1(G).

Now we show that G/D is a Dedekind group. Let g be an arbitrary
element of G. Suppose first that g has finite order. Then the intersec-
tion (g) N D is finite, so that (g) N D = (d¢) for some positive integer t.
By Lemma 2.5 every subgroup (dn) is G-invariant. Consider the fol-
lowing sequence of subgroups

(9) = (de)(9) < (des1)(g) < ... <{dt4n)(9) < (deynt1)(9) <...

As we have seen above the subgroups in this sequence are pairwise
non-isomorphic. Therefore there exists a number m such that (dn)(g)
is normal in G. It follows that D(g) is normal in G.

If g has infinite order, then (g) "D = (1). In this case we consider
the following sequence of subgroups

(d1)(g) < (d2)(g) < ... < (dn)(g) < (dnt1)(g) <-...

Again the subgroups in this sequence are pairwise non-isomorphic.
Therefore there exists a number r such that (d;)(g) is normal in G. It
follows that D(g) is normal in G. Thus every cyclic subgroup of the
factor-group G/D is normal in G/D. It follows that G/D is a Dede-
kind group. 0

We are now able to prove Theorem A.

Theorem A Let G be an infinite locally finite group which is not a Dede-
kind group. Then G € C if and only if G = P x A where A is a finite De-
dekind group, P is a Sylow p-subgroup of G (p a prime), ((P) contains
a Priifer subgroup D such that P/D is a finite abelian group.

ProoF — Suppose G € € and that G is not a Dedekind group. Then
by Proposition 2.6 G is nilpotent and ((G) contains a Priifer p-sub-
group D such that G/D is a finite Dedekind group. Then G =P x A
where P is a p-group and A is a p’-group. Moreover D C P, and A
and P/D are finite Dedekind groups. Now we show that P/D is
abelian. Suppose that there exist x,y € P such that [x,y] ¢ D. Write

p* = max{o(x), o([x, y])}.
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For every i € N, let t; € D be such that

o(ty) =p™ > p*s,

with o < « if i < j. Consider the subgroups H; = (t;x). We have

(tix)P" =P
of order > p%, thus [tix,y] = [x,y] ¢ (tix), since every subgroup

of (tix) of order < p*® is contained in (tfs) C D. Therefore H; is not
normal in G for every i. Moreover, |H;| = o(t;), for every i, hence

H; # H;

if i #j. This contradiction shows that P/D is abelian.
Conversely, assume that G has the required structure. Then D is
contained in ¢(P) and P/D finite implies that P’ is finite. Write

IP/Dl=n and [P/|=m.
If S is a subgroup of G, then
S=P; x(ANS),

where P; C P. We have AN S normal in G. We show that if Py is
not normal in G, then |[P;| < mn. In fact, we have |[P;D/D| < n.
Moreover P’ is not contained in P; N D since Py is not normal in P.
Then P; N D < P/, thus |P; N D| < m. Hence |P;|] < mn, as re-
quired. Therefore if S is a non-normal subgroup of G, then the order
of S is bounded. Since there exist only finitely many non-isomorphic
groups of fixed order, there exist only finitely many non-isomorphic
non-normal subgroups of G. The theorem is proved. O

3 The case G non-periodic

In this section we study the structure of a non-periodic group in
which the family of all non-normal subgroups has finite isomorphic
type. We start with two very useful results.
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Lemma 3.1 Suppose that G € C. If G contains a free abelian subgroup of
infinite O-rank, then G is an abelian group.

Proor — Let A be a free abelian subgroup of G with infinite O-rank.
Without loss of generality we may suppose that ro(A) is countable.
Then A = Drpen(an), where ay, is an element of infinite order for
all n € N. Let v be an arbitrary element of A, then there is a posi-
tive integer m such that (v) N Dry>m(an) = (1). Then the following
subgroups

(V) x{am), (v) x {am) X (am+2), .-,

(V) X {(am) X (@my2) X ... X {(ami2n),n €N,

are pairwise non-isomorphic. It follows that there is a positive inte-
ger k such that the subgroup

(v) X {am) X (@m2) X ... X (Qm2k)

is normal in G. Using the same arguments, we obtain that there is a
positive integer t such that the subgroup

(V) X (@m+1) X (@m3) X ooo X (Amg2¢41)
is normal in G. Then from the obvious equality

(V) % (@m) X e X (@ 2)) N (V) X (@) X e X (@mg2s1)) = (W)

we obtain that the subgroup (v) is normal in G. In particular, the
subgroup (an) is G-invariant for every n € IN. Let g be an arbitrary
element of G. Then there is a positive integer k such that

(991 D1 (an) = (1),

The fact that each subgroup (an) is G-invariant implies that

<g, kgrl?gk+j<an>> - (kgrl?gkﬂ'mn)) < {g)

for any j € IN. Repeating now the above arguments, we obtain that
the subgroup (g) is normal in G. The fact that each cyclic subgroup
of G is normal implies that every subgroup of G is normal in G. Being
non-periodic, G is abelian (see for example [1]). 0
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Lemma 3.2 Suppose that G € C. If L is a torsion-free nilpotent subgroup
of G, then L is abelian.

