Advances in Group Theory and Applications

© 2021 AGTA - www.advgrouptheory.com/journal

11 (2021), pp. 65-74 ISSN: 2499-1287
DOI: 10.32037/agta-2021-004

Groups whose Proper Subgroups of Infinite Rank
are Cernikov-by-Hypercentral or
Hypercentral-by-Cernikov *

AMEL ZITOUNI — NADIR TRABELSI

(Received July 4, 2020; Accepted Dec. 25, 2020 — Communicated by F. de Giovanni)

Abstract

It is proved that if G is an X-group of infinite rank whose proper subgroups of
infinite rank are Cernikov-by-hypercentral (respectively, hypercentral-by-Cernikov),
then all proper subgroups of G are Cernikov-by-hypercentral (respectively, hyper-
central-by-Cernikov), where X is the class defined by N.S. Cernikov as the closure of
the class of periodic locally graded groups by the closure operations P, P, R and L.
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1 Introduction

A group G is said to have finite rank r if every finitely generated
subgroup of G can be generated by at most r elements, and r is the
least positive integer with such a property. If there is no such r, the
group G has infinite rank. In recent years, many authors studied the
structure of the locally (soluble-by-finite) groups G of infinite rank
in which every proper subgroup of infinite rank belongs to a given
class 2) and they proved that all proper subgroups of G belong to 9),
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sometimes the group G itself belongs to ) (see for instance, [1],[3],[5],
[6],[7],[8] and [15]). In particular, it is proved in [5, Theorem B’], that
an X-group of infinite rank whose proper subgroups of infinite rank
are locally nilpotent is itself locally nilpotent, where X is the class in-
troduced in [2] as the class obtained by taking the closure of the
class of periodic locally graded groups by the closure operations
P, P, R and L (see [13, Chapter 1] for the definitions of the closure
operations). Clearly X is a subclass of the class of locally graded
groups that contains all locally (soluble-by-finite) groups. Recall that
a group is said to be locally graded if every non-trivial finitely gen-
erated subgroup contains a proper subgroup of finite index. In [2],
it is proved that an X-group of finite rank is almost locally soluble.
Using [5, Theorem B’] and the fact that locally nilpotent groups of
finite rank are hypercentral [13, Corollary 1 of Theorem 6.36], one
can see that an X-group of infinite rank whose proper subgroups
of infinite rank are hypercentral has all its proper subgroups hyper-
central. In the present note, we will consider this problem for the
classes of Cernikov-by-hypercentral and hypercentral-by-Cernikov
groups. More precisely, we will prove that an X-group G of infinite
rank whose proper subgroups of infinite rank are Cernikov-by-hy-
percentral (respectively, hypercentral-by-Cernikov), has all its proper
subgroups Cernikov-by-hypercentral (Theorem 9, below) (respective-
ly, hypercentral-by-Cernikov (Theorem 11, below)).

Our notation and terminology are standard and follow [13].

2 The Cernikov-by-hypercentral case

In this section we consider X-groups of infinite rank whose proper
subgroups of infinite rank are Cernikov-by-hypercentral. First let’s
give a couple of lemmas on Cernikov-by-hypercentral groups which
are probably known.

Lemma 1 If G is a Cernikov-by-hypercentral group, then G has a charac-
teristic Cernikov subgroup N such that G/N is hypercentral.

ProorF — Let C be a normal Cernikov subgroup of G such that G/C
is hypercentral. Consider the non-empty set,

H:={E|E<C, E<Gand G/E is hypercentral}.
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Since C satisfies the minimal condition on subgroups, the set H has
a minimal element, say N. Let & € Aut(G); clearly «(N) is normal
in G and G/x(N) ~ G/N. Since G/N and G/x(N) are hypercentral,
sois G/(NNa(N)). We deduce that N = NN «(N) and so N < «(N).
Hence N is characteristic in G. O

Lemma 1 has the following consequence.
Corollary 2 The class of Cernikov-by-hypercentral groups is No-closed.

ProoF — Let H and K be normal Cernikov-by-hypercentral sub-
groups of a group G. By Lemma 1, there exist two Cernikov sub-
groups A and B which are respectively characteristic in H and K
such that H/A and K/B are hypercentral groups. Clearly AB is a nor-
mal Cernikov subgroup of G and HK/AB is a hypercentral group,
as it is the product of its normal hypercentral subgroups HB/AB
and KA/AB. Hence HK is a Cernikov-by-hypercentral group, as re-
quired. 0

Lemma 3 Let G be a group without proper subgroups of finite index.
If N is a normal Cernikov-by-hypercentral subgroup of G, then N is hyper-
central.

