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Hopf-Galois structure

For normal separable field extension L/K ,
Γ = Gal(L/K ) = group of K-automorphisms of L.

The group algebra K [Γ] = {
∑
γ∈Γ Cγγ : Cγ ∈ K} acts on L with

the maps below is a Hopf algebra.

comultiplication ∆ :
∑

Cγγ 7−→
∑

Cγγ ⊗ γ ∈ K [Γ]⊗ K [Γ]

counit ε :
∑

Cγγ 7−→
∑

Cγ

antipode S :
∑

Cγγ 7−→
∑

Cγγ
−1

We can generalise this to look at other Hopf algebras H giving L a
Hopf-Galois structure.
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Greither and Pareigis theory

Hopf-Galois theory for separable extensions.

The key result of [Greither and Pareigis, 1987] : Hopf-Galois
structures on L/K correspond to regular subgroups G ≤ Perm(Γ)
normalised by left translations by Γ.
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Regular subgroups

H ≤ Perm(Γ) is said to be regular if it satisfies any two of the
following conditions which imply to satisfy the other:

1 StabH(γ) is the trivial group, for any γ ∈ Γ
2 H acts transitively on Γ
3 |H| = |Γ|.

By using the bijection between H and Γ, given G with |G | = |Γ|,
the number of such H isomorphic to G

=
|Aut(Γ)|
|Aut(G )|

] ( regular subgroups in Hol(G ) isomorphic to Γ),

where Hol(G ) = G o Aut(G ) = {[g , α] | g ∈ G , α ∈ Aut(G )}, with

[g , α][g
′
, α
′
] = [gα(g

′
), αα

′
].

[Byott, 1996]
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Groups of squarefree order

For n squarefree any group of order n has form

G (d , e, k) = 〈ρ, π : ρe = 1 = πd : πρπ−1 = ρk〉

where n = de, gcd(k , e) = 1 and orde (k) = d .
In this case G (d , e, k) isomorphic to G (d

′
, e
′
, k
′
) if and only if

d = d
′
, e = e

′
, and k, k

′
generate the same cyclic subgroup of U(e) the

group of units in the ring Z/eZ of integers modulo e. [Murty and Murty,
1984]
Centre of G (d , e, k) ∼= Cz where z = gcd(e, k − 1) with e = zg , in
which g (respectively, z) is the order of the commutator subgroup G

′

(respectively, the centre Z (G )) of G .

Fix the group G = G (d , e, k) and the numbers g , z . For each prime
q | e, let rq = ordq(k). Thus we have
rq = 1⇔ q | z ; rq | gcd(d , q − 1); lcm{rq : q | e} = lcm{rq : q | g} = d .
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Counting regular subgroups

We fix a group G of squarefree order n = de. Then Aut(G ) is generated
by the automorphism θ and automorphism φs for each s ∈ U(e), where

θ(ρ) = ρ, θ(π) = ρzπ, φs(ρ) = ρs , φs(π) = π, φsθφ
−1
s = θs .

Therefore, we have

Aut(G ) ∼= Cg o U(e) and |Aut(G )| = gφ(e).

We count regular subgroups of a given isomorphism type inside Hol(G ).
Let Γ be another group of order n.

Γ = G (δ, ε, κ) = 〈S , T : Sε = T δ = 1, TST−1 = Sκ〉,

and set ζ = gcd(κ− 1, ε), γ = ε/ζ and ρq = ordq(κ) for primes q | ε.
Set X = Sζ and Y = TSγ . As Sγ generates the centre of Γ, we have

Γ = G (δ, ε, κ) = 〈X , Y : X γ = Y ζδ = 1, YXY−1 = Xκ〉.
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Some properties

Proposition 1

For Hol(G ) to contain any regular subgroups isomorphic to Γ, we must
have d | ζδ and hence γ | e.

Lemma 2

Let X , Y be elements of Hol(G ) of the form X = [σa, θc ],
Y = [σuτ, θvφt ]. Suppose that X and Y satisfy the properties:

(i) The subgroup 〈X 〉 of Hol(G ) acts regularly on {σem/γ : m ∈ Z};
(ii) Y ζδ = 1;

(iii) YX = XκY , where κ = κh0 for some h ∈ Z×δ , κ0 is a fixed value of κ;

(iv) The subgroup 〈X , Y d〉 of Hol(G ) acts transitively on {σm : m ∈ Z}.
Then X and Y generate a regular subgroup of Hol(G ) isomorphic to Γ.
Conversely, every regular subgroup of Hol(G ) isomorphic to Γ contains
exactly γφ(e) such pairs of generators.
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Main results

Definition 3

For each h ∈ Z×δ , let N(k , κ0, h) be the number of quintuples
(a, c , u, v , t) ∈ Ze × Zg × Ze × Zg × Z×e such that the elements
X = [σa, θc ], Y = [σuτ, θvφt ] ∈ Hol(G ) satisfy conditions (i)-(iv) of
Lemma 2, for which YX = XκY with κ = κh0. Thus
N(k, κ0) =

∑
h∈Z×δ

N(k , κ0, h).

Theorem 4

The number of quintuples is

N(k , κ0, h) =
φ(e)γg2ω(g)

φ(d)

∏
rq 6=ρq

φ(rq)
∏
rq=ρq

[
φ(rq)− 1 +

1

q

]
.

[For each q | g , there are φ(rq) choices of k mod q of order rq.]
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Main results

So the number of Hopf-Galois structures of type G on a Galois extension
with Galois group isomorphic to Γ is

|Aut(Γ)|
|Aut(G )|

× 1

γφ(e)

∑
h∈Z×δ

N(k , κ0, h) =
φ(ε)

gφ(e)2

∑
h∈Z×δ

N(k, κ0, h).

Hence we have:

Theorem 6

Let G , Γ be groups of squarefree order n. Then the total number of
Hopf-Galois structures of type G on a Galois extension with Galois group
Γ is 0 if γ - e, and otherwise it is

2ω(g)γ
∏
rq 6=ρq

φ(rq)
∏
rq=ρq

[
φ(rq)− 1 +

1

q

]
.
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Sketch of proof of Theorem 6

This follows from

1 Proposition 1 which proves the regularity of the subgroup 〈X , Y d〉.
2 Definition 3 which explains the number of quintuples (a, c , u, v , t).

3 Theorem 4 by multiplying with the number of quintuples
N(k, κ0) =

∑
h∈Z×δ

N(k , κ0, h). Then, we have the total number of

Hopf-Galois structures as

2ω(g)γ
∏
rq 6=ρq

φ(rq)
∏
rq=ρq

[
φ(rq)− 1 +

1

q

]
.

Ali A. Alabdali Hopf-Galois Structures on Galois Field Extensions of Squarefree Degree



Introduction
Research progress

Thank You
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