Proor — Suppose the contrary and let L be non-abelian. Then

C2(L) # ¢(L).

Choose an element a € (3(L)\ ¢(L). Then there exists an element b
such that [a,b] = ¢ # 1. Let p be a prime and r = p?. Put

Hp = (a’,b,cP),

then clearly [Hp, Hp] = (c"), ¢(Hp) = (cP), so that ((Hp)/[Hp, Hp]
is a group of order p. It follows that if q is a prime, q # p, then
the subgroups Hy,, and Hq cannot be isomorphic. Choose an infinite
set 7t of primes. Then in the family {H,[p € 7} every two subgroups
are not pairwise isomorphic. Since [a,b] = ¢ ¢ Hp, Hp cannot be
normal in G for every prime p, and we obtain a contradiction. This
contradiction shows that L is abelian. 0

We can now describe the structure of a non-periodic group G in €
if G contains a locally finite infinite subgroup.

Theorem 3.3 Suppose that G is a non-periodic group in C, and that G
contains an infinite locally finite subgroup. Then either G is an abelian
group or ((G) contains a Priifer subgroup D such that G/D is an abelian
minimax group having finite O-rank and finite periodic part. Moreover, G
is central-by-finite.

ProorF — Suppose that is not abelian, then G is not a Dedekind
group, since G is non-periodic (see for example [1]). Then Proposi-
tion 2.4 shows that every locally finite subgroup of G must be Cher-
nikov. Moreover Proposition 2.6 shows that ((G) contains a Priifer
subgroup D such that G/D is a Dedekind group with finite peri-
odic part. Being non-periodic, G/D is abelian (see for example [1]).
Suppose that ro(G/D) is infinite. Then G/D contains a free abelian
subgroup A/D of infinite countable O-rank. In this case A contains
a free abelian subgroup B of infinite countable 0-rank (see, for ex-
ample, [10]). But then Lemma 3.1 implies that G is an abelian group.
This contradiction shows that ro(G/D) is finite. By Proposition 2.6 G
is nilpotent and an FC-group. Then G/((G) is periodic ([24], Theo-
rem 1.4). Since ((G) has finite 0-rank, it contains a finitely generated
torsion-free subgroup B such that ((G)/B is periodic. Then G/B is
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also periodic. Put C = B3. The factor group G/C is periodic, more-
over its Sylow p-subgroups are Chernikov for each prime p. Suppose
that G is not minimax. Then the set TT1(G/C) is infinite. Since the sub-
group T = Tor(G) is Chernikov, the subset TT(G/C) \ TT(T) is infinite.
Let g be an arbitrary element of G. Since the subgroup (gC) is finite,
we can choose a subset 7t of TT(G/C) such that TT(G/C) \ 7 is finite
and
0 =7 (M(T)UTI((gC))).

Choose in 7t two infinite subsets 717 and 71, such that
mUm =n and m N =0.
Since the subset 717 is infinite, it is possible to choose in 717 a family

{pn Im € N}

of infinite subsets pn, such that J,,cnpn = 71 and pn Npm = 0
whenever n # m. Consider the ascending chain

So=C<51<...<Sn <SS <
of subgroups, defined by the rule: S;/C is the Sylow pj-subgroup
of G/C, S,/C is the Sylow (py U pz)-subgroup of G/C, S,,/C is the Sy-
low (p7j U...U pn)-subgroup of G/C, n € IN. Since G is nilpotent

and S, NT = (1), S is a normal abelian torsion-free subgroup of G,
for all n € IN. The choice of Sy, yields that

(9,5n)/C =(gC,Sn/C) = (gC) x Sn/C,
in particular, (gC, S;,/C) is abelian, n € IN. The fact that [G, G] is peri-

odic implies that (g, Sn) is abelian. Suppose that the subgroups (g, Sn)
and (g, Sn4k), k > 1, are isomorphic. Let

f:(9,Sn) = (g, Snix)

be an isomorphism. Let E = f(C), then (g, Sn4+x)/E =~ (g,Sn)/C. It
follows that

({9, Sn+x)/E) =T1({g,Sn)/C) =T1(Sn/C)UTI({gC)).

Since 15(E) = 15(C), then both factors E/(ENC) and C/(ENC) are
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finite. Then
({9, Sn+x)/(ENC)) =T(Sy/C)UTI({gC)) UTI(E/(EN C)),

where the last subset is finite. Since the subset TT(S;, 11 /C) \TT(Sn/C)
is infinite, we obtain a contradiction. This contradiction shows that
the subgroups (g, Sn) and (g, S, k) cannot be isomorphic. Then there
exists a number t such that the subgroups (g, Sn) are normal in G for
all n > t. Using the same arguments, we can choose a subgroup U
of G such that IT(U/C) C m, and (g, U) is normal in G. By such a
choice (g,Sn)/CN(g,U)/C = (gC), which yields that (gC) is nor-
mal in G/C. In other words, every cyclic subgroup of G/C is normal
in G/C. Therefore every subgroup of G/C is normal in G/C. Since
the factor-group G/C contains an element of order 8, G/C cannot be
a non-abelian Dedekind group (see [1]). Thus G/C is abelian. Let p
be a prime, put C; = CP,Cy 41 = cP,neN. By such a choice

ﬂ Cn = <1>

Repeating the above arguments, we obtain that G/C,, is abelian for
all n € IN. In other words, [G, G] < Cy, for all n € IN. Then

[G,GI< (] Ca=(1),

neN

from which it follows that G is abelian, the final contradiction.