ProorF — Since N is Cernikov-by-hypercentral, by Lemma 1 it has
a Cernikov characteristic subgroup K such that N/K is hypercentral.
Let D be the divisible part of K. Since any abelian Cernikov group
is covered by finite characteristic subgroups, D is central in G as G
has no proper subgroup of finite index. Now K/D is a finite normal
subgroup of G/D, so it is central in G/D. Hence K is contained in the
second centre of G. It follows that N is hypercentral. 0

Lemma 4 If G is a periodic Cernikov-by-hypercentral group, then it is
hypercentral-by-Cernikoo.

Proor — Let N be a normal Cernikov subgroup of G such that G/N
is hypercentral. Since G is periodic, G/Cg(N) is Cernikov [13, Theo-
rem 3.29]. Since G/N is hypercentral, so is Cg(N)/N N Cg(N).
But NN Cg(N) is contained in the centre of Cg(N), hence Cg(N)
is hypercentral. Therefore G is hypercentral-by-Cernikov. 0

Lemma 5 Let G be a locally (soluble-by-finite) group of infinite rank.
If all proper subgroups of infinite rank of G are Cernikov-by-hypercentral,
then G is either Cernikov-by-hypercentral or locally finite.
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Proor — Assume for a contradiction that G is neither locally finite
nor Cernikov-by-hypercentral. Since proper subgroups of G of infi-
nite rank are (locally finite)-by-(locally nilpotent), so is G by [8, The-
orem B]. Let T be the torsion part of G, so T is locally finite and G/T
is locally nilpotent and torsion-free. It follows that proper subgroups
of G/T are hypercentral by [13, Corollary 1 of Theorem 6.36].
By [9, Theorem 3.8], G/T is hypercentral and so is not perfect. It
is easy to see that every proper normal subgroup of G is Cerni-
kov-by-hypercentral (for instance by [8, Lemma 2]), so G/G’ cannot
be the product of two proper subgroups by Corollary 2. It follows
that G/G’ is periodic and hence so is G/T, a contradiction. There-
fore G is as claimed. O

Lemma 6 Let G be a locally finite group of finite rank with a proper
subgroup of finite index. If all proper subgroups of G are Cernikov-by-
hypercentral, then so is G.

Proor — By assumption, G = FN where N is a proper normal sub-
group of G and F is a finite subgroup of G. As N is Cernikov-by-
hypercentral, by Lemma 1 we may suppose, without loss of general-
ity, that N is hypercentral. Hence N is the direct product of its Sy-
low p-subgroups, namely

N= Dr N,
pem(N)

where 7t(N) is the set of primes dividing the orders of the elements
of N. Since locally finite p-groups of finite rank are Cernikov [13,
Corollary 2 of Theorem 6.36] and since the direct product of finitely
many Cernikov groups is Cernikov, we may assume that N is a direct
product of infinitely many Sylow p-subgroups for different primes p.
Now we can choose q € n(N) such that g ¢ 7(F). So N = Ng x A,
where
A= Dr N,
q7pem(N)

Clearly B := FA is a proper subgroup of G and hence B is Cerni-
kov-by-hypercentral. Therefore G = N¢B is Cernikov-by-hypercen-
tral and the result follows. O

Lemma 7 Let G be a locally finite group of infinite rank whose proper
subgroups of infinite rank are Cernikov-by-hypercentral. If G has a proper
subgroup of finite index, then all proper subgroups of G are Cernikov-by-hy-
percentral.
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ProorF — Assume for a contradiction that the statement is false.
Then G contains a proper subgroup H of finite rank which is not Cer-
nikov-by-hypercentral. Let N be a proper normal subgroup of finite
index in G. Since N is Cernikov-by-hypercentral, we may assume
by Lemma 1, without loss of generality, that N is hypercentral. Hence