Now we show that G is central-by-finite. We know that G’ < D,
a Priifer group, say a Priifer p-group, where p is a prime. We will
show that there exists a positive integer n such that [x,y|P" = 1,
for every x,y € G. From this it will follow that G/((G) is a periodic
minimax group of finite exponent and then it is finite, as required.
Since

G = (a | a is torsion-free),

it is enough to show that there exists a positive integer n such that
ylP" =1,

for any torsion-free elements x,y € G. Assume not, then there exist
positive integers
n<my<...<ng<...
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and torsion-free elements xi,y; of G such that [xi,yi}pni #< 1.
Let c; € D, o(ci) = p™, and consider the subgroups

Ti = <Xi, Ci> = <Xi> X <C'L>.

Then (ci) = T/, thus T; and Tj are not isomorphic if i # j. More-
over, for every i, Tj is not normal in G, because [xi,yi] ¢ T;, since
T;N G’ = (c;) and cfnl — 1 while [x{,y;]P"* # 1, and we have a con-
tradiction O

From now on we assume that G is a generalized radical group.
By Proposition 2.4 and Theorem 3.3 we can suppose that every peri-
odic subgroup of G is finite.

Lemma 3.4 Suppose that G is a non-periodic locally generalized radical
group in C, and that all periodic subgroups of G are finite. If G is non-
abelian, then G is a soluble-by-finite group of finite O-rank.

Proor — First assume that G is a generalized radical group. Let D
be the maximal normal radical subgroup of G. Since G is non-abelian,
by Lemma 3.1 every abelian subgroup of D has finite 0-rank. More-
over the torsion subgroup of every abelian subgroup is finite. By
a Theorem by Charin (see [3], Theorem 8) D is a soluble group of fi-
nite 0-rank, in particular D is a radical group of finite 0-rank. Let L/D
be the maximal normal locally finite subgroup of G/D. Then L has
finite O-rank. Using Theorem 2.4.13 of [5] (see also [19]) we obtain
that L is soluble-by-finite. In particular, it follows that L/D is finite.
In turn out that G/D is finite ([5], Lemma 3.4.1). Now suppose G lo-
cally generalized radical. If every finitely generated subgroup of G is
normal in G, then clearly G is a Dedekind group and being non-perio-
dic, G is abelian (see [1]). Therefore suppose that G includes a finitely
generated subgroup D which is not normal in G. Then D; is gen-
eralized radical thus Dy is a soluble-by-finite group of finite O-rank.
Using the same arguments, we obtain that every finitely generated
subgroup F of G including D1 is a soluble-by-finite group having fi-
nite O-rank. If ro(F) = ro(D1) for each finitely generated subgroup F
of G including D1, then G/Tor(G) is a soluble-by-finite group of fi-
nite O-rank. Our assumption concerning all periodic subgroups of G
implies that Tor(G) is finite, so that G also is a soluble-by-finite group
of finite 0-rank. Therefore assume that G contains a finitely gener-
ated subgroup D; including D7 such that ro(D2) > 1o(Dq). If we
suppose that vo(F) = ro(D;) for each finitely generated subgroup F
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of G including D, then repeating the above arguments we again
obtain that G is a soluble-by-finite group of finite 0-rank. Thus we
can assume that there exists an infinite chain of finitely generated
subgroups

D1 <D <...<Dp<Dpy1 <.

such that 19(Dn41) > 19(Dn) for each n € IN. By such a choice the
subgroups Dy, and Dy, ;1 cannot be isomorphic for each n € IN. It fol-
lows that there exists a positive integer t such that the subgroups Dy,
are normal in G foreachn > t. Put D = UneIN Ds. Then D has an as-
cending series of normal subgroups, whose factors are soluble-by-fi-
nite. It follows that D is a generalized radical group. Let A be an ar-
bitrary abelian subgroup of D. If we assume that ro(A) is finite, then
since Tor(A) is finite we obtain that D is a soluble-by-finite group,
having finite 0-rank, and we obtain a contradiction. This contradic-
tion shows that D contains an abelian subgroup B of infinite 0-rank.
Then B/Tor(B) contains a free abelian subgroup C/Tor(B) of infi-
nite O-rank. Since Tor(B) is finite, C = Tor(B) x E (see for exam-
ple [7], Theorem 27.5), where the subgroup E is a free abelian sub-
group of infinite 0-rank, and an application of Lemma 3.1 shows
that G is abelian. This contradiction proves the result. 0

Let G be a group and A be a normal abelian Chernikov subgroup
of G. We say that A is G-quasifinite if every proper G-invariant sub-
group of A is finite. The following lemma is very well-known.

Lemma 3.5 Let G be a nilpotent group and A be a normal abelian Cher-
nikov subgroup of G. If A is G-quasifinite, then A < ((G).

Proor — Obviously A is divisible. Suppose that Cg(A) # G. Choose
an element g such that

Cg(A) #gCg(A) € C(G/Cg(A)).

Then it is not difficult to prove that the subgroups [A, g] and Ca(g)
are G-invariant. Moreover the mapping a — [a,g], a € A, is an
endomorphism of A, so that [A,g] ~ A/Ca(g). Since G is nilpo-
tent, we have A # [A, g], which implies that [A, g] is finite. We have
above noted that A is divisible. Then A does not contain proper
subgroups of finite index. Hence the finiteness of A/Ca(g) means
that A = Ca(g), and we obtain a contradiction with the choice of g.
This contradiction proves that A < ((G). O
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Let A be an abelian group having finite Priifer rank. Choose in A
a finitely generated subgroup B such that ro(A) = ro(B), then A/B
is periodic. Recall (see for example [22]) that the set Sp(A) of all
primes p such that the Sylow p-subgroup of A/B is infinite is an
invariant of A, called the spectrum of the group A.

The following two lemmas are very important in our investigation.

Lemma 3.6 Let Gy = Ay x(g1) and Gy = Ay x(g2) be groups
such that Ay and A are torsion-free abelian groups of finite O-rank r, g;
and g, are elements of infinite orders. Suppose also that Ay (respective-
ly Ay) contains a Gi-invariant (respectively G,-invariant) subgroup D
(respectively D) such that Ay/D1 (respectively A;/D3) is a periodic di-
visible abelian group. If TI(A1/D1) # TI(A2/D3), then the groups Gy
and G, cannot be isomorphic.

ProOOF — Suppose the contrary, then there is an isomorphism
f:Gy — Gy.

By our conditions the locally nilpotent radical LN(G1) of Gy (respec-
tively G,) contains A (respectively Aj).

Suppose first that LN(G1) = A1, then the factor group G;/LN(G1)
is infinite. Since f(LN(G1)) = LN((G,), the factor group G,/LN((G2)
also must be infinite. The inclusion A, < LN(G;) implies that

A, = LN(Gy).

The subgroup D3 = f(D7) must be G,-invariant and the factor A, /D3
must be periodic and divisible. In particular, it follows that

T0(D3) =10(A2) =10(D2).
Since the subgroups D;, D3 are finitely generated, it follows that
both the factors D, /(D3 N D>) and D3/(D> N D3) are finite. Since
the factor group A,/D; is divisible, we obtain that
A2/(D3ND2) =F/(D3ND2) x P1/(D3ND2)
where F; /(D3 N D3) is finite, P;/(D3 N D>) is divisible and
(P1/(D3ND3,)) =TI(A2/D3).

On the other hand, the fact that the group A,/Dj3 is divisible and
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D3 /(D N D3) is finite implies that
A2/(D3NDz) =F2/(D3NDz) x P2/(D3 ND2)
where F, /(D3 N D3) is finite, P, /(D3 N D3) is divisible and
M(P2/(D3NDz)) =TI(A2/D3).

We note that the largest divisible subgroup of a periodic abelian
group is unique. It follows that P1 /(D3 ND;) = P, /(D3N D3,). Since f
is an isomorphism, TT(A,/D3) =TI(A1/D1). Thus we have

T(A1/Dq) =TI(P1/(D3NDy)) =TI(A2/D3),
and we obtain a contradiction with TT(A;/D1) #T1(A2/D>).

Suppose now that that
LN(G1) # Ag.

Then
IN(Gq) =Ly =Aq 3 (x1)

where (x1) = LN(G1) N (g1). Since L is a torsion-free subgroup of
finite 0-rank, it is nilpotent [6, Corollary 2.3.4]. We have
L1/Dq = (A1/D1)(x1Dy)

where A7/D7 = Drpe<Sp/Dy where T = TI(A/Dq) and S,/Dy is
the Sylow p-subgroup of A;/Dy, p € TI(A7/D7). We note that S;, /D5
is a divisible Chernikov p-subgroup, p € TI(A7/D7). Being Cherni-
kov, S, /D satisfies the minimal condition on all subgroups. It fol-
lows that there exists a finite series

D1 =Rip,1) SRp2) S+ SRips) = 5p
of (x1)-invariant subgroups, whose factors

Rip,2)/Rip, 1)+ Rip,s)/Rip,s—1)

are (x1)-quasifinite. By Lemma 3.5 all these factors are (x1)-central.
In particular,
[Sp,x1] < Rp,s—1-
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It follows that the factor (Sp,%1)/R(p s—1) is abelian. Since this is true
for each p € TI(A1/D1),

(A1,x1 >/]P€TTR(p,s—1 )
is abelian. It follows that

Sp(Li/[Ly, Ly]) =TI(A;/Dy).