N= Dr N,
pemn(N)

is the direct product of its Sylow p-subgroups. Let p be a prime
in 7t(N) such that N, has infinite rank. Clearly H cannot be contained
in any proper subgroup of infinite rank, so G = HN,. Thus G/N, has
finite rank. Since all proper subgroups of G/N;, are Cernikov-by-hy-
percentral, we deduce, by Lemma 6, that G/N, is Cernikov-by—hyper-
central. Tt follows that H/HNN, is Cernikov-by-hypercentral.
Since HNN,, is a locally finite p-group of finite rank, it is Cerni-
kov [13, Corollary 2 of Theorem 6.36]. Therefore H is Cernikov—by—hy—
percentral, and this contradiction shows that for all primes p in 7t(N),
the subgroups N, have finite but unbounded ranks. It follows that N
has a subgroup C = Ny, x Np, x ... which is a direct product of in-
finitely many Sylow pji-subgroups such that p;’s are distinct primes,
the rank r(Np,.) of each Ny, is finite and v(Np,;) < 7(Np,, ) for
all positive integer i. Put C = T x R, where T = Np; X Np, x ...
and R =N, x Np, x...,s0 T and R are proper normal subgroups of
infinite rank of G. It follows that G/T have infinite rank and hence HT
is a proper subgroup of infinite rank of G containing H, a contradic-
tion that completes the proof. O

Lemma 8 If G is a locally finite group of infinite rank whose proper sub-
groups of infinite rank are Cernikov-by-hypercentral, then G is not simple.

ProoF — Assume for a contradiction that G is simple. Since peri-
odic Cernikov-by-hypercentral groups are hypercentral-by-Cernikov
by Lemma 4, they are almost hypercentral-by-(abelian and periodic)
and hence almost locally soluble. Since locally finite groups of finite
rank are almost locally soluble [14], we deduce that every proper
subgroup of G is almost locally soluble. It follows, by [11], that G
is isomorphic to either PSL(2,F) or Sz(F) for some infinite locally
finite field F. But each of these groups has a proper non-(hypercen-
tral-by-Cernikov) subgroup of infinite rank (see the proof of the The-
orem of [12]), hence a proper non-(Cernikov-by-hypercentral) sub-
group of infinite rank by Lemma 4. This leads to a contradiction. O
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Now we are ready to prove the main result of this section.

Theorem 9 Let G be an X-group of infinite rank. If all proper subgroups
of infinite rank of G are Cernikov-by-hypercentral, then all proper sub-
groups of G are Cernikov-by-hypercentral

Proor — Since finitely generated subgroups of G of finite rank are
soluble-by-finite by [2] and since finitely generated Cernikov-by-hy-
percentral are almost abelian-by-nilpotent, G is locally (soluble-by-fi-
nite). Assume, for a contradiction, that the statement is false. So G
contains a proper subgroup H of finite rank which is not Cerni-
kov-by-hypercentral. We deduce by Lemma 5 that G is locally finite
and by Lemma 7 that G is §-perfect. Suppose first that the commu-
tator subgroup G’ is properly contained in G. As noted in the proof
of Lemma 5, G/G’ cannot be the product of two proper subgroups
and hence G/G’ is quasicyclic. Since by Lemma 3 all proper normal
subgroups of G are hypercentral, we deduce that (G, E) is hyper-
central for all finitely generated subgroups E of G. So G is locally
nilpotent and hence H is hypercentral by [13, Corollary 1 of Theo-
rem 6.36]. This contradiction shows that G is a perfect group. Sup-
pose that all proper normal subgroups of G have finite rank. It fol-
lows, by [3, Lemma 2.4], that G is either locally nilpotent or has a
simple homomorphic image of infinite rank. Hence G must be lo-
cally nilpotent by Lemma 8, which implies, as before, the contradic-
tion that H is hypercentral. Thus G contains a proper normal sub-
group of infinite rank, say M. Since H cannot be contained in any
proper subgroups of infinite rank, G = MH and hence G/M is of fi-
nite rank. Since locally finite groups of finite rank are almost locally
soluble by [14], we deduce that G/M is almost (hypercentral-by-so-
luble) by [13, Lemma 10.39], hence trivial as it is perfect and F-perfect,
which is our final contradiction. O

The consideration of the example of Heineken and Mohamed [10]
shows that a group that satisfies the hypotheses of Theorem 9 is not
in general Cernikov-by-hypercentral.

3 The hypercentral-by-Cernikov case

In this section, we will consider the “dual” situation, that is groups in
which every proper subgroup of infinite rank is hypercentral-by-Cer-
nikov. Only one preliminary result is needed. Recall that a group G
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is said to be periodic over a subgroup R if for every g € G there exists
a positive integer n such that g € R.