We note that L, = f(LN(Gq)) is the locally nilpotent radical of G;.
Since G1/L; is finite, G, /L, likewise is finite. Then LN(G,) # A, so
we obtain that

Ly = Az x (x2)

where (x2) =L, N(g2). Using the above arguments, we obtain that
Sp(L2/[L2,La]) = Sp(A2/D3).

The isomorphism L ~ L, implies that the factor groups L;/[L;, L]
and L, /[L,, L] must be isomorphic. It follows that

TI(A1/D1) = Sp(L1/[L1,L4]) = Sp(Ly/[Ly, Ly]) =TI(A,/Dy),

and we obtain a contradiction. This contradiction proves the result. O

Lemma 3.7 Let Gy = Ay x (g1) and Gy = A, x (g2) be groups such
that Ay and A are torsion-free abelian groups of finite O-rank v, g1 and g,
are elements of infinite orders. Suppose also that Ay (respectively A;) con-
tains a Gq-invariant (respectively Gy-invariant) subgroup D1 (respective-
ly D) such that Ay/Dq (respectively Ay/D3) is a periodic abelian group
with finite Sylow p-subgroups for all primes p. If TI(A7/Dq)
and TI(A2/D2) \TI(A1/D1) are infinite, then the groups Gy and G, can-
not be isomorphic.

PrOOF — Suppose the contrary, then there is an isomorphism
f: G] -G 2.

By our conditions the locally nilpotent radical LN(G1) of G; (respec-
tively G,) contains Aj (respectively Aj).

Suppose first that LN(G7) = A4, then the factor group G;/N(G1)
is infinite. Since f(LN(G1)) = LN(G;), the factor group G,/LN(G;)
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also must be infinite. The inclusion A, < LN(G;) implies that
Az = LN(G3).

The subgroup D3 = f(D;) has to be G,-invariant and the factor
group Aj/D3 periodic. In particular, it follows that

10(D3) = 10(A2) = 10(D2).

Since the subgroups D;,D3 are finitely generated, it follows that
both factors D, /(D3N D>) and D3/(D; N D3) are finite. Then

M(A2/(D3NDy)) =TI(A/Dy) Umy
for some finite disjoint set 7t of primes. In a similar way, the same
set TI(A,/(D3ND3)) =TI(A2/D3) Um, for some finite disjoint set 7,

of primes. Since f is an isomorphism, IT(A;/D3) = TI(A1/D1). Then
we have

TT(A2/D2)\TI(A7/D1) =TI(A2/D2)\TI(A,/D3) =
(TI(A2/(D3 N D))\ ) \ (TT(A2/(D3 N D3)) \ 7m2).

Since the last set is finite, we obtain a contradiction.

Suppose now that LN(G7) # Aj. Then
IN(Gq1) =Ly = Ay x (x1)
where (x1) = LN(G1) N (g1). Since L; is a torsion-free subgroup hav-
ing finite O-rank, then it is nilpotent (see [5], Corollary 2.3.4). We

have

L1/Dy = (A1/D1){(x1Dy) and A1/D1=IP€TTSp/D1

where T = TI(A;/D7) and S,/Dy is the finite Sylow p-subgroup
of A1/Dq,p € TI(A1/Dy). Since (Sp/D1,x1D1) is nilpotent, then

(Sp/D1,x1D1] =Ry, /Dy # Sp/Dy.

It follows that the factor (Sp,x1)/Rp is abelian and its periodic part
is a finite p-subgroup. Since that is true for each p € TI(A1/D;y),



Groups with finitely many classes of non-normal subgroups 31

then (A7,x7)/Drpe<Rp is abelian and

T <<A1,X1>/pD€TTRp) =TI(A1/D1).

The fact that Ly /Drpe<Rp is abelian implies the inclusion

< .
U—-] s I—1] B ‘p'%ttRp

On the other hand, D7 < Drpe<Ryp, so that [L1,L1]D7 < DrpeRp.
Hence we obtain that Aq/[L;,L;]D; is periodic and

TT(A1/[Ly, L1]1Dy) =TI(A4/Dy).

Since the factor group L1 /A is infinite cyclic, we obtain the direct de-
composition L; /Ly, L11D7 = (A1/ILy,L41]Dq) x (x7[Ly,L1]D1). Thus,
the factor Ly /[L1, L] includes a finitely generated subgroup

(x1,D1, [Ly, L1])/[Ly, L4] = By /[Ly, L4]
such that (Ly/[L,Lq])/(B1/[Ly,L1]) is periodic and
TI(A1/Dy) =TI((Ly/[Ly, L41])/(B1/[Ly, Ly])).

We note that L, = f(LN(Gy)) is the locally nilpotent radical of G,.
Since Gq /L is finite, then G, /1, likewise is finite. Then LN(G3) #A,,
so we obtain that L, = A, x (x2) where (x;) = L, N(g2). Repeating
the above arguments, we obtain that L,/[L,, ;] includes a finitely
generated subgroup B,/[L;,, L,] such that (L,/[L,L;])/(B2/[L2, L2]))
is periodic and

TT((L2/[L2, L))/ (B2/[L2, La])) =TI(A2/Dy).

The isomorphism L ~ L, implies that the factor groups L;/[L;, L]
and L,/[L,, L] must be isomorphic. Now we can use the above ar-
guments and obtain a contradiction. This contradiction proves the
result. O

Now we are able to give a description of non-periodic locally gen-
eralized groups G in the class C if all subgroups of G are finite.
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Proposition 3.8 Let G € C be a non-periodic locally generalized radical
group. Suppose that all periodic subgroups of G are finite. If G is non-a-
belian, then G is a soluble-by-finite minimax group. Therefore, if G is not
abelian-by-finite, then G has normal subgroups A < K < G where A is an
abelian minimax torsion-free subgroup, K/A is an abelian finitely generated
torsion-free group and G /K is finite.

ProoF — Lemma 3.4 shows that G is a soluble-by-finite group of
finite O-rank. If every abelian subgroup of G is minimax then G it-
self is minimax (see [2], [26]). Therefore assume that G contains an
abelian subgroup B which is not minimax. By our assumption Tor(B)
is finite, hence

B=Tor(B) x A

(see for example [7], Theorem 27.5) where the subgroup A is torsion-
free and not minimax. Let C be a free abelian subgroup of A such
that A/C is periodic. Since A has finite 0-rank, the subgroup C is
finitely generated. Put D = C3. The factor group A/D is periodic.
Since A is not minimax, the set IT(A/D) is infinite.

Suppose first that the set 0 = Sp(A) is infinite. Choose two infinite
subsets 07 and o, of 0 such that 07 Uo,; = 0 and o7 No, = (. Let

o1 = {pnin € N},

and denote by Py /D the Sylow {p1, ..., pkJ-subgroup of A/D, k € N.
Then
Sp(P) ={p1,..., Pk}

and from that we get that the subgroups Py and P, are not isomor-
phic whenever k # m. Then there exists a number t such that the
subgroups Py are normal in G for all k > t. Using similar arguments,
we can find a subgroup Q of A such that IT(Q/D) C o0, and Q is
normal in G. By such a choice D = Py N Q is normal in G. Let g
be an arbitrary element of G. If the element gD has infinite order,
then (gD) N A/D = (1). If gD has finite order, then we can choose a
subgroup A1/D of A/D such that TT(A/D) \TT(A1/D) is finite and

(1) =(gD)NA;/D.
In particular, the set TT(A1/D) is infinite. In this case instead of A we

can consider the subgroup Aj. Therefore without loss of generality
we can assume that (1) = (gD) N A/D. Since the subgroups Py are
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normal in G for all k > t, then
(gD, Px/D) = Pi/D x (gD).

If gD has finite order, it is not hard to prove that the subgroups
(9,Px) and (g,Pm) are not isomorphic whenever k,m > t, k # m.
If gD has infinite order, then an application of Lemma 3.6 shows
that the subgroups (g, Px) and (g,Pm) are not isomorphic when-
ever k,m > t,k # m. It follows that there exists a positive inte-
ger t1; > t such that the subgroups (g, Px) are normal in G for k > t;.
Using the same arguments, we can choose a subgroup Q1 of A such
that
M(Q1/D) C o3

and (Q1, g) is normal in G. It follows that (gD, Py/D) and (gD, Q/D)
are normal in G/D, k > t;. The choice of g shows that

(gD) = (gD, Px/D) N (gD, Q1/D)

is normal in G/D. In other words, every cyclic subgroup of G/D is
normal in G/D. Then every subgroup of G/D is normal in G/D. Since
the factor group G/D contains an element of order 8, G/D cannot be
a non-abelian Dedekind group (see [1]). Thus G/D is abelian. Let p
be a prime, put D; =DP,Dy 41 = D, n e N. By such a choice

(] Dn=(1).
nelN

Repeating the above arguments, we obtain that G/Dy, is abelian for
all n € IN. In other words, [G, G] < Dy, for all n € IN. Then

(G, G] < m Dn = <1>/

neN

therefore G is abelian, a contradiction.

So, suppose now that Sp(A) is finite. In this case the subset
TA/D)\Sp(A) =7
is infinite. Let V/D be the Sylow m-subgroup of A/D. By its choice

the Sylow p-subgroup of V/D is finite for each prime p € TI(V/D).
Choose in 7 two infinite subsets 717 and 7, such that my Um, =«
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and 71y N7y = (). Since the subset 717 is infinite, it is possible to choose
in 711 a family {pn|n € IN} of infinite subsets p,, such that

U Pn =T

nelN

and pn N pm = @ whenever n # m. Consider the ascending chain
Vo=D<<Vy <. <V <Vt €.

of subgroups of V, defined by the rule: V;/D is the Sylow p{-sub-
group of V/D, V,/D is the Sylow (pj U pz)-subgroup of V/D, V;,/D
is the Sylow (p7 U...Upn)-subgroup of V/D, n € IN. It is not hard to
prove that the subgroups Vi and V;,, are not isomorphic for k # m.
Then there exists a number t such that the subgroups Vi are normal
in G for all k > t. Using the same arguments, we can choose a sub-
group U of V such that IT(U/D) C mr; and U is normal in G. By this
choice D = Vy NU is normal in G. Let g be an arbitrary element of G.
If the element gD has infinite order, then (gD)NV/D = (1). If gD
has finite order, then we can choose a subgroup W/D of V/D such
that TT(V/D) \ TT(W/D) is finite and (1) = (gD) N W/D. In particular,
the set TT(W/D) is infinite. In this case instead of V we can consider
the subgroup W. Therefore without loss of generality we can assume
that (1) = (gD) N V/D. Since the subgroups Vy are normal in G for
all k > t, then
(gD, Vie/D) = Vie/D x (gD).