Lemma 10 If G is a locally (soluble-by-finite) group of infinite rank whose
proper subgroups of infinite rank are hypercentral-by-Cernikov, then G is
not simple.

ProoF — Assume, for a contradiction, that G is simple. As noted
in the proof of Lemma 8, both hypercentral-by-Cernikov groups and
locally (soluble-by-finite) groups of finite rank are almost locally sol-
uble, so that proper subgroups of G are almost locally soluble. We
deduce that G is countable as the class of (locally soluble)-by-finite
groups is countably recognizable by [4, Lemma 3.5]. By [7, Proposi-
tion 1], there exists a locally soluble subgroup R such that G is peri-
odic over R; moreover, if the Hirsch-Plotkin radical H of R is non-tri-
vial, then G is locally finite by [7, Theorem 2]. If H = 1, then R is
finite since it is either hypercentral-by-soluble by [13, Lemma 10.39]
or hypercentral-by-Cernikov, so that G is periodic and hence locally
finite. Thus, in both cases, G is locally finite. Since proper subgroups
of G are (locally soluble)-by-finite, we deduce, by [11], that G is
isomorphic to either PSL(2,F) or Sz(F), for some infinite locally fi-
nite field F. But, as noted before, each of these groups has a proper
non-(hypercentral-by-Cernikov) subgroup of infinite rank [12], which
is our final contradiction. O

Theorem 11 Let G be an X-group of infinite rank. If all proper sub-
groups of G of infinite rank are hypercentral-by-Cernikov, then all proper
subgroups of G are hypercentral-by-Cernikov.

Proor — First note that if G is finitely generated, then G has a
proper subgroup of finite index and hence G is nilpotent-by-finite,
which gives the contradiction that G has finite rank. Therefore finitely
generated subgroups of G are either hypercentral-by-Cernikov
or X-groups of finite rank and hence soluble-by-finite. It follows
that G is locally (soluble-by-finite). Assume, for a contradiction, that
there is a proper subgroup of finite rank H of G which is not hyper-
central-by-Cernikov. So G has no proper subgroups of finite index.
For, if there exists a proper normal subgroup N of finite index, then N
has a normal hypercentral subgroup M such that N/M is Cernikov.
Since N < Ng(M), MS is the product of finitely many normal hyper-
central subgroups of N and hence M is hypercentral. Therefore G
is hypercentral-by-Cernikov, a contradiction. Suppose that all proper
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normal subgroups of G are of finite rank. By [3, Lemma 2.4], G is
either locally nilpotent or has a simple homomorphic image of infi-
nite rank. We deduce, by Lemma 10, that G is locally nilpotent and
hence H is hypercentral by [13, Corollary 1 of Theorem 6.36], a con-
tradiction. Thus G has a proper normal subgroup L of infinite rank.
Clearly, G = HL, so G/L is of finite rank. It follows, by [2], that G/L
is almost locally soluble and hence locally soluble as G is §-perfect.
By [13, Lemma 10.39], we deduce that G/L is hypercentral-by-soluble,
which gives that G is imperfect. If G/G’ is the product of two proper
subgroups, then G = AB is a product of two proper normal sub-
groups A and B which are hypercentral-by-Cernikov by [8, Lemma 2].
Consequently both A and B have characteristic locally nilpotent sub-
groups whose factor groups are Cernikov and this gives, as in the
proof of Corollary 2, that AB = G is (locally nilpotent)-by-Cerni-
kov. Thus by [13, Corollary 1 of Theorem 6.36], the subgroup H is
hypercentral-by-Cernikov, a contradiction. It follows that G/G’ can-
not be the product of two proper subgroups and hence G/G’ is quasi-
cyclic. Consequently, G’ is hypercentral-by-Cernikov. Therefore there
exists a normal hypercentral subgroup C of G’ such that G’/C is
a Cernikov group. Since C is subnormal in G, it is contained in
the Hirsch-Plotkin radical of G and hence C€ is locally nilpotent.
But G’/CC and G/G’ are Cernikov, so G is (locally nilpotent)-by-Cer-
nikov, in particular, H is hypercentral-by-Cernikov by [13, Corollary 1
of Theorem 6.36], our final contradiction. O

It is not known whenever a locally (soluble-by-finite) group of infi-

nite rank whose proper subgroups are hypercentral-by-Cernikov has
to be itself hypercentral-by-Cernikov.
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