If gD has finite order, it is not hard to prove that the subgroups (g, Vi)
and (g, Vim) are not isomorphic whenever k, m > t, k # m. If gD has
infinite order, then we can apply Lemma 3.7 and obtain that the sub-
groups (g, Vi) and (g, Vim) are not isomorphic whenever k, m > t,
k # m. It follows that there exists a number t; > t such that the
subgroups (g, Vi) are normal in G for k > ty. Using the same argu-
ments, we can choose a subgroup U; of V such that I(U;/D) C m,
and (Uy, g) is normal in G. It follows that (gD, Vi /D) and (gD, U; /D)
are normal in G/D, k > t;. The choice of g shows that

is normal in G/D. In other words, every cyclic subgroup of G/D is
normal in G/D. Repeating the above arguments, we obtain again
that G is abelian, the final contradiction. Hence G is a minimax
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soluble-by-finite group. Since Tor(G) is finite, G contains a normal
subgroup H of finite index such that HN Tor(G) = (1) (see for ex-
ample [5], Corollary 2.4.6]). Then the locally nilpotent radical A of H
is torsion-free and nilpotent and H/A is finitely generated and abe-
lian-by-finite (see for example [5], Theorem 6.2.12). An application
of Lemma 3.2 shows that A is abelian. O

Lemma 3.9 Let G be a group and A be a normal torsion-free abelian
minimax subgroup. If x is an element of infinite order such that

(x)NCg(A)=(1),

then there exists a set {knn € IN} of positive integers such that the sub-
groups (A, x*n) are pairwise non-isomorphic.

Proor — Suppose that there exists an infinite set 7t of primes such
that A/AP is (x)-central for each p € 7. In this case

[A,x] < AP
for each p € 7. Since A is minimax, Sp(A) is finite. Therefore without
loss of generality we can assume that 1N Sp(A) = (). Choose in A a
finitely generated subgroup D such that A/D is divisible and
TM(A/D) = Sp(A).
Let p € 7, then D/DP is a Sylow p-subgroup of A/DP. It follows that
A/DP = D/DP x Cp/DP.
Then (A/DP)P = C,,/DP. On the other hand,
(A/DP)P = APDP/DP = AP /DP.
It follows that
(AP/DP) N (D/DP) = (Cp/DP) N (D/DP) = (1),

so AP N D = DP. It follows that

DN () AP = [)(DNAP)= (] DP =(1).

pemn pen pen
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Since the factor A/D is periodic and A is torsion-free, we obtain that

() AP =(1).

pem

The inclusion [A,x] < AP for each p € 7 implies that

AX< () AP =(1),
peT

and we obtain a contradiction. This contradiction shows that there ex-
ists a set o of primes such that P\ o is finite and A /AP is not (x)-cen-
tral for each p € 0. Let p; € o and s; = |A/AP1|. Put x; = x(s1)",
Then [A,x1] < AP'. By such a choice the subgroups

(A,x) and (A, x1)

are not isomorphic, because AP' 2 [A,x], but [A,x1] < AP1. Choose
now a prime p, # p; such that A/AP2 is not (xj)-central.

Let s, = |A/AP2|. Put x; = X?Z!. Then
A,x)] £ APT and  [A,xy] < APZ.

By such a choice the subgroups (A,x), (A,x1) and (A,x;) are not
pairwise isomorphic. Using similar arguments, we choose a sub-
set {xn|n € IN} of elements of the subgroup (x) such that the sub-
groups (A, xn) are not pairwise isomorphic, n € IN. O

Now we can prove Theorems B and C.

Theorem C Let G be a group in which the family of all subgroups has
finite isomorphism type. If G is a locally generalized radical group, then G
contains a normal minimax torsion-free abelian subgroup of finite index.

Proor — Clearly G does not contain an infinite locally finite sub-
group. Let A be a torsion-free abelian subgroup of G. If we suppose
that A has infinite 0-rank, then A contains a free abelian subgroup Ao
of countable 0-rank. We have Ay = Drhen(an), where an, is an el-
ement of infinite order for all n € IN. Since 1o(Dri¢n<i(an)) =k,
the subgroups Dri¢n<i(an) and Drig¢ngm(an) cannot be isomor-
phic if k # m. It follows that all subgroups Dri<n<k{an), k € N are
not pairwise isomorphic, and we obtain a contradiction. This con-
tradiction shows that ro(A) is finite. Therefore A contains a (finitely
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generated) free abelian subgroup C such that A/C is periodic, more-
over its Sylow p-subgroups are Chernikov for each prime p. Suppose
that A is not minimax. Then the set TT(A/C) is infinite. Thus there
exists in TT(A/C) a family {pn|n € IN} of infinite subsets py such that

U en=T1(A/C)

nelN

and pn N pm = 0 whenever n # m. Consider the ascending chain
So=C<S51<...5,<Sh1 <.

of subgroups, defined by the rule: S;/C is the Sylow pj-subgroup
of A/C, S,/C is the Sylow (p7 U p2)-subgroup of A/C, S,,/C is the Sy-
low (p7j U...Upn)-subgroup of A/C, n € N. It is not hard to prove
that the subgroups S, and S;, -« cannot be isomorphic for all positive
integers k, and we obtain a contradiction. This contradiction proves
that A is minimax. It turns out that every abelian subgroup of G
is minimax. Suppose that G is not (abelian-by-finite). Then Proposi-
tion 3.8 shows that G has normal subgroups A < K < G where A is
an abelian minimax torsion-free subgroup, K/A is an abelian finitely
generated torsion-free group and G/K is finite. Since G is not abe-
lian-by-finite, the subgroup K has an element x such that

(x)NCg(A) =)

But in this case Lemma 3.9 shows that there exists a set {kn|n € IN}
of positive integers such that the subgroups (A,x*") are pairwise
non-isomorphic, and we again obtain a contradiction. This contradic-
tion shows that G is abelian-by-finite. 0

Theorem B Let G be a locally generalized radical group. If G € €, then G
is minimax and abelian-by-finite.

Proor — If G has an infinite locally finite subgroup, the result fol-
lows from Theorem 3.3 and Theorem A. Suppose that every peri-
odic subgroup of G is finite and that G does not contain a normal
abelian subgroup of finite index. Using Proposition 3.8 we obtain
that G has normal subgroups A < K < G where A is an abelian
minimax torsion-free subgroup, K/A is an abelian finitely generated
torsion-free group, G/K is finite. Let

K/A = (y1A) X ... X (ynA).
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If (y;) N Cx(A) # (1) for every j, 1 < j < n, then the index [K: Cx (A)]
is finite. Being nilpotent and torsion-free, the subgroup Cx(A) must
be abelian by Lemma 3.2. But in this case G is abelian-by-finite, and
we obtain a contradiction. This contradiction shows that there is a
number j such that (y;) N Cx(A) = (1). Without loss of generality we
may assume that (y1) N Cx(A) = (1). Using the arguments from the
proof of Lemma 3.9 we can find a sequence of primes {pnn € IN}
and a subset {xnn € N} of the subgroup (y1) such that:

[A,x1] < APT, but AP2 does not contain [A, x1],

[A,x2] < AP, [A,x2] < AP2, but AP3 does not contain [A, x5],

A, x ) <APT, .., [A,xn] < APn, but APn+1 does not contain [A, Xy ].
Put now X, = (A, xn) = A(xn). Clearly [Xn, Xn] = [A, xn]. The equal-
ity (1) = (y1) N Ck (A) and Lemma 3.2 imply that the locally nilpotent
radical LN(X;,) coincides with A. Hence we have:

[XTL/ Xn] < I—N(Xn)p1/ [X‘ﬂ./ Xn] < I—N(XTL)pZI sy [Xn/ XTL] < I—:]\I‘(><Tl,)pn/

but LN(X;)Pn+1 does not contain [Xy, Xn].

It follows that the subgroups X, Xy cannot be isomorphic when-
ever n < k. Let t be a positive integer. Consider now the subgroup

Yin = (AL xn) = A (xn).
Using the above arguments we obtain that LN((At, x,)) = At. Also
Yen, Yinl = [AY xn] = [A, xn]"
Now we obtain

Yen, Yinl = X, Xnlt < (IN(Xn)P3)*
= (ILN(Xn))? = (AP = IN(Y¢,n )P,

forje{l,...,n},j < n. The mapping
f:A—=A,

defined by the rule f(a) = a',a € A, is an (xn)-endomorphism, be-
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cause A is abelian. Since A is torsion-free, f is a monomorphism.
Then the fact that
APn+1 — LN(Xn)pn+l

does not contain [Xy, X,] implies that

(At)Pnt1 = (APnt1)t = (LN(Xn)an)t
= (U\f(Xn)t)p“+1 = LN(Yyn)Pnt

does not contain [Yin, Yinl. It follows that the subgroups (A',xn)
and (A%, x,) cannot be isomorphic whenever n < k, n,k € IN. Put
now Zn = (APn+1,x,), n € IN. Suppose that Z,, is normal in G. It
follows that [A,xn] < Zn. On the other hand, [A, xn] < A, so that

A, xn] SANZy = AP,
and we obtain a contradiction. This contradiction shows that the sub-
group Zy is not normal in G. This is true for every n € IN. But we

have proved above that the subgroups Z,, and Zy cannot be isomor-
phic whenever n < k. This final contradiction proves the result. O
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